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Preface

These are lecture notes for the course MA8403 taught at NTNU during the
spring semester of 2025 (but maybe it will one day become a book). Please note
that some parts of the document are currently in a pretty rough shape.

Sources

I make no claim of originality for any part of this text, except for the arrange-
ment of the material. On the other hand, the contents have often been so sub-
stantially reorganized that it has not been possible to assign credit for most of
the results as they appear. To partially make up for this, I will try to list some
sources that have been particularly influential:

>

Unsurprisingly, Lurie’s book [Lurog], where much of the theory of co-
categories was first developed, has influenced many parts of the text, but
especially the later Chapters 9 and 10 on filtered colimits and accessible and
presentable co-categories.

Much of Chapter 2 is based on Martini’s paper [Marz1] on the Yoneda
lemma for internal co-categories, which in turn was heavily influenced by
Cisinski’s book [Cistg]. The same is true for the later discussions of left and
right fibrations and cofinality.

The approach to adjunctions via free fibrations in Section 6.3 is taken from
the book of Riehl and Verity [RV22].

The proof of the adjoint functor theorem in Section 10.2 is a combina-
tion of the proof from [Lurog] (which seems to contain a gap) and that of
Nguyen, Raptis and Schrade in [NRS20].

The proof that filtered colimits commute with finite limits in co-groupoids
in Sections 9.8-9.9 is taken from the note [SW25] by Sattler and Wirn.

Parts of Chapter 1 are based on my expository article on higher categories
[Hauz4].



That said, some parts of these notes are in a sense the outcome of more than a
decade of trying to understand co-categories, and I have likely forgotten where
I first learned about many of the ideas it contains — I would appreciate any
suggestions of additional sources that should be acknowledged!
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Chapter 1

Introduction

(This introduction is currently quite rough and in particular omits any discus-
sion of the history of higher categories; for the moment, the reader is referred
to [Hauz4] for some more context and references to the literature.)

1.1 What are higher categories?

Many mathematical objects have an associated notion of morphism, and so nat-
urally organize themselves into categories. Basic examples include

» sets and functions,
» vector spaces and linear maps,
» groups and group homomorphisms.

In some cases there are also “morphisms between morphisms”, such as
» homotopies between continuous maps of topological spaces,
» chain homotopies between homomorphisms of chain complexes,
» natural transformations between functors among categories;

these structures give us higher categories. The basic concept is that of an n-
category, which should be a structure with

> objects’ (o),
» morphisms (or 1-morphisms) between objects (¢ — ),

» 2-morphisms between morphisms (with the same source and target), which
we can depict as:

'Tt is sometimes convenient to think of objects as 0-morphisms.



» 3-morphisms between 2-morphisms, which we can depict as:

)

=
NS ZA
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» 4-morphisms between 3-morphisms, which we can depict as:

and so on up to n-morphisms between (n — 1)-morphisms. We should be able
to compose i-morphisms for all 0 < i < n, and an i-morphism should have an
identity (i + 1)-morphism for 0 < i < n; the composition should give us for all
objects x, y in an n-category € an (n — 1)-category C(x,y) of morphisms from
x to y with a composition functor

C(x,y) X C(y,z) — C(x,2)

for any triple of objects x,y,z. In particular, a O-category is just a set and a
1-category is an ordinary category.

Before we explain why it is not entirely straightforward to give a precise
definition of an n-category, let us mention a few structures that ought to give
examples of n-categories:

» Topological spaces with continuous maps, homotopies, homotopies of ho-
motopies, etc., up to n-dimensional homotopies, should give an example
of an (n + 1)-category for any n.

» Categories with functors and natural transformations should give a 2-category.

» More generally, n-categories should form an (n + 1)-category where the
i-morphisms between € and D are functors €xC; — D, with C; being the
free n-category on a single i-morphism.

» Given a commutative ring R, we should have a Morita 2-category of R where
the objects are associative R-algbras, the 1-morphisms from A to B are A-
B-bimodules, and the 2-morphisms are bimodule homomorphisms.

If we ask for the composition of i-morphisms to be stricly associative, so that we
have identities h(gf) = (hg)f, we get the notion of strict n-categories. These are
easy to define, but turn out to not be very useful in practice.

To see why we should not expect associativity to hold strictly, let us first
point out that as n increases we have an increasingly refined notion of when two
objects in an n-category are “the same” and when a morphism is “invertible™:



» InaO-category, i.e. a set, two objects x and y are the same if they are equal
(e = ).

» Ina l1-category C, two objects x and y are the same if they are isomorphic
(x = y), i.e. there exist morphisms f: x — yand g: y — x such that
gf =1idy and fg = idy in the sets C(x, x) and C(y,y). Here we also say that
f and g are invertible or are isomorphisms.

» In a 2-category €, two objects x and y are the same if they are equivalent
(x = y), i.e. there exist morphisms f: x — y and g: y — x and isomor-
phisms gf = idy and fg = id, in the categories C(x, x) and C(y, y). Here we
also say that f and g are invertible or are equivalences.

» In general, in an n-category €, two objects x and y are the same if they
are equivalent (x ~ y), i.e. there exist morphisms f: x > yand g: y — x
and equivalences gf = id, and fg ~ id, in the (n - 1)-categories C(x, x) and
C(y,y). Here we again say that f and g are invertible or are equivalences.

A basic principle for ordinary categories is that we should never ask for two
objects to be equal, only to be isomorphic. Similarly, in an n-category it is “evil”
(or at least morally disreputable) to demand that two objects should be equal
rather than equivalent. (For example, we should never ask for two categories
to be isomorphic, we can only demand that they be equivalent.)

The strict associativity equation h(gf) = (hg)f for i-morphisms in an n-
category is asking for two objects in an (n —i)-category to be equal. We should
therefore instead require a (specified) invertible (i + 1)-morphism h(gf) —
(hg)f. However, using such (i + 1)-morphisms there are two ways to relate
compositions of 4 morphisms:

(kh)(gf)

k(h(gf)) ((kh)g)f.

e

k((hg)f) > (k(hg)f

These two composites should again be “the same”, so we need an invertible
(i + 2)-morphism between them, which in turn calls for a coherence (i + 2)-
morphism relating different ways to go between compositions of s morphisms,
and so on. This is the idea of weak n-categories.

As should already be plausible, it is not easy to explicitly write down a def-
inition of weak n-categories, at least for n > 2. On the other hand, strict n-
categories are simply not sufficient, as most real examples of n-categories are
not strict. For example, there should be a 2-category B(Vect, ®) with a sin-
gle object, where the morphisms are vector spaces, the 2-morphisms are linear
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maps, and the composition of 1-morphisms is given by taking tensor products.
For this to be a strict 2-category we would need to have equations

U (VeaW)=(U®V)’W,

for triple tensor products, which is simply not true — instead, we have a canon-
ical isomorphism between these vector spaces.

There are definitions of weak n-categories that package the coherence data
directly, but in practice these have turned out to not be very usable, at least for
n > 3. Let us also mention that every weak 2-category is equivalent to a strict
2-category, but this is false for n > 2.

Instead of the “bottom-up” approach to n-categories we have sketched so
far, it turns out to be much easier to first use homotopy theory to develop a the-
ory of “(eo,1)-categories”, and then use this to define other kinds of higher
categories.

Definition ... An (n, k)-category is an n-category where all i-morphisms are
invertible for i > k.

For example, an (n, n)-category is the same thing as an n-category, while
an (n,0)-category is an n-groupoid, i.e. an n-category where all i-morphisms
are invertible for all i.

At least informally, we can also allow n = oo in this definition, so that we
have i-morphisms for all i > 0.

Warning 1.1.2. In this text, and in much of the modern literature, the term co-
category is an abbreviation for (o, 1)-category. This conflicts with the conven-
tion that n-categories are (n, n)-categories for finite n, but it is simply too cum-
bersome to keep writing out “(co, 1)-category”.? In any case (oo, o0)-categories
(or w-categories), which have non-invertible i-morphisms for all i, will not show

up here.

1.2 The homotopy hypothesis

Informally, the basic idea for the homotopical approach to higher categories is
that co-groupoids should capture precisely the homotopy-invariant information
in topological spaces — this is the homotopy hypothesis of Grothendieck, which
we will introduce in this section. Given this, we can then build a theory of co-
categories on top of topological spaces (or some other model of their homotopy
theory, such as simplicial sets).

We first need to recall some basic definitions from homotopy theory:

20n the other hand, we will not be as lazy as some young people have become these days and
refer to oco-categories as just “categories”.
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Definition 1.2.1. Suppose X and Y are topological spaces, and f,g: X — Y are
continuous maps. Then a homotopy from f to g is a continuous map h: XxI — Y
(where I is the closed interval [0, 1]) such that h(-, 0) = f and k(= 1) = g. If we
instead have pointed topological spaces (X, x) and (Y, y), with f and g pointed
maps, then we say that h is a pointed homotopy if we also have h(x,-) = y. We
say that f and g are (pointed) homotopic if there exists a (pointed) homotopy
between them; this is an equivalence relation on (pointed) continuous maps.

Definition 1.2.2. For a pointed topological space (X, x), we define the nth
homotopy group m,(X,x) to be the set of pointed homotopy classes of maps
(8™, %) - (X, x).

Here (X, x) is the fundamental group of loops in X based at x, while for
n > 1 the homotopy group 7,(X, x) is an abelian group. We also take mX to
be the (pointed) set of path components of X.

Definition 1.2.3. Let X be a topological space. The fundamental groupoid m<1X
of X has as its objects the points of X, and as its morphisms from x to y the
homotopy classes of paths I — X that start at x and end at y (for homotopies
that respect this condition). Composition is given by concatenation of paths
(which is well-defined up to homotopy), and the identity morphisms are the
constant paths; this makes 7<1X a category, which is indeed a groupoid since
paths can be reversed.

Note also that for a point x € X, the set 7<1(X)(x,x) is nothing but the
fundamental group 71(X, x), so that the fundamental groupoid contains the
information from mX as well as the fundamental groups at all base points of X.

The topological space X should also have a fundamental n-groupoid m<,X
where

» the objects are points of X (x — X),
» the morphisms are paths in X (I — X),

the 2-morphisms are homotopies between paths (I — X),

v

v

the n-morphisms are equivalence classes of n-dimensional homotopies I" —
X.

This should also make sense for n = co, where we keep going forever (and never
take equivalence classes) giving the fundamental co-groupoid m<X.

The Homotopy Hypothesis characterizes the information about X that is
contained in 7<,X. To explain this more precisely, we need to introduce some
more terminology:

» A continuous map f: X — Y is a homotopy equivalence if there exists a
continuous map g: Y — X and homotopies gf =~ idx and fg ~ idy.
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» A continuous map f: X — Y is a weak homotopy equivalence if it induces

isomorphisms 70X — Y and 7,(X, x) — m,(Y, f(x)) for all n > 1 and all
x €X.

» Two topological spaces have the same homotopy type if they are in the same
equivalence class under weak homotopy equivalence.

It is a theorem of Whitehead that a weak homotopy equivalence among CW-
complexes is actually a homotopy equivalence. Moreover, any topological space
is weakly homotopy equivalent to a CW-complex, so to study homotopy types
of topological spaces we can either consider all topological spaces up to weak
homotopy equivalence or CW-complexes up to homotopy equivalence.

Definition 1.2.4. A topological space X is an n-rype if all homotopy groups
7:(X, x) vanish for i > n, for all x € X.

Given a topological space X we can construct an n-type 7<,X by “killing”
the higher homotopy groups above level n by attaching cells. We also get a map
X — 7<,X that is an isomorphism on all homotopy groups in dimension < n.
Moreover, the homotopy type of 7<,X is determined by these properties, so we
call it the n-type of X.

Conjecture 1.2.5 (Grothendieck’s Homotopy Hypothesis). There is an equiva-
lence between (weak) n-groupoids (up to equivalence) and n-types (up to weak homo-
topy equivalence), such that for a topological space X the fundamental n-groupoid m<, X
corresponds to the n-type t<,X. For n = oo, the homotopy type of X is determined by
T<ooX.

In low degrees, the Homotopy Hypothesis corresponds to classical results
in algebraic topology:

» 0-types are weakly homotopy equivalent to sets (with discrete topology),
and 0-groupoids are the same thing as sets.

» A connected 1-type is precisely an Eilenberg—MacLane space BG for a group
G. More precisely, group are equiavlent to both pointed connected 1-
types and pointed connected groupoids. This extends to an equivalence
(of (2, 1)-categories) between 1-types and groupoids.

» MacLane and Whitehead identified connected 2-types with crossed modules,
which are also equivalent to connected strict 2-groupoids. This correspon-
dence extends to one between general 2-types and 2-groupoids.

» It is also known that 3-types are equivalent to weak 3-groupoids.?

3This was first proved in the unpublished thesis of Leroy. See [Bergg] for a published proof
by Berger.
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The basic idea for the homotopical approach to higher categories is to take
the Homotopy Hypothesis as given (instead of a conjecture about a hypothetical
definition of weak n-groupoids), and simply define co-groupoids to be homo-
topy types. We can then build more complicated higher-categorical structures,
such as co-categories, on top of these. This leads to a version of higher cate-
gories where we can avoid dealing with coherence data for composition: in-
stead of first choosing specific composites and then supplying coherence data for
these, we rather specify a space of all choices of compositions and then require
this to be contractible. This has turned out to work much better than earlier
approaches, both for developing the general theory and for constructing and
working with specific examples of higher categories.

The simplest way to use homotopy theory to define a concrete notion of
co-categories is to assume we can get away with one level of strictness (as turns
out to be true) and consider categories where the morphisms form topological
spaces:

Definition 1.2.6. A fopological category (that is, a category enriched in topological
spaces) € has a set of objects, and for all objects x, y a topological space C(x, y) of
morphisms from x to y with identities idy € €(x, x) and continuous composition
maps

C(x,y) X C(y,z) = C(x,2)

for all objects x, y, z, which are (strictly) associative and unital.
While this is a correct definition, it has some important drawbacks. We will
introduce some better-behaved models of co-categories below, but before that

we will try to explain why co-categories show up in several areas of mathemat-
ics.

1.3 Localizations and co-categories

In an abstract sense, homotopy theory is concerned with objects that we want
to consider up to some notion of equivalence that is weaker than isomorphism,
such as

» topological spaces up to (weak) homotopy equivalence,
» chain complexes up to quasi-isomorphism,
» categories up to equivalence.

A relative category (€, W) consists of a category € with a collection W of mor-
phisms that we think of as “weak equivalences” (formally, we can think of W asa
(replete) wide subcategory of €, so that the weak equivalences are closed under
composition and contain all isomorphisms in €). Given a relative category, we
can always construct a localization L: € — C[W~!] such that composition with

14



L identifies functors €[W~!] — D with functors € — D that take morphisms
in W to isomorphisms in D. For example, topological spaces with weak ho-
motopy equivalences localizes to the homotopy category of topological spaces,
while chain complexes of R-modules with quasi-isomorphisms localizes to the
derived category of R.

We can define €[W~!] as a pushout of categories € Ly Wepd> Where Wy, is
the groupoid obtained by inverting all morphisms in the subcategory W, or a bit
more concretely as a category with the same objects as € and with morphisms
from x to y given by equivalence classes of zig-zags

XD e 0 e -1,

where the backward maps lie in W. In general, we have very little control over
the localization ¢[W~!], but in many cases we can describe it more concretely
by first restricting to a class of “nice” objects and then quotienting the Hom-
sets from € by a “homotopy” relation. For example, the homotopy category
of spaces is described by CW-complexes and homotopy classes of continuous
maps among them, while the derived category of R is given by taking chain
complexes of projective modules and chain homotopy classes of maps.

