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1
. Why is - Operands
-

Homotopy . coherent algebraic structures :
instead N relations (equations)
between algebraic operations

,
have

infinite hierarchy A (higher)
hornstones irking them

Occur in several contexts :

- spares ( loop spaces, itemtedfinfinite loop spaces)
-

spectrin (ring spectra)
- chain a. s ( e.g. A. /↳- ohg. s)
- categories ( monoidal, braided mom

,
symmetric mon.)



I

Operads (in Top / Sets) was introduced as

a framework for pornmetnrtiny smh homotopy-

coherence data (Boardman - Vogt (May , 'Fos)

B Same drawbacks as simplicial ) topological
cut . > as model for homotopy theories

- hard to define correct ht -my theories A alg-S
- hard to define new examples A symm . mon.

ht .my theories

slogans is- operands give a good language
for working with

ht
. py

- coherent algebraic structures

(just as o - categories give a good language for

working with ht . py
theories)



3-
many ways A looking at pends nd many (equivalent)

models for a - spendsT-¥k : Introduce Lurie's model for b- panels



I

2.0pemds.it(symmetric , coloured) opened (AKA symmetric multi ategory)
is

"

a category when morphisms can have many inputs (
that am be

permuted)
"

.

More precisely , an opened @ has :

• set of objects
• H has ×

. ;
- -in , ye

0
a set 04, ;--Mn ; g)dmnltimorp-hismst.ly.-

y (n=0 allowed •-

y )
Xn

• id
,
e OG ;x)

• En- action 04 . ;
- - ixniy) -20 (Xo ;- - ,Xgniy)



• composition
'

in
.

>- y
.

.

,
X
. .

C) .

7-2 : >a- a
X

-

Mn

ns.t
. composition is ninth

,
associative & equivariant

Nation : If @ has one do
.
o
,
write OG) = Of io) D En

Examples :
F.mm. mon. art. guns opened w/ Vfx, ;;xniy) --NXP "-Qin , y)

"

• Comm has one do.
,
Comm .tn) = * H n Hmpf )

• Assoc has one A. , Assn (n) = En w/ free action

• (Mod has two do
- s a

,
m
,
&

(Mod (u
,
. -sa ; a) = *

(Mod (a ,--- in, m ; m)
*
,

otherwise 01



A Junto between operands f : O- P is given by
xe0i→ c- P

Seok
,;
- -an ; y) i→ Fcf) e Plfx, ; -, fin ; g)

,

compatibly w/ composition ,
identities

, permutations

0 opd. , V symm . mon . an
O - algebra in V is

a functor → V

Exemplary
• C symm .

mon.
,
e - alg . in V = lax symmetric monoidal functor

(id e elx ,}
; x y) 1-3 Hid) c. Vffx;8y ; Hx y

))
"

Chinoy , X y) v ( f, Try ,
flx y))



• Comm - only. in V : * 1-3 X c. V

* e Comm (n) → X
n

X
Trivial E-action → q-int .

Compatible w/ composition → µ.
situation Apr ,

- Ma
= commutative malt

.

(n # Q1)

- pi ,
sid

- pro
= unit for mutt .

- X is a comm
.
Ig. in V

• Assn - only. : * I-3 X E V

mentions gun . by X
"
→ X ( two of these , but

related by symmetry
XM =, X 2)

- X -

is assoc
. aly. in V



. (Mod - only in N :

a 1-3 A c. V - A is comm. only .
m- M E N

with AA @ M→M - makes Man A - module
.



3
. Categories of Operators-
[Muy -Thomason , 7978]

F* = (skeleton A) finite pointed sets, b.s (n) s ({op , . -, n}, o)

@ an opened

The category of operators
0 has

• db
. s KD

,

×
, ;
. .

,
xn) (x; e O)

• mor . KD,x.;-A)→ Km)
, ye ,-Mm)→ Kk? 2 , ,- - - ,2h)

= g : (n> → Cm) in 1£

+Hj : I , . . . , m multimor. (x;)
; , g.yj,
→

Yj
in 0

•

comp. comes from comp. in ⑨ .