However, it turns out that these localizations lose important homotopy-
invariant information about objects of €. For example, in topological spaces we
can describe the n-sphere S” as the pushout D" IIg.-1 D" where we glue two
n-dimensional discs along their boundary $"~!. On the other hand, * Lgn1 =
is a point, so pushouts of topological spaces are nor homotopy-invariant. Nev-
ertheless, it is reasonable to think of S” as being the “homotopically correct”
pushout (or “homotopy pushout”) — but it is note the pushout in the homotopy
category (which does not exist). More generally, there exists a homotopical the-
ory of limits and colimits that we cannot see by just looking at the homotopy
category.

It turns out that we can fix this problem by instead extracting from our
relative category (€, W) an oo-category that universally inverts W, as this object
actually captures precisely the homotopy-invariant information from €. The
theory of co-categories then gives us a good language not just for working
with objects of € up to homotopy, but also with homotopy-coherent struc-
tures (such as diagrams or algebras) built from these. This is the reason that
oco-categories have become important in several areas of mathematics, includ-
ing algebraic topology, algebraic geometry, and representation theory, and in
general whenever we want to work with objects up to some weak notion of
equivalence.

1.4 Simplicial sets and topological spaces

The simplex category A is the category of non-empty finite ordered sets

[n]={0<1<---<n}, n=0,1,...
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A simplicial set is a presheaf AP — Set; we write Set, := Fun(A°P, Set) for the
category of simplicial sets.

Example 1.4.1. The n-simplex is the representable simplicial set
A" := Homa (=, [n]).
The category A is generated by
» the face maps d;: [n— 1] < [n] that skip i € [n]
» and the degeneracy maps s;: [n+ 1] > [n] that repeat i € [n],
subject to certain relations.

Definition 1.4.2. The topological n-simplex |A"| is the topological space
IA"] = {(x0, . .., xn) € R™!: in =1,0<x <1}

(with the subspace topology from R"!). For ¢: [n] — [m] we can define a
continuous map ¢,.: |A"| — |A™| by

Gu (X0, ., Xn)i = Z Xj.
Jip(j)=i

This gives a functor |A®*|: A — Top.
We can then define the singular simplicial set functor
Sing: Top — Sety

as
Sing(X) = Homrep (|A®], X).

This has a left adjoint |-|: Sety — Top, called the geometric realization functor,
which is the unique colimit-preserving functor that extends |A®| via the Yoneda
embedding. More concretely, we can define |S| for a simplicial set S as the
quotient of LI,S, x |A"| where we identify (o, §.p) with (¢*c, p) for ¢: [n] —
[m], o € S, and p € |A™]. Informally, we build the topological space |S| out of
simplices according to the “blueprint” S.

If we say that a morphism S — T in Set, is a weak equivalence if S| — |T|
is a weak homotopy equivalence*, then the relative category consisting of Seta
with these weak equivalence describes the same homotopy theory as that of
topological spaces;’ for example, the counit map |SingX| — X for a topo-
logical space X is always a weak homotopy equivalence. We can also describe
the weak equivalences of simplicial sets as homotopy equivalences (or describe
them via homotopy groups) if we restrict to a class of nice objects, which we
will introduce next.

4Or just a homotopy equivalence, as geometric realizations are always CW-complexes.
SMore precisely, the adjunction |-| 4 Sing is a Quillen equivalence of model categories.
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Definition 1.4.3. The kth horn A} € A™ is the subobject where we remove the
interior and the face opposite the kth vertex. More formally,

(A ={o: [i] = [n] :{0,.. ..k =1Lk +1,...,n} ¢ im(0)}.

Definition 1.4.4. A simplicial set S is a Kan complex if any horn A} — S can
be extended to a simplex A" — S (not necessarily uniquely).

Example 1.4.5. SingX is a Kan complex for any topological space X (since
|AZ| = |A"| is a deformation retract).

Definition 1.4.6. A simplicial homotopy is a map S x Al — T.

From simplicial homotopies we get an associated notion of homotopy equiv-
alence among simplicial sets.

Observation 1.4.7. Set has an internal Hom S7 for simplicial sets S and T,
given by
(8T),, = Homsey, (T x A", S).

Fact 1.4.8. IfS is a Kan complex, then so is STfor any simplicial set T.

Definition 1.4.9. For asimplicial set S, we define 7S to be the quotient of Sy by
the relation generated by identifying two O-simplices if there exists a 1-simplex
that connects them.

Exercise L.I. If S is a Kan complex, then the relation defining 7S is an equivalence
relation.

Fact 1.4.10. For a morphism ofsimplicial sets f: S — T, we have:

> f is a weak equivalence if and only if for all Kan complexes K, the induced map
KT — moK® is an isomorphism.

» If S and T are Kan complexes, then f is a weak equivalence if and only if it is a
homotopy equivalence.

Moreover, every simplicial set S is weakly equivalent to a Kan complex (for
example Sing|S|); it follows that the homotopy category of Sets can be de-
scribed by taking Kan complexes and homotopy classes of maps among them.
It can also be shown that weak equivalences among Kan complexes are detected
on homotopy groups.

.5 Simplicial categories

Since we can replace topological spaces by simplicial sets as a model for the ho-
motopy theory of spaces or co-groupoids, it is not surprising that we can model
co-categories by simplicial categories, i.e. categories enriched in Set,, instead of
by topological categories as we mentioned earlier. We will write Cata for the
category of simplicial categories.
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Exercise 1.2. Show that Cata can be described as the full subcategory of Fun(A°P, Cat)
containing the functors whose simplical sets of objects are constant.

We can now define the right notion of weak equivalence for simplicial cat-
egories:

Definition r.5.1. Given a simplicial category €, we can define a homotopy cat-
egory hC by taking the same objects as in € and setting hC(x, y) = 1C(x,y). A
functor of simplicial categories F: € — ¢D is a Dwyer—Kan equivalence if it is

» weakly fully faithful: €(x,y) — D(Fx, Fy) is a weak equivalence of sim-
plicial sets for all x,y € C;

» essentially surjective up to homotopy: h€ — hD is essentially surjective.

A key problem with simplicial categories as a model for co-categories is that
itis hard to access the correct co-groupoids or co-categories of functors between
simplicial categories in this model. Other homotopy-invariant constructions
are also hard, for example given a functor F: I — € where J is an ordinary
category and C is a simplicial category, and we’re given equivalences F(x) —
G(x) in € for all x € J, we can’t necessarily replace F by a functor that is given
on objects by x - G(x).

This latter problem we can remedy by considering homotopy-coherent di-
agrams of shape J in C: instead of asking for F to respect composition, given

i ER j 25 k we ask for an edge in C(Fi, Fk) between F(g)F(f) and F(f), and
then given a third morphism h: k — ¢ we ask for 2-simplices

F(h)F(g)F(h) —— F(R)F(gf)

! |

F(hg)F(f) ——— F(hgf)

in C(i, £), and so on. We can then define a simplicial set of homotopy-coherent
diagrams, which turns out to give the correct co-groupoid of functors. We
want homotopy-coherent diagrams to be functors Iy, — € from a “coherent”
replacement of J; there is also a nice way to package this data using a “nerve”
functor, which we will introduce after considering a simpler version thereof.

Definition 1.5.2. We can view the ordered sets [n] as categories; this gives a
(fully faithful) functor A — Cat. The nerve functor N: Cat — Set, is then
defined by

€ - Homcat([e], ©),

so that

N(‘?n={x0£>x1£>---f—n>xn}.

18



Thus NG, is the set of composable sequences of n morphisms; in particular,
NGy is the set of all objects of € and N€y is the set of all morphisms — the two
face maps [0] — [1] give the source and target of each morphism, and the
degeneracy map [1] — [0] gives the identity morphism of each object.

Exercise 1.3. Show that N: Cat — Set, is fully faithful.

Proposition 1.5.3. A simplicial set X is in the image of N if and only if either of the
following conditions holds:

(1) Every inner horn A - X (where 0 < k < n) extends to a unique simplex
A" — X.

(2) The Segal map X, — Xi Xx, -+ Xx, X1, which is induced by the inclusions
[1] = {i—1 < i} = [n] and [0] = {i} <> [n], is an isomorphism for all n.

This is not particularly hard to prove, but we omit the details (for now).
Note that a map A% — X specifies two composable edges, and the unique ex-
tension to a 2-simplex says that these edges have a unique composite. On the
other hand a map A(Z) — X specifies two edges with the same source, so in a cat-
egory we should not necessarily expect an extension to A? (unless the category

is a groupoid).

Exercise I.4. Show that fillers for horns of type A} and A? give associativity for the
composition of edges.

Both of the conditions in Proposition 1.5.3 can be weakened to produce good
models for co-categories. We will introduce these below, but first we return to
coherent diagrams and introduce the coherent nerve of simplicial categories:

Definition 1.5.4. We can explicitly describe a coherent replacement [n] )}, of

[n]:
» the objectsare 0,1,...,n,

» the simplicial set of morphisms from i to j is @ if i > j, and otherwise it
is the nerve of the partially ordered set P;; of subsets of {i,i +1,..., j} that
contain i and j, ordered by inclusion,

» composition if given by taking unions of subsets.
This gives a functor [e].,,: A — Cata.

Example 1.5.5. In [2] ., we have (as posets)

[2]con (0, 1) = {01}
[2]con(1,2) = {12}
[2]c0h(0a 2) = {02 < 012}:
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where 012 is the composite 12 0 01. Similarly, in [3]., the poset of maps from
Oto3is
03 —— 013

L

023 —— 0123.

Definition 1.5.6. The coherent nerve R : Catp — Set, is given by
€ Homcat, ([®]cons ©)-

This has a left adjoint € that extends [e]

coh-

We can then describe a homotopy-coherent diagram J — € as a map of
simplicial sets I — NC where J and C are simplicial categories. (If J is an
ordinary category, we have #J = NJ.) This map indeed assigns a coherent
simplex in € to every string of composable morphisms in J; we can then define
the coherent replacement of J as I}, := €(J).

A simplicial category C is fibrant if €(x,y) is a Kan complex for all objects
x,y. For € fibrant, the counit map ENC — C is always a Dwyer-Kan equiva-
lence. All told, the coherent nerve and its adjoint gives a relationship between
simplicial categories and simplicial sets that is very similar to the relation be-
tween topological spaces and simplicial sets we considered eatlier. In fact, we
can again describe the homotopy theory of simplicial categories very nicely
using a particular class of simplicial sets.

1.6 Quasicategories

We now introduce the model for co-categories obtained by weaking the first
condition in Proposition .5.3:

Definition 1.6.1. A simplicial set X is a quasicategory if every inner horn A} — X
(0 < k < n) admits an extension to A" (but this is nor necessarily unique).

This condition on X says, for example, that given two composable 1-simplices,
which determine a map A7 — X, we can compose them by choosing an exten-
sion to A2, but this composite is not unique. However, one can show that the
simplicial set of such composites forms a contractible Kan complex.

For € a fibrant simplicial category, M€ is always a quasicategory. In fact, the
adjunction € 4 N exhibits the homotopy theory of quasicategories as equivalent
to that of simplicial categories, where we say that a morphism of simplicial
sets X — Y is a categorical (weak) equivalence if €X — €Y is a Dwyer-Kan
equivalence of simplicial categories.

Fact 1.6.2. A map of quasicategories is a categorical equivalence if and only if it is
ully faithful and essentially surjective”, in an appropriate sense.
“ lly thful and t lly rjective”, ppropriat
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Via Proposition 1.5.3 we can think of quasicategories as a common general-
ization of:

» Kan complexes (“co-groupoids”), which have fillers for all horns,
» and (nerves of) categories, which have unique fillers for inner horns.

In fact, the intersection of these conditions, where we demand unique fillers for
all horns, characterizes precisely the simplicial sets that are nerves of groupoids.

We have seen that quasicategories give a model for co-categories where di-
agrams are automatically homotopy-coherent. This strongly suggests that they
are a better-behaved model than simplicial categories, and this is indeed the
case.

1.7 Segal spaces

We now turn to model for co-categories that we can obtain by weaking the
second condition in Proposition 1.5.3, which said that a simplicial set X is iso-
morphic to the nerve of a category precisely when the Segal map

X, — Xi XX " XX, X1

is an isomorphism for all n.

The idea is now to replace sets by co-groupoids to get a similar description of
oo-categories. If we use simplicial set (Kan complexes) to model co-groupoids,
we also have to replace the strict pullbacks by homotopy pullbacks. We will not
go into this here, but one model for the homotopy pullback of maps A,C — B
is the strict pullback

Axtc —— B

l |

AXC —— BXB;

note that a point (0-simplex) in A X% C then consists of a point in A, a point in
C, and a path (1-simplex) between their images in B.

Informally, we then say that X,: AP — Set, is a Segal space® if for all n, the
simplicial set X, is the homotopy pullback X; X?(O e Xg(o Xj via the Segal map.

Here we think of Xy as the co-groupoid of objects in an co-category and
Xj as that of morphisms. The two face maps X; =3 Xo assign the source and
target object to each morphism, while the degeneracy map Xy — X; gives the
identity morphism for each object. We get a composition map as the composite

X Xél(o X ;Xz — X

6As is conventional, here we will sometimes use space as a synonym for simplicial set.

21



after inverting the homotopy equivalence. The commutative square

d
X5 — X»

gives associativity for this composition.

For an ordinary category €, we can view its nerve NC as a (discrete) Se-
gal space. If E! is the “free isomorphism” with objects 0 and 1 and a unique
morphism i — j for all i, j € {0,1}, a map NE' — X, then gives a coherent
equivalence in X

Definition 1.7.1. A Segal space is complete if X, — Map(NEL, X) is a weak
equivalence.

This condition says that the simplicial set of objects of X is the “correct”
one — the paths between objects in Xy give precisely the equivalences between
these objects in X,.

Complete Segal spaces are another good model of co-categories. Moreover,
if X, is a Segal space, one can show that the simplicial set (X,)o of levelwise
O-simplices is a quasicategory. In fact, a key problem with quasicategories is
that it is usually not possible to directly write down a simplicial set and check
by hand that it has the inner horn fillers required to be a quasicategory — it is
often more feasible to prove that some simplicial space is a Segal space.

1.8 What we will actually do in this text

To develop the foundations of co-categories rigorously you have to start with
a model, such as quasicategories, and then develop analogues of basic concepts
from category theory using that model. Then you have prove that construc-
tions like homotopy (co)limits in model categories describe co-categorical ver-
sions in the quasicategory you get by inverting the weak equivalences. As far
as co-categories themselves are concerned, this is essentially a “bootstrapping”
process, so that in the end you know that the external notions of, say, homo-
topy pullbacks you use to set up the theory of quasicategories agree with the
corresponding internal notion of pullbacks applied to the quasicategory of qua-
sicategories.

On the one hand, this process takes a lot of work (which could easily fill
a whole semester). However, on the other hand once it’s done you can es-
sentially forget about it: in practice we almost always want to work “model-
independently” with co-categories, i.e. view them as themselves being objects
of an co-category, where we can only do the fully coherent internal construc-
tions.
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There are already several books [Cistg, Lan21,RV22] that explain how to set
up the foundations of quasicategories, so in this text I have attempted to take a
different approach: I will try to explain directly how co-categories work model-
independently. In my opinion there are several advantages to this approach:

» this material should hopefully be more useful to the reader who wants to
learn how to use co-categories for applications in their own area of math-
ematics, rather than to work on their foundations,

» but understanding first how things work without reference to a model
also often makes it much clearer what is really going on in model-specific
definitions and proofs.

The disadvantage, of course, is that the start of the text will not be entirely
rigorous, or at least not self-contained.

(An alternative approach to foundations, currently being worked out by
Cisinski, Cnossen, Nguyen and Walde, is to instead axiomatically specify how
a strict model of co-categories should behave. While this is not tied to any par-
ticular model, it is different from the philosophy of this document, since it still
starts at a strict level. While this strictness is unsatisfying, it is admittedly likely
that it will always be necessary to start with strict constructions to rigorously
reach the platonic realm of homotopy theory from our world.)
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Chapter 2

Getting started

We are going to be working with co-groupoids and co-categories as basic ob-
jects, and we will start by describing the basic operations and structures relat-
ing these. We think of this as an “external” description of the co-categories of
(small) co-groupoids and co-categories — we emphasize that this is informal and
should in no way be thought of as an attempt to axiomatize co-groupoids and
co-categories!