A mor
. g : Sn>→ Sm) in Fy is

inert if y
'' only sends things to base point

"

- 16-411=1 it it 0
acts if 9 " drum't send anything to base point

"

- Ig-' Coll - i

p : → ft satisfies

G) For X= Kid
,
x. in

-

,xn) & g
: Ln> → Cm) inert

,

I count . mor. X → g:X in 0?
namely X-s Kms, xj.lu/xj=Xg.g.



Aside : Erny nor. in F* fonts (uniquely up to isomer. )
as # - hens

a factorization system
E :X- Y in O our @ ink

*
is inert if g inert x f court .
- encode decomposition A X into

KD
, Xi)

& active if q is
active - encode (families A) multimores inO

Nation : g : an> → CD is inert map given by g.(j) = {Oj
,

(2) Count . mor. s our g;'s give fourths

09ns? 0% - these are g. us

(ans
, x. ,

. . .

.

x)→ 447
,
x
.) , -- - , GD , xn)



(3) For Xc. 0%
,

YE 09ms
,

Y→ Yi count. nor Si
,

HanifaCX ,Y)→ It
,

Homs (X
,
Yi) is isomer .

-

fibre at g : →any

Note : gig :<n>
→ 43

¥ Tani
'

Cnp tumour actin to G) from G ;)inert

X → X; count
. our Bi

,
then

Hongo k.tl I IIT Hom on (Xi ,Yi)
\ multimoms in O



Props: T : e→ F* is equivalent to cat
. A operators I

am opened iff it satisfies (7) - (3)
.

Iden A Prost : Define opened 0 by As = As Cs,>

0€. - ixniy) = Homed
"

(X
, y)

w/ keens ↳ k.ie , xn) c.Teas .

Compose in

#Okie
.
. . .

. Xin;; y;) x O (y , ;- gym ,

z) n'- Eni
is ' X e Can>↳ Gui-Mmmm)
= Home(X

,
Y) x Hme%Y

,
e)

g
: an>→ sms actin

7
,
---

,
h
,
1-7 I

→ Horned" (X , 2) n ... . . . . .
n
,
-ins??
'



Then e = Ood D

can
say more

: functors A mends @ → P

↳ fwutns@0_pQyfs.t . F prisons inert
mor

. S
F
*

(F KD,x, ;- in) : KD, Fx,;- -Fx))
~ apd

Coni on guns eq.ee A
cat

. s Opd→ Coty C Cat
#

= what . A ft - s satisfying G) - (3) + moms that preserve inert .



Gives description she prods in terms A usual categories
- &

easy
to state defn . in full (w/o saying

" devious

diagrams commute
"

)

Lemmy: Opd . O comes from symm . mon
.
cat

. iff 0% f*
is court. fits . ( 3 count

. mores over
all

maps in§) ,
(strong) ymm .

mon. functors ↳
DEEPA
↳ y

S.t. F prisons

F all count. mores
*

Idents count
.
mor. our 22

: CD → G) means for

X
, y E O Z (x

,y) → x y s.t
. @ (x ,y ; 2) I Okay ; z)

on an : F Cx
. ;
- -an)→ QKri - - i xD st . O (x,;;xn; g) = Of QK.im) : g)



Decompose an as (n) → (n -D → n - - → G)

- Q(x. i- - ,xn) = x.⑦ (xp - - - ) as count
. mens compose .

ensuing count. G.y) → X y means
Gx ,fy) → A Gy D

- → scio's)
This arguably gives simpler Refn . A symm . mon. cat.
than usual me

.

Can give complete debris w/o making arbitrary choices .
E.
g . define

Vat → IF
.
w/ do. s KD,V , ;- -Nn) , V ; c-Vet ,

mor. Csn>Vil→Km>Wj) om g
: Ln) -1 Cm>

is family A multitin . maps . ,! ;
→ Wj

- now just need to check bilinear maps are corepresentabk .



Count
. fibs our ft c→ functors It→Cat

Symm . mon. cut
- s -3 fwmtns Fa Es Gt s .t

.

f- knot → II.skis) (imsi's)
is
eg.ee oh cat

-s



4
.

o - Operands and Algebras
-

[Laine 2009]

The defn . A operands via cat . s A operators generalizes
straightforwardly to co - art

. s :

Defnj An co-operate is a functor N is - cat
. s it :O → tf

s .t .

) F T - count . mon ,
s our inert moms in tf

Inert moms in @ = count
. Mr inert

[Attn moms in = lies our actin } 9i%fmetoriatm)
(2) Count

.
mor-s nu si's no Osn>→

;
Os ,>

- this is an eg.ee A o
- cats



(3) KE Qing
,

Ye 0cm>
,

Y - Y; count.
, g : Ln) → cm)

m.IH.MIL?impsiIlxiit
It lx.i-yxjef.IO . ., um.to/leQn, under 121 , Magog (X , y)( es spare a

multinous la , an) → y
]

A morphi3mA•-opem is a commutative triangle of o - cats

@ E) P TAKA O -algebraI. f st . 8 prisons
inert moms
-

F .
in P

Opd is = is - cat
.
A co - operands - smbat

. A Coty ,f*
Algy(P) = is - cat . A O

- alg . sin P - full what . A fun, (O, P )



A symmehumonordnlo-artegny-VO-F.is an o
- opened

that is also
a count

. fibration

A symme-hiemonirdedfwmhr-isafunetn.fr : V
@
→ WO

om q
s.t. f preserves all count . mor. S .

Lemmy: A count
. fits

.
om ft is a symm .

mon
. is- art . iff

m

corresponding functor F* → Cato is an tf - monoid
-

I

i.e. Mks) →
.

Mlas) (im g.is) AKA commutative

monoid

is an eq.ee A co - wt - S . [1. e . condition (3) is automatichere]

[ Cf . Segal's
"

special P - spores
"

= F
.

- months in S =

g.
Eft. A ]



• Ordinary operands are examples A o - spends , so can
define e- g .

- commutative (associative algs
- modules on such

in
any symmetric monoidal o - art .

• Simplicial ( topological spends gin co - opahs
( define simplicial at . shop's R take nerve)
w e

. g . En- a)g. s in symm . mon. O
- cut

.

• As far as "

new objects
"

go , main advantage A b- op d.s
is maybe new examples A symm . mom . co - cats

,

not so Mach
new types A algebraic Str -s therein



5
. Examples A Symmetric Monoidal is - Categories
-

① Products

e an x - cent - w/ finite products
G om n - opened
An O - monoid in C is M : → e s .t .
-

H XE Ocn?
Xu Xi court. our Si

,

mix) t ink;) . no man
@ let a fumble)

3- symm . mon .
o- cat

.
C
'

s -t . Algy(E) = Mon (e)
(w/ = x)



Constructing
• TCF

.) c al 's
'

, F.) full shot . A inert moms

(B. s a>→ cm) inert t Cn? Sell
.
. -yn } )

evo.eu .
: ICE)→ ¥

• Define e-× by Map , (K, e-
×) = Maplkxqatllfl,C)
-

B.s A E
'

om Cn) s→ functors Ilk
.
)→ e to

±
( poset of subsets oh {i , . . . . n})4

. E c E
"

full what . oh fumtrs TC
a>
→ e

s .t
.
f- (5) = f-Ki})



② Copwdmts
C o- art

. w/ finite cop
rodents

Fit = cat
. A pairs KD ,

i)
,

if fl
,
. - -

,
n}

mrs KD
,
i)→ (cm> j) = g : Ln>→ Cm) in ft

S.t. y =j

Deline e
't
→ ft by Map ,#K, e

't) = My.lk#*tft, e)
- has our Ln> = functors (tf C - i.e . do.sk, ;-yes)

" 2 X; C- C

{ e
.
. . -in}

- mor - saw an: → G? (x
, ;
-

; xn) → y
⇐ more

.
s X;→ y Hi



c
't
→ ft is always an co - opened,

symm . mon . iff C has finite copwdmcts

③ Smash product A spectrin - can define this
"

just as in Adams's book
"

A prospectmm X is a seq. I pointed spaces (Xo ,A ,
- )

&
maps EXn→Xn+ ,

no co - cat
. Psp

A spectrum is a prospectrum st . adjoint Xn -TrXn+ ,
no fun shut . Sp c Psp
can define is - opened Psp

' st
.

multi men . (X,Y) -32
is given by maps XunYun → Zn +m sit .

ElxnnYm) → Xm.
.
n Ym

x! nxm . . → In ,m,
commutes

,

etc
.