2.1 Basic properties of co-groupoids

Fact 2.1.1. There are objects called co-groupoids.

In an co-groupoid we have points, paths between points, homotopies be-
tween paths, homotopies between homotopies, and so on. However, we are
not allowed to distinguish between points that have a path between them, paths
that have a homotopy between them. An co-groupoid X therefore does not have
a well-defined “set of points”, only a set 70X of path components.

We also have maps or morphisms between co-groupoids, homotopies be-
tween morphisms, homotopies between homotopies, and so on. For maps from
X to Y, these form the points, paths, homotopies, and so on in an co-groupoid
Map(X,Y). We can compose morphisms, and for any co-groupoid X there is an
identity morphism idx € Map(X,X). Composition is unital and associative in
the only way that makes sense': given morphisms

whxivhz

there is a homotopy h(gf) = (hg)f, as well as homotopies idx o f =~ f =~ foidyy.

Definition 2.1.2. A morphism g: X — Y is an equivalence if there exist a mor-
phism f: Y — X and homotopies g o f =~ idy, f o g ~ idx.

'Since we are not allowed to say that two points in an co-groupoid are the same, only that

they are connected by a (specified) path.
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Remark 2.1.3. Here we are defining “being an equivalence” as a property. If we
wanted to define an co-groupoid of equivalences, we should take a bit more care
to coherently define the data of an equivalence.

Fact 2.1.4. Sets are co-groupoids, and if S, T are sets then Map(S, T) is the set Hom(S, T)
of functions from S to T. For any oo-groupoid X there is a canonical map X — moX
to its set ofpath components. IfS is a set, then composition with this map gives an
equivalence

Hom (70X, S) — Map(X, S).

Observation 2.1.5. In particular, the one-point set * is an co-groupoid, and for
an co-groupoid X we have an equivalence

s« = Hom (X, ¥) — Map(X, %),

so that there is a unique map X — . In other words, * is the terminal co-

groupoid.

Fact 2.1.6. The empty set 0 is also an co-groupoid. For any co-groupoid X, the unique
map Map(0,X) —  is an equivalence. In other words, O is the initial co-groupoid.

A commutative Square
w L) X
9| i
Y T) Z

consists of co-groupoids and morphisms as shown, together with a homotopy
hof=~kog.

Fact 2.1.7. Given morphisms X — Z and Y — Z, there exists a pullback square

XXzY — X
L
Y — Z.

Here a point of X Xz Y is a point in X and a point in Y together with a path
between their images in Z. More generally, a map W — X x Y is determined
by maps W — X, W — Y and a homotopy between their composites to Z.

Warning 2.1.8. This may be the least precise part of this discussion: If you
try to write down an co-groupoid of squares to make the universal property of
pullbacks precise, you'll find that this has to be defined as itself being a pullback.
This unfortunately suggests that a rigorous development of the theory has to
be bootstrapped from a setting with strictly commuting squares.

Fact 2.1.9. Pullbacks ofsets are computed as usual.
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As important special cases of pullbacks, we have:

» The fibre f~1(b) at b of a map f: E — B is defined as the pullback

i) — E
{b} —— B.
» The product X x Y of two co-groupoids X and Y is defined as the pullback
XXY —X
Y — 5«

Fact 2.1.10. For oo—groupoia's X, Y there is a canonical evaluation map

ev: Map(X,Y) x X — Y,

so that for any co-groupoid Z the induced morphism

Map(Z,Map(X,Y)) — Map(Z x X,Map(X,Y) x X)Map(Z X X,Y)

is an equivalence.

‘We can compose squares: Given two squares

U—23sw f>X
bl lg lh
\ k\
V—Y > Z,
we get a square
fa
U——> X
bl lh
VvV —> Z,
kc

using the given homotopies together with the coherence homotopies for asso-
ciativity:

h(fa) ~ (hf)a =~ (kg)a =~ k(ga) = k(ch) = (kc)b.

Fact 2.1.11. The composition oftwo pullback squares is again a pullback square.
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Definition 2.1.12. For points x,y € X, the path space X(x,y) is the pullback

X(xy) — {x}
| !
{y} —— X.

If the two points are the same, this gives the loop space QX = X(x,x). A point
in the path space X(x,y) is a path between x and y; in QX we thus have a
canonical point, namely the constant path or the identity homotopy of the map
{x} = X. We can therefore iterate the loop space construction and obtain for
each n the n-fold loop space QIX.

Exercise 2.1. Assuming that pushouts exist and have the expected universal property,
show that QX ~ Map, (5", X), where the n-sphere is the pushout

S := % Ugn-1 %,

and the space of pointed maps is the pullback

Map, (§",X) —— Map(S", X)
{x} ———— Map(%,X).

Definition 2.1.13. For x € X and n, we define 7,,(X, x) := moQ"X. These are
the (nth) homotopy groups of X.

Fact 2.1.14. 71(X,x) is a group, and m,(X,x) is an abelian group forn > 1.

Fact 2.1.15. Homotopy groups detect equivalences: amap f: X — Y is an equivalence
if and only if the induced maps 7 X — myY and

Tn (X, x) = (Y, f(x))
are isomorphisms for all n and all x € mX.

Remark 2.1.16. If 79X = 0, then this should be interpreted as implying that
0 — X is an equivalence.

Corollary 2.1.17. Equivalences of co-groupoids satisfy the 3-for-2 property: if g and
f are composable maps and two out of f, g, gf are equivalences, then so is the third. o

Corollary 2.1.18. A morphism f: X — Y is an equivalence if and only if mpX —
moY is surjective and X(x,x") — Y(fx, fx') is an equivalencefor all x,x" € X.

Proof. We know these conditions hold when f is an equivalence. Moreover, if
f induces an isomorphism on m then the assumption on mapping spaces implies
we have isomorphisms on all homotopy groups, so that f is an equivalence by
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Fact 2.1.15. It therefore suffices to show that under the given conditions the map
mof is necessarily injective. But if x and x” are in different path components*
then X(x,x’) ~ 0 by Remark 2.1.16 and so Y(fx, fx’) =~ 0, which implies that
fx and fx’ must also be in different components. i

Corollary 2.1.19. For an co-groupoid X, the map X — moX is an equivalence if and
only if X(x,x") is either empty or contractible for all x,x" € X.

Proof. Since we get an isomorphism on 7, this map is an equivalence if and
only if
X(x,x") = mo(X)([x][x"])

is an equivalence for all x,x’ € X. Here mo(X)([x][x]) is either a point or
empty, depending on whether x and x’ lie in the same path component or
not. |

Corollary 2.1.20. A non-empty co-groupoid X is contractible if and only if X (x, x")
is contractiblefor all x,x" € X.

Proof. 1f X is non-empty, then X — = is trivially surjective on 7o, so if it also
gives equivalences on all path spaces it is an equivalence. O

Fact 2.1.21 (Long exact sequence of homotopy groups). For a map f: E — B,
a point b € B and a point e € f~1(b), we have a long exact sequence of homotopy

groups
- > 1, (f 1 (b),e) = ma(E e) = my(B,b) = mue1 (f(D),€) — -+ — m(E) — mo(B),
interpreted appropriately for the group s and the pointed set .

Proposition 2.1.22. A map f: E — B is an equivalence if and only if all the fibres
f71(b) for b € B are contractible.

Proof. If the fibres of f are contractible, then the long exact sequence gives
isomorphisms on all homotopy groups, so that f is an equivalence by Fact 2.1.15.
Conversely, if f is an equivalence then the long exact sequence shows that
of the fibres are points and the higher homotopy groups are 0, so they are
contractible. i

Exercise 2.2. Use the s-lemma to show that given a commutative triangle
X % Y
Nt
B,

the morphism f is an equivalence if and only if the induced maps on fibres p~1(b) —
q~'(b) are equivalences for all b € B.

2Here we are somewhat informally using our intuition about “path components™!
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Corollary 2.1.23. A commutative square
X —Y
ook
X 2oy
is a pullback if and only if for every x € X, the induced map on fibres is an equivalence.

Proof. The square is a pullback if the induced map X’ — Y’ xy X is an equiva-
lence, which we can check on fibres over x € X. But since pullbacks compose,
this just gives the map on fibres f~1(x) — f~!(g(x)) in the original square. O

Exercise 2.3. Consider a commutative square

x Ly
4

o

X — Y.

Show that if f is an equivalence, then the square is a pullback if and only if g is also an
equivalence.

Exercise 2.4. Suppose we have a commutative diagram

XHX’HX”

Lol

Y — Y — Y.

1) If the richt and composite squares are both pullbacks, then so is the left-hand
g P q p
square.

(2) I mY — moY’ is surjective and the left and composite squares are both pullbacks,
then so is the right-hand square.

Exercise 2.5. Show that the path space X (x, y) is also the fibre at {(x, y)} of the diagonal
map X — X X X.

2.2 Monomorphisms of co-groupoids

As a warm-up to future discussions of (full) subcategories of co-categories, here
we will briefly discuss monomorphisms of co-groupoids.

Definition 2.2.1. A morphism of co-groupoids f: X — Y is a monomorphism if
the commutative square

X;)y

o] 1s

XXX —= YXY
Ixf

is a pullback.
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Exercise 2.6. Show that monomorphisms are closed under base change.

Observation 2.2.2. Using Corollary 2.1.23, it follows that f is a monomor-
phism if and only if for all x,x” € X, the induced morphism on path spaces

X(xx') = Y(fx, fx')
is an equivalence.

Lemma 2.2.3. A morphism of co-groupoids f: X — Y is a monomorphism if and
only y[theﬁbres off are all either empty or contractible.

Proof. The fibre condition for pullbacks shows that f is a monomorphism if and
only if the diagonal map f~1(y) — f~'(y) X f~'(y) is an equivalence for all
y € Y. We can also interpret this condition as saying that f~!(y) — =isa
monomorphism, or in other words that f~!(y)(p, q) is contractible for all p, q €
f~1(y). By Corollary 2.1.20 this means f~!(y) is either empty or contractible.

[m}

Proposition 2.2.4. If X — Y is a monomorphism, then moX — mY is a monomor-
phism of sets, and the commutative square

X ——7Y

Lo

T X — myY
is a pullback.

Proof. It follows from the long exact sequence that we have an injection on .
Now we use the fibre condition for pullbacks (2.1.23) to conclude that the square
is a pullback, since these are either both empty or both contractible in the two
rOWS. ]

Observation 2.2.5. Suppose Yy — Y is a monomorphism of co-groupoids.
Combining the pullback from Proposition 2.2.4 with the universal property of
mo for maps into sets from Fact 2.1.4, we see that for any co-groupoid Z we have

a pullback square
Map(Z,Yy)) — Map(Z,Y)

l !

HOI‘T'\(H()Z, 71'0Y0) R Hom(ﬂoZ, 7[()Y).

Exercise 2.7. Let X be an co-groupoid and consider a subset S € 7o X. Show that if we

form the pullback
Y — X

Lol

S —— mX

then the induced map myY — S is an isomorphism.
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Corollary 2.2.6. Given a subset S of mX, there exists a unique monomorphism
it X' — X so that mi is the inclusion S — mpX. ]

Definition 2.2.7. A morphism of co-groupoids f: X — Y is an epimorphism if
mof 1s a surjection.

Observation 2.2.8. For any morphism of co-groupoids f: X — Y, we can

. s i . . . e .
factor 7o f uniquely as 70X — S — mY where s is surjective and i is injective.
Let P:=Y X,y S. Then we get a commutative diagram

X > P > Y

oL

X —— S —— 1Y

where the vertical maps give isomorphisms on 7. It follows that X — P is an
epimorphism, while P — Y is a monomorphism, so every map of co-groupoids
factors in this way.

Corollary 2.2.9. A morphism of co-groupoids is an equivalence if and only if it is a
monomorphism and is surjective on 1.

Proof. It is clear that both conditions hold for an equivalence. Conversely, us-
ing Proposition 2.2.4 we see that a monomorphism that is surjective on 7y is
an isomorphism on my and is pulled back from this, so it is an equivalence by
Exercise 2.3. m]

Exercise 2.8. Given a commutative triangle
x —1 v
P
q
B

of co-groupoids, the morphism f is a monomorphism if and only if for all b € B, the
induced map on fibres X;, — Y, is a monomorphism.

Lemma 2.2.10. A commutative square of co-groupoids

X —Y

ol

zZ — W,

where the vertical map are monomorphisms, isa pullback square ifcmd only ifil is one
on 7.
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Proof. Consider the commutative cube

X ——Y
l\ >

X ——— mY

; _l_> w l
Y N
myl —— mW,

where the top and bottom faces are pullbacks by Proposition 2.2.4. It then
follows from Exercise 2.4 that the back face is a pullback if and only if the front
face is a pullback, since the map Q — 7 Q is surjective on 7 for any co-groupoid

Q. o

2.3 Basic properties of co-categories

Fact 2.3.1. There are objects called co-categories. There are also functors between
oo-categories, and given a pair of co-categories C,D there is a functor co-category
Fun(C, D). For an co-category C there is an identity functor ide: € — €, and we can
compose functors (which also induces functors on functor co-categories).

Fact 2.3.2. oco-groupoids are co-categories. An co-category C has an underlying
oo—groupoid C=, obtained by “throwing away the non-invertible morphisms”, with a
canonical map C= — € (which is the identity if € is an co-groupoid). We write

Map(C, D) := Fun(C,D)~;

then the underlying oo-groupoid of C satisfies: for any co-groupoid X, the induced map
Map(X, C™) — Map(X, C)

is an equivalence.

Paths in Map(C, D) are natural equivalences, and we can say that a functor
F: @ — D is an equivalence if there exists a functor G: D — € and natural
equivalences GF = ide, FG =~ idp. Composition of functors is then unital and
associative up to (coherent) natural equivalences.

Fact 2.3.3. There are pullbacks of co-categories, just as for co-groupoids, and they are
preserved by Map and Fun.

Fact 2.3.4. For co-categories C and D, there is an evaluation functor Fun(C, D) x € —
D, which induces an Cquivalencc

Fun(B, Fun(C, D)) ~ Fun(B x C, D)

for all co-categories B.
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Fact 2.3.5. Ordinary categories are co-categories. If C, D are ordinary categories, then
Fun(C, D) is the ordinary category of functors. (And if € is an ordinary category then
C= is its underlying groupoid.)

Fact 2.3.6. Any co-category € has a homotopy category hC, which is an ordinary
category, with a canonical functor € — hC. If D is an ordinary category, then

Fun(h€, D) — Fun(€, D)
is an equivalence.

Fact 2.3.7. Given functors A — B, A — €, there exists a pushout square

I

HBHAG;

—

so lhalfor any oo—category D the induced square

Fun(B 14 €, D) —— Fun(B,D)

l l

Fun(C, D) —— Fun(A, D)

iS a pullbac/e. PHShOMt SqHCITES are ClOS(’d under Composition ofsquares.
Definition 2.3.8.

» Let [n]seq be the iterated pushout [1] oy - - Loy [1] of n copies of [1]
along the two inclusions of [0], and define the Segal map to be the map
determined by the inert inclusions [1] = {i—1,i} < [n] and [0] = {i} —

[n].

» Let E be the iterated pushout [0] II1y [3] Ly [0] using the inclusions
{0 <2} — [3], {1 <3} > [3].}

Fact 2.3.9. The following functors are equivalences:
» The Segal maps [n]seg — [n].
» The map E — =

» The map [2] Upyy [2] — [1] % [1] that picks out the two composite maps
(0,0) = (0,1) —> (1,1), (0,0) — (1,0) = (1,1).

. . h . . .
3A functor E — € then specifies morphisms x IR y ERPIEN y and identifies gf and hg with
identities, so that g has a left and a right inverse. In other words, a map from E is a (coherent)
equivalence in €.
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Fact 2.3.10. Given an co-category C, there exists a localization [|C|| fo an co-
groupoid, with a canonical map € — ||C||, so that for any co-groupoid X the induced
map

Map(||Cl|, X) — Map(C, X)

is an equivalence. Moreover, ||[1]]| = .