: If we define Spn c Psp
'

as full Subroto A b. s
um. to lists A spectra then this is symm- mon

.

⑥ Day convolution on pushers [H . Heine] (other versions : Gasman
,

Lurie)

e small
symm . mon

.

no symm . mon. Str . on

PK) = aye? S) given by

⇐ ④ G) Cc) = colin Flxlx Gly)
(→ xoxy
in e

straightening eq.ee
: PK) = Raible) c Cortege full what . A

" y
right fibs

antis)



Rfb comb'
, Cato) full what A right fibs

- closed under x

evi. Rib → Cut
,

is ant . fits. ( pullback fight fits . is night fits)
& count

.

- corresponds to LKE of pmheuros
REB(e)

①
→ Rfibx
j

1 levi
V V

F→ Cto
* m

Universal property : Algo ( PK) ) I Algo ,¥*e9
. (s)



⑤ o- opened algebras

e symm . mon- o
- cat

.

,
O o - op d .

Algy(e) has
symm . mon .

str
. given by (pointwise) -0 in C .

For 0 = F*
,

this gins copmbut in cable) = Abq
.

(e)
⇒ able) = AlgKable))

⑥ Modules ④ ④

model = Algoma (e) , Moffet → Mod(e) count . fits . if
J NC has simplicial

Reagle) / t chins & ⑦
✓

ftp.r-ctlyk) preserves these



⑦ Limits

cmon (e)→ e preserves limits, in particular for C = Cat

no given a diagram A symm . mon. W - art - S

& symmetric monoidal functors
,

the limit (in Cato) gets a symm .
mon . structure too

E-
g. for X a denied stuck / scheme
Qbh CX) -- tim Moda is symm . mon .

Spera→ X



G
. Free Algebras
-

If C is a symmetric monoidal cat
. compatible w/ cshinits indexed

by groupads & O is a (small) opened w/ meds. , then the
free O - algebra on XE e can be described explicitly as

Fok) = !÷
.

Hq

Notations I o - opd .

Dint = sub cot
. A O w/ only inert moms

,

Outs
ane w/actins

get a int
full sub wt . of A. s arr LD

n =

Gus

Xe0 Acts(x) = o - gpd . of active moms to X : (0¥71



Thin. (Line) : symm . mon
.
o
- cot

. compatible w/ is - gpd . - indeed cstimits
Then Vo : Algo(e)→ Fun (od

,
C) has a left adjoint fo

,

sit
. dogE) (x) = chins ENDO

" - 0811)

X e. Get
''→X c. Acts(x)
Y over (n)

Ident Klm - H .) : first consider = S
"

• @
int

is is - opd . w/ no non - timid active moms

⇒ Monona (s) canto? s) is exactly full subat . A

functors RKE'd from Od
- *

it

- Uo futon as Monds) j Mmjutls) Is an (od, S)
metrist along joint, y

rest-hit along i : get→ jnt



Enough to show LKE ji
.

:[ Coifs) → Smf@
,

s)
takes Dirt - monads to O - monoid is

it'" :*.no#oEifx.F.ii.aaxFYTii.?iiaaIii
""

Chindits from
Acton decomposes

inert - active fait . RE
monoid

system

= IT chin EHI) = IT ii.EH ;) .
g- XIAAoki)

(
x inSprsews chins

in and minable



Next extend to Day convo
. on Plc) by min. property,

then to presentable = localisation of pnshaowes ,
(then in general cm embed) . O
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7
.

Variants A o - Opemds-
In some sense

,

o - spends on the universal
"

things that have
algebras in symm . mon . b - at . s !

But sometimes useful to consider alg. s for other things over tf
-

can be hard to dasnibe corresponding o - god. even if

we know it exists
,

or sometimes more combinatorialby
complicated .

What did we use about § in deh . A co - opemds.la/gebras ?
• Inert - active font. system
. Distinguished object a>



Daly : A cartesian pattern is an co
- cat

.

O om tf ( t-l : O → tf
.
)

with . factmintins system X

inert)
.

Padin
compatible w/ that in §,

pint cO what
. w/ only inert moms

• get c Out full shut
.
A elementary As

.
3
,
St

.

IEl -- CD
,
E c-Od

• for Xe Q→
,

Si :G)
→ 4? F ! inert nor.