Fact 2.3.01. A functor F: € — D is an equivalence if and only if the maps
€¢* — D%, Map([1],€) — Map([1], D)

are equivalences of co-groupoids.

Lemma 2.3.12. The following are equivalent for an co-category C:

(1) Cis an co-groupoid.

(2) € — € is an equivalence.

(3) The map
C™ = Map([0],C) — Map([1],C)

induced by [1] — [0] is an equivalence of co-groupoids.

(4) The functor
e = Fun([1],©)

induced by [1] — [0] is an equivalence of co-categories.

Proof. The first two points are equivalent since the inclusion of the underlying
oco-groupoid is assumed to be invertible when € is an co-groupoid. The third
point is implied by € being an co-groupoid since |[[1]]] is contractible; for the
converse, we consider the commutative square

Map([0], €¥) —— Map([0],C)

L |

Map([1],C%) —— Map([1],C).

Here the top and left maps are equivalences, so the right map is an equivalence
if and only if the bottom map is, and the latter corresponds to € being an co-
groupoid since [0] and [1] detect equivalences. Since (4) immediately implies
(3), it remains to show that (3) implies (4). For this, it suffices to prove that

Map([1],€) — Map([1],Fun([1], ©)).
is an equivalence. Here we can identify the right-hand side as Map([1] x [1], ©)

and then use the decompositions of [1]x [1] as [2] 1} [2] and of [2] as [1] L[
[1] together with (3) to see that this co-groupoid is equivalent to C*. m|
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Exercise 2.9. Show thatif X is an co-groupoid, then so is Fun(C, X) for any co-category
C.

Fact 2.3.13. For an co-category C, there is an opposite co-category C°P. For ordinary
categories this gives the usual opposite category, an satisfies

> (EN)P =,
> (CP)= ~ =,
» Map(C°P, D°P) ~ Map(C, D).

Exercise 2.10. Show that Fun(G, D)°P =~ Fun(E°P, D°P).

2.4 Lifting properties

It will be convenient to characterize a number of important classes of functors
by lifting properties, so we include a brief discussion of these.*

Definition 2.4.1. For morphisms £: A — Band r: X — Y we say that r is right
orthogonal to ¢ (and dually that ¢ is left orthogonal to r) if for any commutative
square

A— X

3
|
B——Y,

the space of diagonal lifts B — X is contractible. In other words, the fibres of

the map
Map(B, X) — Map(B,Y) Xmap(a,y) Map(4, X),

given by composition with ¢ and r, are contractible. This is equivalent to this
map being an equivalence, or to the commutative square

Map(B, X) SELLIEN Map(B,Y)

/| Ir

Map (A, X) — Map(A,Y)
being a pullback.

Example 2.4.2. A morphism of co-groupoids X ER Y is a monomorphism if
and only if it is right orthogonal to * LI * — =, since this amounts to having a

4This section can be read as either defining lifting properties among co-categories or inside
any fixed co-category C, except that we haven’t quite gotten to the point where the latter makes.
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pullback square
X ;) Y

| l

XXXW) YXY.

Lemma 2.4.3. Epimorphisms in Gpd,, are left orthogonal to monomorphisms.

Proof. Suppose i: Xp — X is a monomorphism and p: A — B is an epimor-
phism. Then we have a commutative cube

Map (B, Xo) > Map(B, X)
J Map (A, Xo) \|L > Map(A, X)
Hom(ﬂoB, ﬂoXo) J/ > Hom(ﬂ'oB, ﬂ'()X) J/
\ \

Hom (oA, moXo) > Hom (A, moX)

where the front and back faces are pullbacks. Moreover, the bottom face is a
pullback since surjections are left orthogonal to injections in Set. Hence the top
face is also a pullback, as required. O

Notation 2.4.4. We use the notation ¢ L r as an abbreviation for “¢ is left
orthogonal to r”.

Exercise 2.11. Show that a map is left orthogonal to itself if and only if it is an equiva-
lence.

Lemma 2.4.5. Suppose f: A — B is left orthogonal to a map r: X — Y. Then a
map g: B — C is left orthogonal to r if and only if g o f is so.

Proof. We have a commutative diagram

Map(C, X) —— Map(B,X) —— Map(A,X)

| l |

Map(C,Y) —— Map(B,Y) —— Map(4,Y)

where f L r amounts to the right-hand square being a pullback. The statement
then follows from the 3-for-2 property of pullbacks (Exercise 2.4). mi

The next properties are proved by similar manipulations of pullbacks, and
are left as an exercise for the reader.
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Lemma 2.4.6. Suppose we have a commutative diagram

b

\

I4
X' < Y’ > Z
N l4 5

such that each of the morphisms f, g and h is left orthogonal to a morphismr: U — V.
Then the induced morphism on pushouts X Ly Z — X’ Wy» Z' is also left orthogonal
tor. ]

Lemma 2.4.7. Suppose we have a pushout square

A——— B

1

C —— Bl C

where f is left orthogonal to a morphism r. Then f' is also left orthogonal tor. O

Definition 2.4.8. Recall that an object X is a retract of Y if there are maps X —
Y — X and a homotopy between the composite and the identity of X. Similarly,
we say that a morphism f” is a retract of f if there is a commutative diagram

X — X — X

ool

Y —Y — Y
and a homotopy between the composite and the degenerate square

idys

X — X

"

Y — Y.

iy,
Exercise 2.12. Show that any retract of an equivalence is again an equivalence.

Lemma 2.4.9. Suppose f' is a retract of f. If f is left orthogonal to a morphism r,
then so is f. O

2.5 Conservative functors and mapping spaces

Definition 2.5.1. A functor € — D is conservative if it is right orthogonal to
S0 - [1] - [0]

Exercise 2.13. The following are equivalent for a functor F: € — D:
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(1) Fis conservative.
(2) The fibres of F are all co-groupoids.

(3) The commutative square

¢ ——2¢

Lo

D¥ ——> D
is a pullback.

Remark 2.5.2. We will later see (Corollary 2.9.5) that the degeneracy map
€= — Map([1],C) is a monomorphism of co-groupoids for every co-category
€. Using Lemma 2.2.10 it follows that a functor F: € — D is conservative if
and only if we have a pullback square of sets

m19C%¥ —— > mD~

l l

mMap([1],C) —— mMap([1], D),

which we can interpret as saying that a morphism in € has the property of being
an equivalence if and only if its image in D is an equivalence.

Notation 2.5.3. We write Ar(C) := Fun([1], C).

Exercise 2.14. Use the pushout decompositions [2] =~ [1] Ll[o; [1] and [1] x [1] =
[2] L1} [2] to show that there is a pushout square

(idXdoSo)U (idXd1 So)

(1] 1] s [1] x [1]
Sousol \LSOXid
[0] 11 [0] —_ s 11,

(Informally, this says that collapsing the two vertical edges in the square [1] x [1] gives
the edge [1].)

Proposition 2.5.4. C — D is conservative if and only if

C———D

| l

Ar(C) —— Ar(D)

is a pullback.
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Proof. Pullbacks are detected on (=) and Map([1],-). Conservativity is equiv-
alent to the former, so it suffices to show that it implies the latter. The resulting
square can be identified as

Map([1],€) ———— Map([1], D)

|

Map([1] x [1],€) — Map([1] % [1], D).

This is a pullback since it follows from Lemma 2.4.7, Lemma 2.4.6, and Ex-
ercise 2.14 that a conservative functor is right orthogonal to the projection
[1] x [1] — [1]. |

Proposition 2.5.5. Ar(C) — € x C is conservative.

Proof. Unpacking the definition, this is immediate from the pushout in Exer-
cise 2.14. O

Definition 2.5.6. For objects x,y € C, the mapping space

Mape(x,y) = C(x, y)

is the fibre
Clx,y) — Ar(C)

l l

{(x,y)} — CxC.
Since the right vertical map is conservative, this is indeed a space.
Exercise 2.15. Use the pushout decomposition of [2] to define composition maps
C(x,y) X C(y,z) — C(x,z).

(For extra credit, use the decomposition of [3] to show this is associative up to a specified

homotopy.)

2.6 Fully faithful functors

Definition 2.6.1. A functor of co-categories F: C — D is fully faithful if it is
right orthogonal to 9[1] — [1], i.e. if the commutative square

Map([1],€) —— Map([1], D)

! l

(€52 ——— (D)

is a pullback.
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Observation 2.6.2. This square is a pullback if and only if for all x,y € C, the
map on fibres
C(x,y) — D(Fx, Fy)

is an equivalence, which is how we normally think of full faithfulness.

Proposition 2.6.3. F: C — D is fully faithful if and only if the commutative square

Ar(C) —— Ar(D)

| |

CxC —— DxD
isa pullback.

Proof. Pullbacks are detected on maps from [0] and [1], so it suffices to show
that a fully faithful map is also right orthogonal to (a[1]) x [1] — [1] x [1].
Consider the composition

[01* — (a[1]) x [1] — [1] x [1];

the first map is the coproduct of two copies of 9[1] — [1], so using Lemma 2.4.6
and Lemma 2.4.5 we conclude that it suffices to show that [0]"* — [1] x [1]
is left orthogonal to fully faithful maps. Using the decomposition [1] x [1] =
[2] LI[1; [2], we can view this map as the map on pushouts in the diagram

[O]L[3 VR [0]]_[2 SN [O]L[3

l l

[2] < [1] > [2],

so using Lemma 2.4.6 it’s enough to check that [0]"° — [2] is left orthogonal
to fully faithful maps. But this follows from the same argument applied to the
diagram

[01" «— [0] — [0]'?
[1] < [0] > [11,
using the Segal decomposition of [2]. |

Corollary 2.6.4. If F: € — D is fully faithful, then so is F.: Fun(A,€C) —
Fun(A, D) for any co-category A.

Proof. We must show that a commutative square of the form

Ar(Fun(A, €)) —— Ar(Fun(A, ©))

l !

Fun(A, €)% —— Fun(A, D)*?
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is a pullback. But we can rewrite this as

Fun(A, Ar(€)) ——> Fun(A, Ar(D))

! !

Fun(A, €*2) —— Fun(A, D*?),

and Fun(@,-) preserves pullbacks. |
Exercise 2.16. Show that the following are equivalent for a commutative square

c Lty ¢

[

D G

where F and G are fully faithful:

(1) The square is a pullback of co-categories.

(2) The square gives a pullback of co-groupoids on cores.
(3) The square gives a pullback of sets on mo(-)™.

(For the last point, use Lemma 2.2.10 and Corollary 2.7.3.)

2.7 Equivalences among co-categories

We now want to show that a functor of co-categories is an equivalence if and
only if it is fully faithful and essentially surjective. This will follow quite easily
from the following key property of fully faithful functors:

Theorem 2.7.1 (Martini, [Mar21, Lemma 3.8.8]). A fully faithful functor is right
orthogonal to [1] — [0], i.e. fully faithful functors are conservative.

Remark 2.7.2. In the following we will freely use properties of pushouts, such
as the 3-for-2 property, that we have not actually established, though we know
the dual properties for pullbacks. In fact, we can avoid assuming these as axioms
since we only care about what happens when we map these pushout squares into
some target co-category. We could therefore say that a commutative square is
a “weak pushout” if it gives a pullback on Map(— €) for any co-category C;
then the properties we need for weak pushouts follow from those we know
for pullback squares. Since the Yoneda lemma will eventually imply that weak
pushouts are pushouts, we will ignore the distinction.

Proof of Theorem 2.7.1. Recall that we defined

E :=x U<y [3] Ug1<3y %,

41



and that E ~ ». Our first task is to use the Segal decompositions to give an
alternative characterization of E (or ) as a pushout. Let’s first define K as the
pushout

K:={0<1<2} U {1<2<3}

of two copies of [2] along a copy of [1]; it is easy to see that the Segal decom-
positions imply that the implicit map K — [3] is an equivalence. We can then
consider the commutative diagram

{0<2} {1 <3} — K — {[3]}

l l

s LT = > E > E,

where E’ is defined as the pushout in the left square. Here the composite square
is a pushout by the definition of E, so the right square is a pushout by the 3-
for-2 property, which means that E* — E is an equivalence. Thus E’ ~ %, and
it suffices to show that the composite map {1 < 2} — K — E’ is left orthogonal
to fully faithful functors.

We have defined E’ by first gluing two copies of [2] and then collapsing
two copies of [1]. We can also do this in the opposite order: if we first define

H by the pushout
{0 <2} — =

[

[2] — H,

then we can recover E’ as a pushout

) —2s H

al l(0<1<2)
El

H (1<2<§‘)

where the two maps from H are obtained by collapsing an edge in the two maps
from [2] to K; the maps a and f correspond to the edges 0 < 1and 1 < 2 in
[2], respectively. Applying Lemma 2.4.7 and Lemma 2.4.5 we conclude that it
suffices to show the maps & and f are left orthogonal to fully faithful maps; we
will prove this for a, the proof for f is almost the same.
Let
A ={0 < 1} Uy {0 < 2}
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and consider the diagram

{0 <2} — =

L

Ay — [1]

L

[2] —— H.

Here the top and composite squares are pushouts, hence so is the bottom square.
It therefore suffices to show that the map A7 — [2] is left orthogonal to fully
faithful maps. For this we consider the square

{0<1}I{2} — A2

| |

{0 <1}y {1 <2} — [2].

Since the bottom map is an equivalence, it follows from Lemma 2.4.5 that
it's enough to show the top and left maps are left orthogonal to fully faith-
ful functors. But these are both pushouts of 9[1] — [1], so this holds by
Lemma 2.4.7. O

Corollary 2.7.3. If F: € — D is fully faithful, then its underlying morphism of

oco-groupoids €= — D= is a monomorphism of spaces.

Proof. By definition F is right orthogonal to [0] 11 [0] — [1], and also to [1] —
[0] by Theorem 2.7.1. It is then also right orthogonal to the composite [0] LI
[0] — [0], as required, by Lemma 2.4.5. m]

Definition 2.7.4. A functor F: € — D is essentially surjective if the induced
morphism 7oC¥ — 7o D™ is surjective.

Observation 2.7.5. Suppose F: € — D gives an equivalence on cores. Then F
is fully faithful if and only if Map([1], €) — Map([1], D) is an equivalence. Since
equivalences are detected on maps from [0] and [1] (Fact 2.3.11), this means that
F is an equivalence if and only if it is fully faithful and F* is an equivalence of
co-groupoids.

Corollary 2.7.6. A functor of co-categories is an equivalence if and only if it is fully
Jaithful and essentially surjective.

Proof. By Observation 2.7.5, a functor of co-categories is an equivalence if and
only ifitis fully faithful and induces an equivalence on cores. By Corollary 2.7.3,
any fully faithful functor is a monomorphism on cores, so it suffices to observe
that a monomorphism of co-groupoids is an equivalence if and only if it is sur-
jective on 7y by Corollary 2.2.9. m]
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2.8 Full subcategories

Fact 2.8.1. Given an co-category C and a monomorphism ofoo—groupoia’s i: X —
©=, there exists a functor of co-categories 1: i*C — € such that ™ =~ i, and for any
oo-category D the commutative square

Map(D,i*C) —— Map(D, C)

! !

Map(D*, X) —— Map(D=,€C%)

is a pullback. Taking D = [1] we see that T is fully faithful.
Lemma 2.8.2. Suppose j: €' — Cis a fully faithful functor. Then j ~ 7=

Proof. Let i := j=. Then we get a factorization of j as
eLirele

such that f* ~ ide~. Moreover, f is fully faithful since 7 and j are so (by the
dual of Lemma 2.4.5), hence f is fully faithful and essentially surjective, and so
an equivalence. O

Lemma 2.8.3. Essentially surjective functors are left orthogonal to fully faithful ones.

Proof. Suppose i: €’ — Cis fully faithful and p: A — B is essentially surjective.
Then we have a commutative cube

Map(B, ¢’) > Map(B, C)

\[ Map(A, ") | > Map(A, C)

|—mie |
Map(B=, €'%) > Map(B~, €%)
T~ T~

Map (A=, C%) > Map(A=, %)

where the front and back faces are pullbacks by Fact 2.8.1 and Lemma 2.8.2,
while the bottom face is a pullback by Lemma 2.4.3. Hence the top face is also
a pullback, as required. m

Observation 2.8.4. Since monomorphisms of co-groupoids with target X are
uniquely determined by subsets of 75 (X) by Corollary 2.2.6, it follows that any
subset S of 7)(€) determines a unique fully faithful functor ¢’ < €. We refer
to € as the full subcategory spanned by the objects in S.
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Observation 2.8.5. Consider an arbitrary functor F: € — D. Then by Ob-
servation 2.2.8 we can factor F~ as

=25 x5 p=

where s is surjective on 7 and i is a monomorphism. It follows that F factors
through the full subcategory i*D as

e rp oD,

where G™ ~ s. Thus any functor has a canonical factorization as an essentially
surjective functor followed by a fully faithful one.

Lemma 2.8.6. Suppose Cy < C is fully faithful. Then for any co-category D, the
fully faithful functor Fun(D, Cy) < Fun(D, €) presents the full subcategory spanned
by the objects F: D — € such that F(d) € Cq for all [d] € mo(D).

Proof. It follows from Lemma 2.8.2 and Observation 2.2.5 that we have a com-
mutative diagram

Map(D, Cp) > Map(D, €)

! !

Map(D>, €5) ———— > Map(D*,C%)

| |

Hom (720 (D=), 70 (C)) —— Hom(o(D), 70(C7))

where both squares are pullbacks. O

2.9 Equivalences in an co-category

Proposition 2.9.1. For any co-category C, the degeneracy functor € — Ar(C) is fully

faithful

Proof. Unpacking the orthogonality condition, we once again get Map(—, C)
applied to the pushout square from Exercise 2.14. m]

Notation 2.9.2. It is convenient to introduce the notation Areq(€) for the full
subcategory of Ar(C) that is the image of the degeneracy functor — this is the
full subcategory of invertible morphisms, since we can also think of it as the
image of Fun(E, €) — Ar(C).
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Observation 2.9.3. We have a commutative diagram

e
N
Areg(©)

e / \ .

where i is an equivalence. It follows that both s and t are also equivalences, and
the composite

el Arg(@ S e
is equivalent to the identity of C.

Notation 2.9.4. It will sometimes be convenient to write
C[n] := Map([n], ©).

Corollary 2.9.5. The degeneracy map C[0] — C[1] is a monomorphism of co-
groupoids for any co-category C, with image the equivalences in C. ]

Exercise 2.17 (x). The fact that the degeneracy map is a monomorphism for any co-
category suggests that we should have a pushout square

(1] [1] — [0] I [0]

! l

[1] —— [0].
Give a direct proof of this. (You will have to use that E = x, as we did in the proof of
Theorem 2.7.1 — indeed, for an arbitrary simplicial co-groupoid X it is not the case

that the degeneracy Xy — X is necessarily a monomorphism.)

Lemma 2.9.6. Suppose f: x — y is a morphism in an co-category C. Then the
Jollowing are equivalent:

(1) f is an equivalence.

2) Forallc € C, the morphism f.C(c,x) — C(c,y) is an equivalence of co-groupoids.
P y q group

3) Forallc € C, the morphism f*C(y, c) — C(x, c) is an equivalence of co-groupoids.
P q Lroup

Proof. We prove that the first and second conditions are equivalent; the equiv-
alence of the first and third conditions is proved similarly. First note that if f
is an equivalence with inverse g, then for any ¢ € €, the morphism g, gives an
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inverse to f;, so that f; is an equivalence. Conversely, if the second condition
holds then composition with f in particular gives equivalences

Cly.x) = C(y.y),  Clxx) = C(x.y).

The fibre of the first map at id,, is then contractible, so there exists g: y — x and
an equivalence gf = id,. The fibre of the second map at f is then contractible,
and contains both idy and fg, so we must also have an equivalence fg ~ id,.
We can then use this data to extend f, viewed as a map [1] — €, to a functor
E — @, so that f is an equivalence in the sense of being in the image of the
degeneracy map €= — C[1]. i

Corollary 2.9.7. An co-category C is an co-groupoid if and only if every morphism
in Cis an equival@nce.

Proof. Since the degeneracy C[0] < C[1] is a monomorphism, it is an equiva-
lence if and only if it is also surjective on 7y, which means precisely that every
morphism in € is an equivalence. m

Proposition 2.9.8. For co-categories €, D, a morphism in Fun(C, D) is an equiva-
lence ifand only ifits component at every [c] € mC™ is an equiualence inD.

Proof. We can identify the degeneracy Fun(C, D) — Ar(Fun(C,D)) with the
functor Fun(C, D) — Fun(C, Ar(D)) given by composing with the degeneracy
of D. The image of this fully faithful functor admits the desired description by
Lemma 2.8.6. O

Exercise 2.18. Show that if ¢ — € is essentially surjective, then
Fun(G, D) — Fun(€’, D)

1S conservative.

2.10 Monomorphisms of co-categories

Definition 2.10.1. A functor of co-categories € — D is a monomorphism if the
commutative square

C———>D

| |

CxC — DxD
is a pullback.

Exercise 2.19. Show that the following are equivalent for F: € — D:
(1) Fisa monomorphism.

(2) F([il): €([i]) — €([i]) is a monomorphism of eo-groupoids for i = 0, 1.
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(3) F is right orthogonal to [i] LI [i] — [i] fori =0, 1.

Exercise 2.20. Use Exercise 2.8 to show that F: € — D is a monomorphism if and
only if F=: €* — D and €(x, y) — D(Fx, Fy) are monomorphisms for all x,y € €.

Observation 2.10.2. Since Fun(A,-) preserves pullbacks, if © — D isa monomor-
phism, then so is Fun(A, €) — Fun(A, D).

Observation 2.10.3. We have a commutative diagram

[0 O [0] —— [1] O [1] —— [0] T [O]

[
[0] 0]

> [1] > [

5

where the horizontal maps in the left square are given by taking the same object
of [1] three times. The horizontal composites are both identities, so this shows
that the fold map of [0] is a retract of that for [1]. Applying Lemma 2.4.9, this
means that a functor of co-categories is a monomorphism if and only if it is
right orthogonal to [1] LI [1] — [1].

Lemma 2.10.4. Monomorphisms are conservative, i.c. 1'fF: C — D is a monomor-
phism, then we have a pullback square

€[0] <—— D[0]

%

e[1] — D[1].

Proof. Consider the diagram

Here the top and composite squares are pushouts, hence so is the bottom square,
so a monomorphism is right orthogonal to the map [0]LI[1] — [0] by Lemma 2.4.7.
But [1] — [0] is a retract of this, hence a monomorphism is right orthogonal
to it by Lemma 2.4.9. m]

Lemma 2.10.5. Fully faithful functors are monomorphisms.
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Proof. Suppose F is fully faithful. We saw in Corollary 2.7.3 that F is then right
orthogonal to [0] II [0] — [0], and it remains to show that it is also right
orthogonal to [1] LI [1] — [1]. For this we consider the commutative square

[0 —— [1] LI [1]
[0]" —— [1].

Here we see that F is right orthogonal to the left vertical map since this is a
coproduct of two copies of the fold map of [0], and right orthogonal to the top
horizontal map for the same reason. It follows by Lemma 2.4.5 that F is also
right orthogonal to the right vertical map. m]

2.1 Subcategories

Fact 2.1.1. Let C be an co-category and iy: X; < Map([1], €) a monomorphism
of co-groupoids. Define Xo by the pullback

Xy —2  @=
[ )
Xi #} Map([1],C)
and suppose the monomorphisms io, iy satisfy the following properties’:
» the source and target of[he morphisms in Xi lie in Xy, i.e. the composites
X, < Map([1],€) % ¢
factor through X0
> the morphisms in Xi are closed under composition, i.e. the composite
d
X1 Xx, X1 <= Map([1], €) xe- Map([1], €) = Map([2],€) — Map([1], €)
factors through X;.

Then there exists a functor of co-categories1: i*€ — C such that Map([1],1) =~ iy, and
for any oo-category D, the commutative square

Map(D,i*C) ——— > Map(D, C)

l |

Map(D([1]), X1) —— Map(D([1]), €([1]))

is a pullback. We refer to i*C as the subcategory determined by the morphisms in X;.

SNote that all properties can be checked on , since this detects factorizations through
monomorphisms.
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Warning 2.11.2. Our subcategories are always replete, that is they contain all
equivalences among their objects. (Indeed, weaker notions of subcategory are
not invariant under equivalence of co-categories, and so do not really make
sense except in some model of (co-)categories — note that this is already true
for ordinary categories.)

Observation 2.11.3. Taking D = [0] in this square, we get a pullback square

("¢ —— ¢

| |

X — C([1]),

so that (i*C)* is Xo. In particular, 7is a monomorphism.
Lemma 2.11.4. Given an co-category C and a monomorphism in: Xo — C%, we can

define X by the pullback

X, —— e([1])

l |

i Xip

Xo X Xg — € x €~

Then the resulting monomorphism 1: i*€ — € is the fully faithful functor associated
to the inclusion iy in Fact 2.11.1.

Proof. First consider the commutative diagram

Xg —— ¢

l |

X; — 3 e[1]

l l

Xo XXy —> C= x C=.

Here the bottom and composite squares are pullbacks (since iy is a monomor-
phism), hence so is the top square. This shows that 7 is given by iy on cores.
Moreover, since 7 is given by i1 on Map([1],-), the bottom square then shows
that 7 is fully faithful. Since full subcategories are uniquely determined by their
objects, the functor 7 must necessarily be the fully faithful functor correspond-
ing to the monomorphism i. O

Lemma 2.11.5. Suppose F: €' — C is a monomorphism, and let
iy :=F([1]): €'[1] — €[1].
Then F ~ 1.
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L F i .
Proof. We get a factorization of F as ¢/ — i*C - € such that F'[1] ~ iderq1]-
Moreover, F’ isa monomorphism, so F’[0] is also an equivalence by Lemma 2.10.4.
Thus F’ is an equivalence. o

Observation 2.11.6. It follows that a monomorphism of co-categories j: €’ —
€ is uniquely determined by a subset S of 79C[1] such that S is closed under
composition and contains the identity morphisms on the source and target of
each of its elements. We refer to €’ as the subcategory of € generated by the
morphisms in S.

Example 2.11.7. It follows from Corollary 2.9.5 that the canonical map €= — €
is always a monomorphism, and gives the subcategory of € that contains only
the equivalences.

Lemma 2.11.8. Suppose j: €' — C is the inclusion of the subcategory generated
by S € moC[1]. Then j.: Fun(D,€) — Fun(D,C) exhibits Fun(D,C’) as the
subcategory generated by the natural transformations whose components at all objects in
D liein S.

Proof. We have a commutative diagram

Map(D x [1],€") > Map(D x [1],C)

l l

Map(D[1] x [1][1],€'[1]) ——— Map(D[1] x [1][1],€[1])

l !

Hom(mo(D[1]) x [1][1],S) —— Hom(mo(D[1]) x [1][1], mo(C[1]))
where both squares are pullbacks. This says precisely that a natural transfor-

mation factors through €’ precisely when its components lie in S and its source
and target send all morphisms in D to S. m
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Chapter 3

Fibrations

3.1 Why fibrations?

One of the key differences between ordinary category theory and co-category
theory is that we can’t “just write down” a functor between co-categories: this
requires specifying an infinite number of coherences, and in practice this is usu-
ally impossible (also when we work in a model like quasicategories). The theory
of fibrations, which for ordinary categories goes back to work of Grothendieck
in the 6os, therefore plays a far more prominent role in the theory of co-
categories than for ordinary categories: This theory provides an identification,
the straightening equivalence, between functors from an co-category B to the co-
categories of (small) co-groupoids and co-categories with certain classes of func-
tors to B (the aforementioned fibrations), and defining and manipulating such
fibrations often gives us the only way to construct important functors among
co-categories.

The simplest case of this phenomenon is the identification between the over-
category Set/s for a set S and the functor category Fun(S, Set), given by the
functors

(E—>S) +— (seSwEy),
(F: S — Set) (U F(s) = ).
seS
If we write Gpd,, for the co-category of (small) co-groupoids, this extends to an
equivalence
Gpd,,/x = Fun(X, Gpd,,),

under which a functor from X corresponds to its colimit.

More generally, we will see that the co-categories of functors B — Gpd.,,
and B°P — Gpd,, can be identified with certain full subcategories of Cate/s,
whose objects are the lefr and right fibrations over B.

If Cat, is the co-category of (small) co-categories, we will similarly iden-
tify Fun(3B, Catw) and Fun(B°P, Cat.,) with certain (non-full) subcategories of
Catoo 8, whose objects are the cocartesian and cartesian fibrations over B.
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By combining these constructions we will, for example, be able to construct
the mapping co-groupoid functor

C(=-): CP x € — Gpd,,

out of the restriction Ar(€) — € x C.

3.2 Left and right fibrations

Definition 3.2.1. A functor of co-categories p: & — B is a left fibration if it is
right orthogonal to the inclusion {0} — [1], and a right fibration if it is orthogo-
nal to {1} — [1]. Equivalently, p is a left or right fibration if the corresponding
commutative square

Map(

—

1],€) — Map([1],B)

Q]

~ )B:

is a pullback.
Exercise 3.1. Every left/right fibration is conservative.

Observation 3.2.2. A functor p is a left fibration if and only if p°P is a right
fibration.

Lemma 3.2.3. If B is an co-groupoid, then a functor p: & — B is a left/right
ﬁbration ifcmd only if8 isan oo—groupoid. In particular, any morphism ofoo—groupoids
is both a left and a right fibration.

Proof. We have a commutative diagram

€[0] — BI0]

.

-lel1] — B(1])-

Lk

€[0] — B[0]

Here the top right arrow is an equivalence since B is an co-groupoid, and so the
bottom right arrow is also an equivalence since the right vertical composite is
an identity. The bottom square is therefore a pullback if and only if the bottom
left arrow is an equivalence (Exercise 2.3). The left vertical composite is also an
identity, so this holds if and only if the top left arrow is an equivalence, which
holds precisely when € is an co-groupoid. m]
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Proposition 3.2.4. p is a left/right fibration if and only if the commutative square

Ar(E) ——> Ar(B)

! |

E— 3B
is a pullback.

Proof. We consider the case of left fibrations, without loss of generality. The
given condition clearly implies that p is a left fibration by passing to cores, so it
remains to show that if p is a left fibration then we get a pullback upon applying
Map([1],-) to the square. Here we get the square

Map([1] x [1],€) — Map([1] x [1],B)

|

Map([1],€) —— Map([1],B)

where the horizontal maps are given by restriction along {0} x [1] < [1]x[1],
so it suffices to check that this is left orthogonal to all left fibrations. Using the
pushout decomposition of [1] x [1], we can identify this as the map on pushouts
in the diagram

{0<1} ¢ {0} > {0}

l Lo

(2] < [1] > [2],

so by Lemma 2.4.6 it suffices to check that the maps {0 — 1} — [2] and
{0} — [2] are left orthogonal to left fibrations. For the former this follows
from decomposing it as the map on pushouts in

and applying Lemma 2.4.6 again, while the latter is the composition
{0} > {0 <1} = [2],
so this follows from Lemma 2.4.5. m]

Corollary 3.2.5. If p: € — B is a left/right fibration, then so is p,: Fun(C, &) —
Fun(C, B)for any oo-category C.
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Proof. We must show that a commutative square of the form

Ar(Fun(C, £)) —— Ar(Fun(C, B))

l l

Fun(C, &) ——— Fun(G, B)
is a pullback. But we can rewrite this as

Fun(C, Ar(€)) ——> Fun(C, Ar(B))

l l

Fun(C, &) ——— Fun(C, B),
and Fun(C,-) preserves pullbacks. ]

Proposition 3.2.6. The following are equivalent for a left (or right) fibration p: € —
B:

(1) p is an equivalence.
(2) The map on cores p™: €% — B is an equivalence of co-groupoids.
(3) The fibre & is contractible for every b € B.