X Xi w/ Xi c. O?

count
.

an inert, act.
= am at.

,

eh: Mora f ⑦

%e5atdisimtynm.mn
,
an o - algebra in e is °§q?

s .t . F preserves inert more. S .

[Cf . Luis's ' '

strong approximations
"

to co - gods ]



Can define O - co - spends as is - god- s w/ F. ruptured by O
Symoy

no 0pdF w/ adjunction Opd?s Opd•
c-

pullbacktoo

⇒ symoylo) - alys in I = O - alys in C

Examples :
-

⑦ A hns fat . system w/ g : → [my
inert it gli) : @b)ti Hi

artur if glo)so,Pln
)=m

I- l : Dm → ft
. .

I Is Sn? Igt : cm>→ a>

in {j . 95
-D - isglj)

O
,

otherness

Sym,sD = Assoc

D - o - operands = non- symmetric - -operands



② E perfect operator int . (Barwick) NE) = Leinster wt.

is a cart . pattern
,
NE) - is - god. s .

- B - o - opd.s

③ A generalised o- god . O→ tf is like an co - oped. but

Q, is not required to be * (Oa, a Oas £903 )
still gins a cent

. pattern

② An .? Qm



8
.
The Bondman - Vogt Tensor Product and Additivity
-

pm: Fxx § → Ft is the
"

smash product I pointed finite sets
"

mGD, Cms)
= (nm) = (n) xCms

Fto3km)

makes F. x f
.
a

cart. pattens (w/ I
.

= 103,03) )

O
,
P o -god- s Ox P is not quite on Fax § - o -god - ,

but 0xP→ AEG
. m→q is a

cast
. pattern .

Defy: The Boardman -Vogt tensor product is
[win ,

Baines] @⑦ P = Sym (Ox P)



⑦

OOP → e @ xp → c @→ ALG
,
(F)

* a 1
,

1
.

# ↳ f
a taxi. → F. G

M K

Ingrum . mm . , Akp KO) = Abpfe) = hymn . mon .
Str
. on P - ally - s

- more generally exists as an co - god .

no Opd , is closed symm. mon. vin Boardman -Vogt 0



E
.

= little n - din opened , Enck) = configuration spared k points 'm IR
"

E
,
I Am = spare A embedding k n -discs

in abig n - disc

owm-Luineh-dh-t.it#hm.itEnoxEm~-Etn+m
- or Assn

"

= En

⇒ En- olyehns = n compatible amniotic only. str . s

Cory : Ej. = chains En is equivalent to Comm
.

[Prom uses that Finch) is increasingly
connected as n - o]

⇒ to define symm .
mon

. (o , n) - cut . , suffices to

desires compatible self. A En - mon. (xn) - cats
t b

- useful e- g . for cobordism (s
,
n) - wt - s .



Cory (Baez -0ohm Stabilization Hypothesis) : If e is a symmetries

mon. (n .
A - cot . (= mapping spares

in C are (n -l) -types )

then Algren
, ,

(e) n-AB.q.de) = . - - T Abq (e)

[ erode again uses connectivity A Enck) )

E.
g.
for no (ordinary cot

.) 2 compatible associates mutts

= comm
. IEckmann -Hilton)

n: 2 : Cat is a (2,7) - cat .

E
,
- oily . ↳ monoidal int .

En- dy t braided mon. cut
.

£3- dy .

& higher
↳ symmetric mon - cat .



n

9. Other models for co- operands Alg . sin f°nmtner_Gaits!

ou ¥÷i÷
-

i

-

÷:*
→

siniimo
←

Cisimhi '

IL÷ apron -H -

'

KY
,

✓
-month# anger-nudist

f I
'

-

.

.

/ Robertson

Line \ ' Ammbtif① tendinous
- -

- i
\
-
-
- Moerdijh -Weiss

Hurts -Hinrich - Moerdijk
(only w/o nullmy ops )



70
. Den droids Segal spaces
-

Can think A D as full subnet . A Cat on

[D= o → I→ . - -→ n = free art
.
on this graph

- encode basis shapes A compositions in a cat .

( Inert maps encode decompositions of these shapes,
active encode ways to compose operations .)

Analogue for spends ?