Proof. By assumption we have a pullback square

Map([1],€) —> Map([1],B)
& —— B,

so if p gives an equivalence on cores it also gives an equivalence on Map([1],-)
and so is an equivalence of co-categories (Fact 2.3.11). Moreover, we have a

pullback square

e —— ¢
[
B — 3 B

by combining Exercise 2.13 and Exercise 3.1. Therefore &, is also the fibre of
p= at b, so if these co-groupoids are all contractible then p= is an equivalence by
Proposition 2.1.22. O

Observation 3.2.7. Given a commutative triangle

e —F 7

N
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where p and g are both left (or both right) fibrations, then so is F — this follows
from the dual of Lemma 2.4.5.

Corollary 3.2.8. Suppose given a commutative triangle
[ N
Nt
B
where p and q are both left (or both right) fibrations. Then the following are equivalent:
(1) F is an equivalence.
(2) The underlying map of co-groupoids £ — F= is an equivalence.

(3) The functor on fibres €, — Fy, is an equivalence for all b € B.

Proof. The functor F is a left (or right) fibration by Observation 3.2.7, so the
equivalence of the first two conditions follows from Observation 3.2.7. Since
the fibres of p and g are the same as those of p= and ¢, respectively, we can
apply Exercise 2.2 to the triangle

&= > F=
N
Bz
to see that the last two conditions are equivalent. O

Exercise 3.2. Show that a commutative square
E— 3
0| 1o
B——¢C

where p and g are both left (or both right) fibrations is a pullback if and only if the

induced map on fibres €, — Fp(p) is an equivalence of co-groupoids for all b € B.

3.3 Slices and cones

In this section we define over- and undercategories of an co-category, and show
that these give left and right fibrations.
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Definition 3.3.1. For an object ¢ € € we define the overcategory C). as the
pullback

Cje — Ar(C)
[
{c¢} —— G

the functor ev pulls back to a functor €,, — €. Dually, we define the under-
category C.; by pulling back evo; then evy gives a functor €.; — C. (We refer to
over- and undercategories jointly as slice co-categories.)

Observation 3.3.2. Suppose X is an co-groupoid. Then the slice X/, is con-
tractible for any x € X, since in the pullback square

X/x — Ar(X)

l lew

{x} — X,
the right vertical arrow is an equivalence (since it is a one-sided inverse of the
degeneracy X — Ar(X)). Similarly, X, = *.

We can describe maps to slice co-categories in terms of cones, in the follow-
ing sense:

Definition 3.3.3. For an co-category X, the left cone K= and right cone X~ on K
are defined by the pushouts

K= = { =00} Hgcxeoy K x [11,
K=K x [1] Hfo{l} {OO}
The cone point is the object +co.

Remark 3.3.4. It can be shown (e.g. using quasicategories) that cores and map-
ping spaces in the cone K* are given by

(K™ = {0} T K™,

0, x €K,y =~ —oo,
K(x,y) = = x = —00,

5

K(xy), xyeX.

Lemma 3.3.5. For co-categories X and C and an object x in C, there are natural
equivalences
Fun(gcs e/X‘) = FUn(j(:b, e) XFUn({OO},e) {x}5

Fun(X, Cx/) = Fun(X", €) Xfun({-eo},) {X}-
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Proof. We prove the first case. By definition of €/, and X", we have pullback
squares

Fun(X, €/x) —— Fun(X x [1],C€) Fun(X”, ) —— Fun(X x [1],C)
{x} ——— Fun(X x {1},€) Fun({eo}, @) —— Fun(X x {1}, @).

The factorization {x} — Fun({o}, @) — Fun(X x {1}, €) in the bottom row
therefore induces a commutative diagram

Fun(X,C/x) —— Fun(X*,€) —— Fun(X x [1],C)

l | l

{x} ——— Fun({e0},C) —— Fun(X x {1}, 0),

where the left square is a pullback by the 3-for-2 property, as required. ]

Observation 3.3.6. The pushout decompositions of [1] x [1] and [2] imply
that we have a pushout

(1] x{1} —— [1] % [1]

l l

[0] —— (2],

so that [1]> =~ [2] with the inclusion of [1] corresponding to db; similarly,
[1]* = [2] (with the inclusion of [1] given by dy).

Proposition 3.3.7. We have pullback squares

Ar(C/.) — Fun([2],©) Ar(C.)) — Fun([2],C)
Ce — Fun({1 < 2},€) Ce) — Fun({0 < 1},€).

Proof. We prove the first case. Combining Observation 3.3.6 with Lemma 3.3.5,
we get a pullback square

Ar(€)e) — Fun([2],©)

l |

{¢} — Fun({2}, ©).
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Using that the equivalence from 3.3.5 is natural in X, we get a factorization of
this square as

Ar(Cj.) — Fun([2],C)
s |
C/e — Fun({1 <2},C€)
| l

{c} —— Fun({2},€)

where also the bottom square is a pullback. The top square is then a pullback
by the 3-for-2 property, as required. m]

Exercise 3.3. Show that more generally, we have equivalences
[n]" = [n+1] = [n]".

Corollary 3.3.8. For c € €, €. — C is a right fibration and C.; — C is a left
fibration.

Proof. We prove the first case — the second follows similarly, or by observing
that (€./)°P = (C°P)/ and using Observation 3.2.2. Informally, we want to say
that a morphism in €/ is a commutative triangle

f
X‘ /
c,

and the forgetful functor to € takes this to the horizontal morphism f; the

condition for being a right fibration says that given x ER y and the object y RN
in €, there is a unique morphism in €, lifting f with target g, which follows
from the uniqueness of the composite p.

Using Proposition 3.3.7, we have a commutative diagram

Map([1],€c) — Map([2],€) —— Map({0 < 1},€)

l l l

(Cre)™ —— Map({1 < 2},€) —— Map({1},€)

where the left square is a pullback. The right square is also a pullback by the Se-
gal decomposition of [2]. The composite square is therefore a pullback, which
says precisely that €/ — C is a right fibration. m]

Corollary 3.3.9. For a morphism f: x — y in an co-category €, we have equiva-
lences .
€1y = €,
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(Cxp)ps = Cyy,

under which the forgetful functors to C;y and Cy; correspond to the functor given by
composition with f.

Proof. We prove the first case. Here we have a commutative diagram

(C?/y)/f D Ar((‘B/y) — Fun([2],6) ——— Fun({0 < 1},0©)

! L l |

{f} > C/y > Fun({1 < 2},€) ——— Fun({1},C),

where all three squares are pullbacks: the left square by definition, the middle
square by Proposition 3.3.7, and the right square by the Segal decomposition of
[2]. It follows that the composite square is a pullback, but the bottom horizontal
composite picks out x € C, so this pullback is also €/, as required. O

Finally, we note that we can reformulate the definition of left fibrations in
terms of slices, which will sometimes be useful:

Lemma 3.3.10. A functor p: & — B is a left fibration if and only if for every x € €,
the induced functor ) — By, is an equivalence.

Proof. If p is a left fibration, then by Proposition 3.2.4, the commutative square

Ar(E) —— Ar(B)

\Levo \Levo

E— B

is a pullback. The map on fibres over x € € is precisely €, — B,(x)/, which is
therefore an equivalence. Conversely, if these functors are equivalences, then
the maps on fibres in the square

&[] — B[1]

ev evp

& — B~

are equivalences of co-groupoids, so this is a pullback, i.e. p is a left fibration. O

3.4 Straightening for left and right fibrations
Suppose p: € — B is a left fibration. Then p is supposed to determine a functor

from B to co-groupoids; let’s see how the basic data of such a functor follows
from the definition of left fibrations:
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» First consider the commutative diagram

where the left square is a pullback since p is a left fibration. On fibres over
amorphism f: b — b’ in &, we get

& — E[1]f = &,

which (inverting the equivalence) we can think of as a functor fi: &, —
Epr.

» If we consider the identity map idj,, we have a commutative diagram

On fibres, we get

which shows that (idp), is (homotopic to) the identity of &p.

» For two composable maps f: b — b, g: b’ — b” we can consider fibres in
the diagram

&[]
i
s &[2] t
N
&) el]
[o] [o] €[0]
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where the middle square is a pullback. This produces the diagram

8 b Eb/ 817” s
which gives a homotopy

(gfh = gfi.

Exercise 3.4. Check that dually, a right fibration & — B gives the basic data for a
contravariant functor from B to co-groupoids.

Fact 3.4.1. There is a (large) oo-category Catoo of (small) co-categories; we write
Gpd,, for the full subcategory of this spanned by the co-groupoids.

Definition 3.4.2. For an co-category B, let LFib(B) and RFib(B) denote the
full subcategories of Cat./s on the left and right fibrations, respectively.

Theorem 3.4.3 (Lurie). For an oo-category ‘B, there is an equivalence
Strry : LFib(B) = Fun(B, Gpd.,,),

called the straightening equivalence for left fibrations. This is moreover natural in B
with respect to precomposition of functors and pullback of fibrations.

Here the naturality means that if a fibration p: € — B straightens to a
functor F: B — Gpd,,, and we have a pullback square

K\
™

q

—
B P
—

o
»

¢ b
then the left fibration g straightens to F o ¢.

Observation 3.4.4. Taking opposite co-categories gives an equivalence (-)°P: Cato, —
Cateo. This induces an equivalence on slices

~)Op
Catoo/g ——9< ) Catoo/BOP,
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which restricts to an equivalence

RFib(B) = LFib(BP).
Combining this with the straightening equivalence from Theorem 3.4.3, we
get a straightening equivalence

R, oo O Strygop
Stry : RFib(B) —— LFib(B°?) —— Fun(B°F, Gpd,,)

for right fibrations.

Remark 3.4.5. We are going to treat the straightening theorem as a black box,
and will not go into the proof (which almost certainly needs to be done in some
model to avoid circularity). However, we’ll try to say a few words about the
proof in the simplest case, where the base is [1]. Here the straightening of a left
fibration & — [1] is (as we saw above) the functor

given by restricting a section to the two objects of [1]. There is a formal dual
to this construction, which takes a span

A«— X —>B

of co-groupoids to the pushout A Ly, oy (X X [1]) Uxx1y B. To see that this
gives an inverse to straightening, we need to understand (a special case of ) this
pushout. This is in fact possible (in a model), but I'm not sure what the best
“axioms” are to understand this in 2 model-independent setting.

3.5 Cartesian and cocartesian fibrations

We now want to introduce (co)cartesian fibration, which can be thought of as
generalizing left and right fibrations by allowing the fibres to be co-categories
instead of co-groupoids. These will not be defined using orthogonality’, but
via the existence of sufficiently many (co)cartesian morphisms, and we start by
introducing this notion.

Exercise 3.5. Given a functor p: & — B and a morphism f: x — y in &, show that for
an object z € £ we get commutative squares

E(y2) —— &(x,2) E(zx) —E—3 &(zy)
B(py, pz) 0 B(px, pz) B(pz, px) —57 B(pz, py)

"This is not possible using just co-categories, but can be done in the co-category of marked
oco-categories, meaning co-categories with a chosen collection of morphisms.
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by taking appropriate fibres in a cube with top face

e2] —2 e[1]

| |

B[2] T) B[1].

Similarly, we get

€y AN €x/ €/x L €y
pr/ p(f)j BPX/ ‘B/Px p(f)j B/PU

by taking fibres in similar cubes of co-categories.

Definition 3.5.1. Given a functor p: & — B, we say a morphism f: x — y in
& is p-cocartesian if for every object z € €, the commutative square

E(y, z) ;) E(x,2)

l l

B(py, pz) W B(px, pz)

is a pullback. Dually, we say that f is p-cartesian if all squares

&(z,x) SN &(z,y)

l l

B(pz, px) m B(pz py)

are pullbacks.

Remark 3.5.2. Informally, a morphism f: x — y is p-cocartesian if given
g: x — z and a factorization

?(9)

> p(2)

A

p(y),

p(x)

there exists a unique lift of this triangle to a factorization

of g through f.
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Exercise 3.6. Show that a morphism f is p-cocartesian if and only if the commutative
square

£y —L &,

Lo

pr/ p(f)*_; BPx/
is a pullback.

Lemma 3.5.3. If f: x — vy is p-cocartesian, then a morphism g: y — z is p-
cocartesian if and only if g o f is p-cocartesian.

Proof. For w € &, we consider the commutative diagram

Ezw) —L s e(gw) —L 3 E(xw)

l l l

B(pz, pw) W B(py, pw) W B(px, pw).
Here the right square is a pullback, so the left square is a pullback if and only if
the composite square is so. O

Definition 3.5.4. Given a morphism f: a — b in B and an object x € € with
p(x) = a, a p-cocartesian lift of f to x is a p-cocartesian morphism f: x — y such
that p(f) = f. More precisely, it is a lift in the commutative square

{0y —— ¢

[

(1] —— B

such that f is p-cocartesian. Dually, we define p-cartesian lifts of f to y with
p(y) ~b.

Lemma 3.5.5. Suppose f: a — b is an equivalence in B. Then a commutative
diagram

{0} == ¢

L)

(1] T) B

gives a p-cocartesian lift of f if and only lff is an equivalence.

05



Proof. Since f is an equivalence, the bottom horizontal map in the commutative
square

E(y, z) ;) E(x,2)

l |

B(py, pz) T> B(px, pz)

is an equivalence. The square is therefore a pullback if and only if the top hor-
izontal morphism is an equivalence by Exercise 2.3. This holds for all z € € if
and only if f is an equivalence in € by Lemma 2.9.6. i

Lemma 3.5.6. Let E[1]coce denote the subspace of E[1] spanned by the cocartesian
morphisms. Then the morphism

E[1]coce = B[1] xp= o

induced by restricting along {0} < [1] is a monomorphism, with image the pairs
(a = b,x, p(x) = a) for which a cocartesian lift exists.

Proof. We must show that if there exists a cocartesian lift f: x — yof f: a — b
with source x, then the fibre over (f,x, p(x) = a) is contractible. We may iden-
tify this fibre as the subspace of (€,/)* x(3,,)= {f} spanned by the cocartesian
lifts of f. By Exercise 3.6, composition with f identifies the larger space with
the pullback
(€)™ X3y {idp} = (Epy))™.

It follows from Lemma 3.5.3 that under this equivalence the subspace of cocarte-
sian lifts of f corresponds to that of cocartesian lifts of id,, which by Lemma 3.5.5

is the subspace (€}),, of equivalences out of y. This completes the proof, since
the latter co-groupoid is contractible by Observation 3.3.2. m]

Definition 3.5.7. For a functor p: &€ — B, we say that & has p-cocartesian lifts
of a class S of morphisms in B if for any morphism f:a — bin Sand x € &
with p(x) = a, there exists a p-cocartesian lift of f to x. Dually, we can ask for
& to have p-cartesian lifts of S. We say that p is a (co)cartesian fibration if € has
p-(co)cartesian lifts of all morphisms in B.

Observation 3.5.8. p isa cocartesian fibration if and only if the monomorphism
E[1]coce = B[1] xp= €7
is an equivalence.

We next want to characterize left fibrations as a particular class of cocartesian
fibrations.
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Proposition 3.5.9. Suppose p: & — B is a left fibration. Then every morphism
in & is p-cocartesian. Dually, if p is a right fibration, then every morphism in & is
p-cartesian.

Proof. We prove the first statement. If p is a left fibration, then €5, — B,y
is an equivalence by Lemma 3.3.10. For any morphism f: x — y, the vertical
morphisms in the commutative square

Ey/ L) Ex/

Nl lN
Bpyy W Boxy

are therefore equivalences. This means the square is a pullback by Exercise 2.3,
so f is p-cocartesian by Exercise 3.6. O

Corollary 3.5.10. Left fibrations are cocartesian fibrations, and right fibrations are
cartesian ﬁbrations.

Corollary 3.5.11. Suppose p: € — B is a cocartesian fibration. Then the following

are equivalent:

(1) p is a left fibration.

(2) Every morphism in € is p-cocartesian.
(3) p is conservative.

(1) The fibres of p are co-groupoids.

Proof. We have already seen that (1) implies (2). Conversely, if every morphism
in & is p-cocartesian, then Observation 3.5.8 implies that p is a left fibration. By
Lemma 3.5.5 we know that a morphism is p-cocartesian over an equivalence if
and only if it is itself an equivalence, so (2) implies (3). Conversely, since p is
a cocartesian fibration, any morphism in & factors (uniquely) as a cocartesian
morphism followed by a morphism over an equivalence; if (3) holds the latter
is an equivalence. But an equivalence is p-cocartesian and p-cocartesian mor-
phisms compose by Lemma 3.5.3, so this implies (2). We also know that (3) is
equivalent to (4) from Exercise 2.13. O

Definition 3.5.12. A morphism of cocartesian fibrations is a commutative square



where p and p’ are cocartesian fibrations and F takes p-cocartesian morphisms
to p’-cocartesian ones. For G = idg we say this is a morphism of cocartesian
fibrations over B.

Observation 3.5.13. Given p: & — B and a p-cocartesian lift f: x — y of
f: a— b, we have in particular for z € & a pullback square

&(y2) —L &(x,2)

| l

B(b.b) —=> B(a.b).

Taking the fibre at idy, this gives an equivalence

&(y,2) — E(x, z)f.

Proposition 3.5.14. If
e —F 5
N
B
is a morphism of cocartesian fibrations over B, then F is an equivalence if and only if

Fp: & — Fpisan cquivalencc’for all b € B.

Proof. It is clear that if F is an equivalence then it gives an equivalence on fibres,
so it remains to see that the latter condition implies that F is an equivalence.
Since (—)= preserves pullbacks, we know that the morphisms on fibres in the
commutative triangle

&= > J=

~N 7

1B:

are equivalences of co-categories, so F~ is an equivalence by Exercise 2.2. By
Observation 2.7.5 it then suffices to check that F is fully faithful. (Alternatively,
we can observe that F is essentially surjective, since every object must lie in
some fibre, and use Corollary 2.7.6.)

We will prove that F is fully faithful by seeing that we get an equivalence
on fibres in the triangle

E(x,y) > F(Fx, Fy)

B(a,b)
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for x,y € & lying over a,b € B. For f: a — b, we choose a p-cocartesian lift
f:x — x’ of f at x; then by assumption F(f) is a g-cocartesian lift of f at F(x).
In the commutative diagram

, I
E(x"y) ——— E(x,y)

Lo

F(Fx', Fy) ﬂ) F(Fx, Fy)

! !

B(b,b) —— B(ab),

the bottom and composite squares are therefore pullbacks, hence so is the top
square. Taking fibres at id, we therefore get a commutative square

Ep(x',y) —— E(xy)r

l l

Fp(Fx', Fy) —— J(Fx, Fy)y.

Here the left vertical map is also an equivalence by assumption, hence so is the
right vertical map, as required. O

Proposition 3.5.15. Suppose p: € — B is a cocartesian fibration. Given a pullback
square

& —5 ¢
| lr
A— B,

the functor q is also a cocartesian fibration, and a morphism in &' is g-cocartesian if and
only if its image in & is p-cocartesian.

Proof. Given a morphism f: x — x’ in &’ lifting f: a — b in A and an object y
over ¢, we have a commutative cube

& (x,y) ——— &(Gx',G i
(x",y) 7 (Gx’, Gy) .

&' (xy) s £(Gx, Gy)

{
A(b,¢) I s B(Fb, Fc) \Fif)*

A(a,c) > B(Fa, Fc)

Here the back and front faces are pullbacks since &’ is a pullback. If G(f) is
p-cocartesian, the right face is also a pullback, which implies that the left face
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is a pullback by the 3-for-2 property. Thus f is g-cocartesian if G(f) is p-
cocartesian. Moreover, given f: a — b in A and x over a in &’, there exists a
p-cocartesian lift of F(f) at G(x); this data then determines a morphism of &’
that is a g-cocartesian lift of f at x. Since g-cocartesian lifts are unique when
they exist by Lemma 3.5.6, it follows that all g-cocartesian morphisms must map
to p-cocartesian morphisms under G. i

Example 3.5.16. For any co-category A the unique functor A — [0] is both a
cartesian and a cocartesian fibration; the (co)cartesian morphisms are the equiv-
alences in A. It follows that for any co-category B, the projection p: AxB — B
is both a cartesian and a cocartesian fibration, and a morphism is p-(co)cartesian
precisely when its image in A is an equivalence.

Exercise 3.7. Generalize Proposition 3.5.15 to show that for a commutative diagram

E—F<— ¢

Lol b
B — € — B

where both squares are morphisms of cocartesian fibrations, then the induced map on
pullbacks

q:((:Xg‘E/—)gXeg/
is a cocartesian fibration, and a morphism is g-cocartesian if and only if its images in &

and &’ are p- and p’-cocartesian.

Exercise 3.8. Use Proposition 3.5.14 and Proposition 3.5.15 to show that a morphism of
cocartesian fibrations
[
Lol
B T) B’

’

G(b) 1S an

is a pullback square if and only if the induced functor on fibres &, — &
equivalence for all b € B.

3.6 Arrow co-categories and fibrations

In this section we will identify two important families of cocartesian fibrations,
and give a simple characterization of cocartesian fibrations. The starting point
for this is the following description of mapping spaces in Ar(C):

Proposition 3.6.1. Given morphisms f: x — y and g: x’ — v’ in an co-category

C, the mapping space Ar(C)(f, g) is the pullback
Ar(€)(f,9) — C(x,x')

e(y.y) —— Clxy).
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Proof. We want to identify the fibre at (f, g) of the map
Map([1] x [1],€) — €[1]**.

We can do this in two steps, by first identifying the map on fibres in the triangle

Map([1] x [1],€) > C[1]*?

at the objects (x,y,x",y’). Using the decompositions of [1] x [1] and [2] as
usual, we can identify this as

(C(x, x") X €(x",y")) Xe(xy) (Clx,y) X C(y,y")) — C(x,y) X C(x",y),

with both maps to C(x,y’) in the pullback given by composition. Now tak-
ing the fibre of this at (f, g) produces the required description, since pullbacks
commute. O

Exercise 3.9. Extends this description to show that for a morphism a: f — g in Ar(@),
given by a commutative square

o

I

w,

_e)
f
—

<

h

precomposition with a fits in a commutative cube (where the left and right faces are

pullbacks)
Ar(€)(g,q) ———— Ar(C)(f.q)

C(z,u) J/ > C(x,u)
C(w,0) J > C(y,v) J
S R

C(z,v) ¢ > C(x,0)

for g: u — .
Proposition 3.6.2. For any co-category C, the functor
evi: Ar(C) - C

is a cocartesian ﬁbration; a morphism

x
a
Y

N

Q

_e>
—

S

h
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is evi—-cocartesian if and only if e is an equivalence, i.e. the morphism is taken to an
equivalence by evo. Dually, evo: Ar(C) — € is a cartesian fibration; a morphism as
above is evy-cartesian y[ and only 1f its image under evy is an equivalence.

Proof. We prove the first claim; the second is proved similarly, or by taking op.
For a square of the given form with e an equivalence, viewed as a morphism
a: f — g in Ar(C), composition with o gives by Exercise 3.9 a commutative
cube

Ar(€)(g,q) ——— Ar(C)(f,q)

C(z,u) > Clx,u)

1
C(w,v) > C(y,v)
S~ N

C(z,v) ‘ > C(x,0),

where the left and right faces are pullbacks by Proposition 3.6.1. Since e is an
equivalence, the horizontal morphisms in the front face are equivalences, so
that this is also a pullback by Exercise 2.3. Then the back face is also a pullback
by the 3-for-2 property, which says precisely that « is evi-cocartesian.

By the uniqueness of cocartesian lifts it only remains to show that given an

object x ER y of Ar(€) and a morphism y 2, zin €, there exists a cocartesian lift
of the required form, which we can take to be the degenerate square

X —> x

o e

yT>z,

viewed as a morphism in Ar(C) over g with source f. m]

Lemma 3.6.3. Given a functor p: &€ — B, the following are equivalent for a mor-
phism f:x — yin & over f:a — b inB:

(1) The morphism f is p~cocartesian.

(2) For every morphism g: z — w in & over g: ¢ — d in B, the commutative square
of mapping co-groupoids

Ar(E)(f,5) — E&(x,2)

l l

Ar(B)(f.9) — B(a,c)

isa pullbac/e.
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(3) The preceding square is a pullback whenever g is id, for some z € €.

Proof. Since the description of mapping co-groupoids in Proposition 3.6.1 is nat-
ural with respect to the functor p, we get a commutative cube

Ar(E)(f.§) —————— &(x,2) ;
Pl
E(y, w) T E(x, w)
Ar(B)(f.9) J—> B(a,c) . J
™~ PR

B(b,d) ———— B(a,d)

where the top and bottom faces are pullbacks. If f is p-cocartesian, then the
front face is also a pullback, hence so is the back face by the 3-for-2 property.
Thus (1) implies (2). Since (3) is a special case of (2), it remains to check that f
is p-cocartesian if (2) holds. When g = id,, our cube takes the form

Ar(g)(f_’ ldz) —> E(Xs Z)

J €(y.2) % £(x,2)

Ar(B)(f,id.) —l—> B(a,c) l

N

B(b,c) ————— B(a,c),

where the morphisms from the back to the front are equivalences since the top
and bottom faces are pullbacks. It follows that the back face is a pullback if and
only if the front face is so, and the former property for all z € & says precisely
that f is p-cocartesian. i

Proposition 3.6.4. For a functor p: & — B and a monomorphism S — E[1], let
Arg(E) C Ar(€) denote the full subcategory spanned by morphisms in S. Then the
Jollowing are equivalent:

(1) p is a cocartesian fibration and S is the co-groupoid of p-cocartesian morphisms.

(2) The commutative square

Ars(€) —= €

L

is a pullback.
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Proof. Let q denote the functor
Ars(&) — Ar(B) xg &

corresponding to the square above, so that (2) is equivalent to g being an equiv-
alence.

First suppose (1) holds; then g is an equivalence on cores by Observation 3.5.8,
so it suffices to show that it is fully faithful. This follows from Lemma 3.6.3,
since for p-cocartesian morphisms f: x — y and §: z — w over f: a — b and
g: ¢ — d, we have

Ars(E)(f.9) = Ar(€)(f.9) = Ar(B)(f.9) XB(ac) E(x,2).

Now we prove the converse. Assuming (2), we first note that on cores we

have a pullback
S

B[1] — B,

Qp]

—

so that given x € € and f: p(x) — b, there exists a (unique) lift f: x — yin S
such that p(f) = f. By uniqueness of p-cocartesian lifts, it therefore suffices to
show that a morphism s: x — x’ in S must be p-cocartesian.

The pullback above also implies that the degeneracy €* — €[1] factors
through S, so that S contains all equivalences. We can thus conclude that con-
dition (3) in Lemma 3.6.3 holds for any f in S and z € &, so that f is indeed
p-cocartesian. O

Corollary 3.6.5. Suppose p: € — B is a cocartesian fibration. Then for any oo-
category K, the functor

ps: Fun(X, €) — Fun(XK, B),

given by composition with p, is also a cocartesian fibration. A natural transformation
¢: K x [1] — & is p.-cocartesian if and only if its components ¢o: [1] — & are
p-cocartesian for all a € K.

Proof. Let S € Map([1], Fun(X, €)) be the sub-co-groupoid of natural transfor-
mations all of whose components are p-cocartesian. Then under the equiv-
alence Fun(X, Ar(€)) = Ar(Fun(X, €)), Lemma 2.8.6 identifies Ars(Fun(X, &))
with Fun(X, Areoce(€)). Since p is a cocartesian fibration, this is equivalent to

Fun(X, Ar(B) x5 €) = Ar(Fun(X, B)) Xrun(x,5) Fun(X, €).

But then Proposition 3.6.4 implies that p, is a cocartesian fibration and S is
precisely the co-groupoid of p-cocartesian morphisms. m
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Observation 3.6.6. Given a functor p: & — B, let Arcot(€) denote the full
subcategory of Ar(€) spanned by the p-cocartesian morphisms. Then Proposi-
tion 3.6.4 implies that p is a cocartesian fibration if and only if

Arcoct(g) - AI’('B) XB €
is an equivalence.

Observation 3.6.7. Suppose p: & — B is a cocartesian fibration. Inverting the
equivalence from Proposition 3.6.4, we get a functor

€ x5 Ar(B) 5 Arcocr(€) — &,

which takes an object (x, f: p(x) — b) in the source to the target fix of a
cocartesian lift of f with source x; we call this the cocartesian transport functor.
Taking the fibre of this map at an object b € B, we get a functor

& X3 fB/b - 85
and restricting this to the fibre of the source over b’ € B, we get a functor
Ey X B, b) — &,

or
B(b',b) — Map(Ey, Ep).

The straightening theorem, which we will discuss in the next section, says that this
assighment is part of a functor B — Cat determined by p.

Example 3.6.8. Consider the cocartesian fibration evy: Ar(€¢) — €. Then
Arcoce (Ar(@)) is the full subcategory of Fun([1] x [1], €) spanned by commu-
tative squares

x —y

1

zZ—> W

where the left vertical map is an equivalence. We therefore get an equivalence
Arcoce(Ar(€)) = Fun([2], €), under which the equivalence

Arcoct(Ar(e)) - Ar(e) Xe Ar(e)

is that given by the pushout [2] = [1] ¢} [1]; the cocartesian transport functor
from Observation 3.6.7 is then just the functor

Ar(@) xe Ar(€) = Fun([2],C) — Ar(C)

given by composition.
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3.7 Straightening for (co)cartesian fibrations

We can now see how a cocartesian fibration p: & — B determines the basic
data of a functor B — Cato,:

» We have a commutative diagram

& <S— Arcoct(g) —t> &

L

B <—— Ar(B) — B,

where the left square is a pullback by Proposition 3.6.4. On fibres over
f:b — b’ in Ar(cB), we therefore get

gb - Arcoct(e) - Eb’,
which (inverting the equivalence) we think of as a functor fi: &, — &p.

» For the identity map id, we have a commutative diagram

SN

& & ArE) —— &,

=

so on fibres we get

Ep

LS

Ep = Arcoct(e)idb — &b

which shows that (idp), ~ ide, .

» For two composable maps f: b — b’, g: b’ — b”" we can consider fibres in
the diagram

Arcoce(€)

/)
5



where Funcoe([2], €) denotes the full subcategory of Fun([2], £) on func-
tors that take all maps to p-cocartesian morphisms in &, so that the middle
square is a pullback. This produces the diagram

Arcoct ( E)gf

1

Funcoce ([2], g)gf

Arcoct(g)f Arcoct(g)g
; / \ . / v
which gives a homotopy

(g = gf.

Definition 3.7.1. For an co-category B, let Cart(B) and Cocart(B) denote the
subcategories of Cate,/5 Whose objects are the (co)cartesian fibrations and whose
morphisms are the morphisms of (co)cartesian fibrations over B (i.e. the func-
tors over B that preserve (co)cartesian morphisms).

Theorem 3.7.2 (Lurie). For an oo-category B, there is an equivalence
Stri*: Cocart(B) — Fun(3B, Cato),

called the straightening equivalence for cocartesian fibrations. This is moreover natural
in B with respect to precomposition of functors and pullback of ﬁbrations.