Ways of composing multimores
no trees

qq.gg
Want to consider full sub cat

. A Opd
on

"

free spends generated by trees
"

- this gives the dendroid category D (Moudijk -Weiss)



Problems : Hun to define trees and this is usually annoying .
For our trees with vertex Inde has one outgoing edge
& some (maybe O) incoming edges .
E = set A edges
✓ = set of virtues

V*= set A vertices t one incoming edge

G) EL V* Is V
-0
, E

e
T (yet i-v i-3 outgoing edge N u

Defy (Kah) : A tycoon'mts oh a diagram (x) A finite sets
St
.

. o is injector
• i is injective, w/unique ett- RE E not in image (the root)
• Define o: E- E by old -R, de) = Opi

- '
le), then He F k s.t .

the = R .



Ginn two trees
,
a subtree inclusion (or inert men.) is

ti .. E
'
c-V!→V'→ E

'

(w/ E ' → E, V'→V
j f
,

¥ /! Liv foe injection - infant automatic)
t = E←V*→V →E

- pullback and . says vortex in T
'
t vertex inTnfsnme

number dredges

- cot
. Aint A trees & inert more. S n

-

Conny Cn = tree w/ 1 vertex & n learns
to!

yes * ← I
→ *→ I I *

Edgy 2 = free w/ Overtires & ledge /
* ← O- D→ *



The f⇒mdFt) on a tree T has

(n,b. c)→ f
n 2b

.
s = edges AT

° mutinous = subtrees A T
/

(d.e) → gcement→ e' Y '

emfs
"""'

, a
.
. .. ,h

- composition = gluing subtrees h

s En- actions monk learns

= FM subnet
. A Opd on

g)→h( "
''↳ h

(f.del → h
A multinor. in FCT) is uniquely
a composite of conkers P (a.b.a ,d, e)→h

q
whole tree

no more . FCT) → f ( T ' ) amounts to

edge or T s-3 edge AT
'

corolla int i→ subtree RT! sums number A leaves
,

correct learns & root



9 is active if prisons learns & rot

inert if conkers ,→ arms ( subtree inclusion)
- form a factorization system

*xp g-
"

Y

active inert

i. T1
degeneracy (active)



Rahi A Segal space is a functor (A b - cat
- s)

X : am → S
.

Xn : Ncis)
s .t. An → Hey

.

- - - Fox ,
✓in the inert

maps go]→ Cn] (or, i , i
-
- Qi--m )

as →as IT iii.m)
Encodes the algebraic stir . oh an co - cat

.
:

Xo =

space of A- S

X, =

spare Amor . s

s
.

:c.) → co) no X.→X , - identity nor- S

dado : CD→ Ed - X
, Xo - some R target of mores



Segal and . : X
,
=3 X

,y
,

X
,
-

apace decomposable mor
- s

d
,
: → of → X

,
→ X

,
- composition

d ,
as → Css

Xz→ Xz
d. t Id . no

¥
,
§
,

- associativity up
to specified ht . py[27 → 533

da



Ochs : A dendroid Segal spare ( Segal pnsheuf on A) is

X : EP → s

s -t . XCT) Is lim
C- c-

go

NE)

where Det c Att is full shut
.
on Cn

, 2

BY, = Ad
g.→ AYY ( i.e . inert maps Cn

,
n →T)

x(kg:*) = HIM . Nil . NYT) xµ , ,× , NY)



Encodes algebraic structure A an b - opened

Xfy) - sp . A
has

X(Cn) - sp . A n- any
mnltimons

teams-§TtµyT target do .

I
n source

As
.
3

c. →n
→ Xlr) → X (G) - identities

degenemy
↳ I

* → ¥ - sxl.io#s-sxpq.g
act 12 (

composition
A- A compensable (NY)

" NYIT ,,×aX(Ya)
muthanna s



° f : X - Y mor. A demdindns Segal sp. s is fully faithful if
Xcel → xcel

/ f is cartesianH n (⇒ fibres on equivalent)
u

NyY"
'

→ yfy)
""

spares A multimors

and essentially surjective if XY → Y 4- is surjective on To

A ↳ is find . A trees w/ only unary vertices)
Xl is a Segal space, XH =

sp. oh eq.us A Nap
=

nappy, (E, ,X) , E , = nerve A universal
isomon

X is complete if XIs, is complete
,
i.e

. Ny) -7×7



They Ccisinshi- Moonlight : Complete dendwittul Segal sp . s an punish
those loud w. v.t. FFES men. S - Css (S) ↳ Seg (S)
has a left adj't tht exhibits CSS (s) as localization at
FEES nor. S,

Cssa IS) is a model for s - opd . s



17
. Enriched co - operands in R
-

[ Chen - H .]

0eh For Xc. S
, I → It is left fib . com

.

to AN→ S

given by RKE
{y}

X→ s

Lop# +→ ×
#edges AT

ob.IN Ax = (Tc. A
,
Ile) E X for e edge AT)
&

Mor
.
T → I ' = T → T

'

in A

+ Ile) -5 F' Cee) He



An IRI - monoid in S is M : Nix → S sit
.

milestone) n enfilading.nl( writhes

AT

Pm Seg IS)±= Money (5) = Alg g. (
s't

sp . Ads . s
=X

- here RI is a court . pattern in RI→A'→ tf
\ counts # cordless
in trees

Defy. : V a symm . mon . o
- cut - A V - is - opened w/ yo . A Ms

. s X

is an W - algebra in V (t completeness condition) .



Any Tv For x. i.
- ixnyex

1,1 → 01mi;xn:D c- V

F*
(
Y

- eninhedmnttimors

x x
'
x
"

I

Xq1yii-s@k.xixYib0ly.y
'

iz) )

fatin ~ Okk 'm"ij) Oly , y
' ;D

xx' x
" f - comp . A

⇒ v mittimus

72 @Ly.x.x:X" ;z)



They (Chu -H .) : complete RI- dy- s give localization at FFES mores
.

If M is a wire symm. mon
.
model cut -

s agree w/ strict
M - enriched opd - s . (E. g. M

= symmetric sputum, ch
- G. ( field A char

.

O)



12
. Analytic monads
-

Kepner - H . - Kak ]
F

A polynomial functor S
, ,
→ Sy, is a functor of the form

t!P*s* for some more. s th spares

IL a e. et, , ( ¥ ? §
,
- pullback

f
: : composition f

,if f*
§

Can show them an earthy the accessible functors that preserve

weakly contractible limits (⇒ closed under composition)
F is analytic if p has finite discrete fibres

<⇒ F preserves sifted
cdimits & weakly contractible limits



An analytic mound is a monad T on Sy, s -t .

• T : S,I
→ S

, ,
is analytic

• Multiplication & unit transformations are Cartesian

(= nntumtty squirms one cartesian)
<=3 monad in Cs

,
21 - at . of analytic functors & ant . transformations

Note: If 0 is o-god . then Algy(s)→ fun d. S) is monadic
×

right adjoint for an analytic monad @
I

them Coyner -H . - Kook) : AnMnd I say (S)
(den: can view trees as analytic endshunters no Pint → AnEnd

.

Can describe free analytic monads explicitly
→ D= free analytic monads on trees canMnd is AnMnd→ PCR)

.



Analytic endshunters A S : * ← E I 8 → *

(
finite discrete fibres

3- unironed meh mor
. : ltnhq→ 4- BEN (to 9-action on a)

so
p es

mor
.
B → If BE in S

⇒ functor #Ben→ S

i. e - XIN DE
,
Hn -

a symmetric sequence

can show composition A analytic endo functors

<→ composition Product he symm . seq . s ,

CH Homem - II. ( !÷
. .
!!!""

"- '' Niall :* .. .⇐HENNY



⇒ is - god- s w/ one Sb . = analytic monads on S = alg . s in symm.mg . s

cleaner description A (*) :

Xt - D
Infinities i!TNIj

)

(Xo Y) (I → K) = chins XII → 1) x MJ→ K)
I → s→ K
-

gwmpoid A
such factoirwtwm

- description A o im Dq



An → s said c→ minions for Any → SIXES
f :X- y in g

]
op

Ax→ ja dogs for → U
ton By - xrs Smca: ,r9
My
P ( IDE) - free presentable rymm . mon

.

co - cat
. on *

composition
is month.qmL ,

- OY convo.

(Pelted
, c) = aft HOS

,
e) = e

Ii, (Pasos) , PlHoa)) =P (Hosen)