Here the naturality means that if a fibration p: € — B straightens to a
functor F: B — Cato, and we have a pullback square

F—¢&
7]
C — B,
then the cocartesian fibration g straightens to F o ¢.
Observation 3.7.3. Taking opposite co-categories induces an equivalence
Cart(B) ~ Cocart(BP).

We can combine this with the straightening equivalence from Theorem 3.7.2 to
get a straightening equivalence for cartesian fibrations. For a cartesian fibration
p: & - B we would like this to produce a contravariant functor that takes
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b € Bto &, (and not 8ZP — in particular, straightening over [0] should give the
identity of Cat.). We therefore define this as the composite

coct

cart (=) o Str%OP o ()P o
Stri™: Cart(B) —— Cocart(B°P) —— Fun(B°P, Cate,) —— Fun(BP, Cat,).

Example 3.7.4. The projection A X B — A is a cocartesian fibration (Exam-
ple 3.5.16). Since pullback of fibrations corresponds to composition of functors,
this straightens to the composite

A
B — % — Cato,

i.e. the constant functor with value B.

We will treat straightening as a black box, but we will need to look inside
a little bit in order to prove that the Yoneda embedding is fully faithful. More
precisely, we will need the following:

Fact 3.7.5. Suppose p: € — B is a cocartesian fibration, and let F: B — Cato, be its
straightening. Then for objects x,y € B, the morphism of mapping spaces

B(x,y) — Map(F(x), F(y)) = Map(Eyx, Ey)

determined by F is equiwzlent to the map constructed in Observation 3.6.7 from the

s ~ ev
cocartesian transport ﬁmctor E X Ar(B) — Arcocc(€) —5Le.
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Chapter 4

Representability and the
Yoneda embedding

4.1 Terminal objects and representable fibrations

Our main goal in this section is to characterize those right fibrations over B
that are of the form B/, — B for some object x. We start by introducing initial
and terminal objects in an co-category:

Definition 4.1.1. An object x € € is initial if C(x, ) is contractible for all ¢ € €,
and terminal if C(c, x) is contractible for all c.

Observation 4.1.2. If Cinic denotes the full subcategory of € spanned by the
initial objects, then all mapping co-groupoids in Cipi¢ are contractible. It there-
fore follows from Corollary 2.1.20 that Ciy is either empty or contractible. In
other words, initial objects are unique if they exist.

Observation 4.1.3. The object x is initial if and only if C;; — € is an equiva-
lence, and terminal if and only if €/, — € is an equivalence.

Definition 4.1.4. A right fibration p: & — B is representable if € has a terminal
object, while a left fibration p is corepresentable if € has an initial object. We also
say that p is represented by b € B if € has a terminal object that lies over b; we
may also say an object x € & exhibits p as represented by b if x is terminal and

p(x) = b.

Definition 4.1.5. We say a presheaf ¢: B°P — Gpd,, is representable if the cor-
responding right fibration is representable, and that a copresheaf B — Gpd,,
is corepresentable if the corresponding left fibration is corepresentable. We will
similarly say that ¢ is represented by b € B and that a point x € ¢(b) exhibits ¢
as represented by b if the corresponding statement hold for the associated right
fibration.
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Observation 4.1.6. Suppose p: € — B is a right fibration. Then for any object
x € & we have a commutative square

Ex — B
[
& —— B,

where the top horizontal morphism is an equivalence by Lemma 3.3.10. Invert-
ing this equivalence, we see that x determines a morphism s,: B, — € over
B, which takes id; to x.

Proposition 4.1.7. Let p: € — B be a right fibration. Then an object x € & exhibits
p as represented by b =~ p(x) if and only if sy: B, — & is an equivalence.

Proof. By definition, s is the composite B, — &/, — &, so the composite
is an equivalence if and only if €/, — €& is an equivalence, i.e. x is a terminal
object. ]

Observation 4.1.8. In terms of presheaves, this says that given a point x €
¢(b) for a presheaf ¢: BP — Gpd,, there is a canonical natural transformation
B (- b) — ¢ that takes id;, to x, and x exhibits ¢ as represented by b precisely if
this is an equivalence.

Proposition 4.1.9. id, is initial in Cy/ and terminal in C/x. In particular, C/x—C
is a representable right fibration and C; — C is a corepresentable left fibration.

Proof. We prove the first case by showing that the forgetful functor p: (€y)yq,, —
€y, isan equivalence. Using Proposition 3.3.7 and the naturality in K, of Lemma 3.3.5
we can identify the forgetful functor (Cy/)¢; — €, with the map on fibres over

f in the square

Fun([2],€) ——— Fun({0 < 2},0C)

l |

Fun({0 < 1},€) —— Fun({0},C).

From the Segal decomposition of [2] we get a pushout square

{0<1} — [2]

l l

{0y —— [1],
and so we have a commutative diagram

Ar(C) —— Fun([2],6) ——— Fun({0 < 2},©)

L l |

e —— Fun({0 < 1},€) —— Fun({0},©)
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where the left square is a pullback and both horizontal composites are identities.
Taking fibres at x € C, we get

~ P
Cx/ = (Cxidy) = Cxy

where the first map is an equivalence and the composite is the identity. It follows
that our map p is an equivalence, as required. i

Combining Proposition 4.1.7 and Proposition 4.1.9, we get:

Corollary 4.1.10. A right fibration over B is representable if and only if it is equivalent
to By, — B for some b € B, while a left fibration is corepresentable if and only if it is
equivalent to By, — B for some b € B. m]

4.2 A weak Yoneda lemma

Our goal in this section is to prove a weak form of the Yoneda lemma, namely
that for a functor F: €°P — Gpd,, and a fixed object x € €, the co-groupoid
of natural transformations €(— x) — F is equivalent to F(x). This will be a
consequence of the following property of initial and terminal objects:

Proposition 4.2.1. Suppose J has an initial object x. Then any left fibration p: € —
B is right orthogonal to the inclusion {x} — J. Dually, any right fibration is right
orthogonal to the inclusion of a terminal object.

Proof. We prove the case of a left fibration p. By Corollary 3.2.5, p..: Fun(X, &) —
Fun(X, B) is a left fibration for any co-category X, which implies that p is right
orthogonal to {0} x X — [1] x X. Now we have by definition a pushout

{0} xK —— [1] xK

! |

{-oo} — X7,

so p is also right orthogonal to the inclusion of the cone point in Kby Lemma 2.4.7.
By Lemma 2.4.5, it then follows that p is right orthogonal to £* — X< for any
functor £ — X.

In particular, p is right orthogonal to {x}* — J°. Since x is an initial object,
the forgetful functor J,; — J is an equivalence, so it have an inverse section
J — Jy. Using Lemma 3.3.5, this corresponds to a functor ¢: J* — J that takes
—oo to x and restricts to the identity on J. But this means we have a retract
diagram

{x} — {x}" — {x}

Lol

J > J° ¢>3,
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so that p is indeed right orthogonal to {x} — J by Lemma 2.4.9. |
Corollary 4.2.2. Supposep: &€ — Cisaright fibration; then forx € C, the morphism
Map c(C/x, €) = Map o({x}, &) = &
is an equivalence. Dually, if p is a left fibration, the map
Map o(Cy/, €) = Map e ({x},€) = &
is an equivalence.

Proof. We prove the first case. By Proposition 4.2.1, p is right orthogonal to the
inclusion of the initial object {idy} — €/, so we have a pullback square

Map(e/x, &) — Map(e/x: ©)
Map({x},€) —— Map({x}, C).

Taking vertical fibres over the projection €/, — € we get the equivalence we
want. O

Remark 4.2.3. An alternative approach to the proof Corollary 4.2.2 is to use
that €/, — € is the free cartesian fibration on {x} — €, as we will see below in

§6.1.

Remark 4.2.4. If p is a left fibration, then for f: I — B and e € & over f(x)

. se . . . . . ..
we have an induced functor ) — By — &, which lifts f if x is initial. It
is thus not completely mysterious that we get an inverse to the restrictions in
Corollary 4.2.2.

Notation 4.2.5. We write PSh(C) := Fun(€°P,Gpd,,) for the co-category of
presheaves on €. Note that straightening then gives an equivalence PSh(€) =
RFib(C).

Observation 4.2.6. Under straightening, Corollary 4.2.2 gives a weak form of
the Yoneda lemma: for a presheaf F: €°P — Gpd,,, we get an equivalence

Mappgy, ey (C(= x), F) = F(x),

since the functor €(-, x) is (by definition) the straightening of the right fibration
C /x ™ C.

Exercise 4.1. Show that, for a right fibration p: & — B, the maps s,: B/,(x) — & for
x € & are natural in x, and use this to produce a section of the map

Map ¢ (C/x, €) = Map,e({x},€)

(This is then necessarily its inverse by Corollary 4.2.2.)
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4.3 Bifibrations

A bifibration over A x B is supposed to encode a functor A°? x B — Gpd,,. Here
we introduce this class of functors and explain how this claim follows from the
straightening results we have discussed above. We apply this to construct the
mapping co-groupoid functor €°P x € — Gpd.,,.

Notation 4.3.1. Given p: & — A X B we write pg, ps for the compositions of
p with the projections to A and B.

Definition 4.3.2. A functor p: &€ — A x B is a bifibration if
> pa is a cartesian fibration,
> pp is a cocartesian fibration,

» a morphism in & is py-cartesian if and only if its image under ps is an
equivalence,

» a morphism in & is pg-cocartesian if and only if its image under py is an
equivalence.

Warning 4.3.3. In parts of the category theory literature the term “bifibration”
is used for a functor that is both a cartesian and a cocartesian fibration. Our
terminology follows Higher Topos Theory; the 1-categorical analogue of what
we call bifibrations might elsewhere be called “two-sided discrete fibrations”.

Observation 4.3.4. Given a commutative triangle

e ¢ y T

A

AxB

where both p and g are bifibrations, the functor ¢ must preserve p4-cartesian
and pg-cocartesian morphisms, since it necessarily preserves the classes that map
to equivalences in A or B.

Corollary 4.3.5. Suppose p: € — A x B is a bifibration. Then:
(1) The functor py: Ea — B on fibres over a € A is a left fibration for all a € A.
(2) The functor py: &, — A on fibres over b € B is a right fibration for all b € B.

Proof. We prove the first case. For a € A, we have a pullback square

€qg — €

! b

{a} xB —> AXB
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of cocartesian fibrations over B along functors that preserve cocartesian mor-
phisms (since the cocartesian morphisms in A X B over B are those that map
to equivalences in A). Hence Exercise 3.7 implies that p,: &, — B is a co-
cartesian fibration, and the cocartesian morphisms are those that map to ps-
cocartesian morphisms in €. But since p is a bifibration, every morphism in &,
maps to a pg-cocartesian morphism, since their images all lie over id, in A.
Thus every morphism in &, is ps-cocartesian, so that p, is a left fibration by
Corollary 3.5.11. ]

Remark 4.3.6. In fact, we can characterize bifibrations as precisely the functors
p: &€ — A x B such that either of the following equivalent conditions hold:

(1) pa is a cartesian fibration, p4-cartesian morphisms lie over equivalences in
B, and p,: €, — B is a left fibration for all a € A.

(2) ps is a cocartesian fibration, pg-cocartesian morphisms lie over equiva-
lences in A, and p: €, — B is a right fibration for all b € B.

See [HHLN23a, 2.3.3 and 2.3.13] for a proof.

Construction 4.3.7. Given a bifibration p: &€ — A x B, we can consider the
commutative triangle

e —2 s AxB

N

as a morphism of cocartesian fibrations over B (since by Example 3.5.16 a co-
cartesian morphism in A X B over B is precisely one whose component in A is
an equivalence). We can therefore straighten this to a natural transformation

B x [1] — Cat,

Here the target is the constant functor with value A, so this is equivalently a
functor
B — Caty JA-

For b € B, the value of this functor is €, — A, which is a right fibration. This
functor therefore takes values in the full subcategory RFib(A). Now we can use
straightening for right fibrations over A to get a functor

B — RFib(A) =~ Fun(A°,Gpd_,),

or A’ x B — Gpd,
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Remark 4.3.8. Of course, we could also have done this straightening in the
other order: first constructed a functor A°P — LFib(B) and then straightened
the fibrewise left fibrations to a functor A% X B — Gpd,,. It is not immediately
obvious that the two constructions produce the same functor, but in fact it can
be shown that there is a unique straightening equivalence for bifibrations (as well
as for (co)cartesian fibrations and their two-variable version); see [HHLN23b,
Appendix A] for a proof.

Example 4.3.9. The functor p: Ar(€) — € x € given by restriction along
{0,1} — [1] is a bifibration. Indeed, this is precisely the content of Propo-
sition 3.6.2. Applying Construction 4.3.7, we obtain a functor

ye: € — RFib(C) = PSh(0Q),
which we call the Yoneda embedding. We can also equivalently view this as the
mapping oo—groupoidfunctor
C(—-): CP x € — Gpd,,.
Lemma 4.3.10. Suppose p: & — A x B is a bifibration. For functors F: A" — A
and G: B — B, we define (F, G)*€ by the pullback

(F,G)'& —— &

bl

A’ x B’ W.AXB

Then (F,G)*& — A’ x B’ is also a bifibration.

Proof. From the pullback square defining (F, G)*€ we get a pullback of cartesian
fibrations
(F,G)*& — F*¢&
Lk
A x B’ TG) A xB

over A’, so that (Exercise 3.7) p’y, is a cartesian fibration, with a p’y,~cartesian
morphism being one that maps to an equivalence in B’ and a p-cartesian mor-
phism in &; since p is a bifibration this reduces to the morphisms that map to
equivalences in B’. We similarly get a pullback of cocartesian fibrations over
B’, and together these show that p’ is a bifibration. i

4.4 The Yoneda embedding

Our goal in this section is to show that the Yoneda embedding ye: € — PSh(C)
is fully faithful for any co-category €. More precisely, we will show that the
functor

i1 @ = RFib(Q),
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obtained by unstraightening Ar(€) — € x C in the second variable, is fully
faithful, with image the full subcategory RFib,,(C) C RFib(C) of representable
presheaves. We will then use this to prove a stronger version of the Yoneda
lemma, namely an identification of the presheaf

Mappgy ) (Ye(-), F)
with F, for a fixed F € PSh(C).

Proposition 4.4.1. The functor j: € — RFib(C) is fully faithful with image the
representable right fibrations.

Proof. We first show that j is fully faithful, i.e. that for x,y € € the induced
morphism
C(x,y) = Map,e(C/x, C/y) (4.1)

is an equivalence. Using Corollary 4.2.2, it sufhices to show that the composite

C(x,y) — Map e(C/x, €/y) — Mape({x}, €/y) = (C/y)x = C(x,y)

is an equivalence.

The functor j was obtained from evy : Ar(€) — € by cocartesian straighten-
ing, so by PFact 3.7.5 we can describe (4.1) via the cocartesian transport functor
from Observation 3.6.7. For ev; this was identified in Example 3.6.8, so we
conclude that (4.1) is adjoint to the map

Cx X C(x,y) ———— €y
\ e

given by composition. Restricting this to {idy} we get that our composite map

Clx,y) = (Cy)x

is given by composition with id,, and so is the identity.

To identify the image of j, we observe that on the one hand, j(x) = (¢/x —
@) is representable for every x € €, and on the other hand Proposition 4.1.7
shows that every representable right fibration is equivalent to one in the image
of j. i

Suppose F: C%® — Gpd,, is a presheaf with right fibration ¥ — €. We
already proved a weak form of the Yoneda lemma, namely an equivalence

Mappg;, e) (Ye(x), F) = Map ¢ (Cjx, F) = Fx = F(x)

for a fixed x. We will now strengthen this to an identification of the presheaf

Mappgy ) (Ye(-), F)
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with F. Since composition of functors corresponds under straightening to pull-
backs of fibrations, we can identify the right fibration for this presheaf as the

pullback

X — PSh(C)/r X — RFib(©),,
| |
e ——> PSh(e) € —— RFib(©),

where p: & — C is the right fibration for F. Our goal is therefore to find a
pullback square of the form

& — RFib(€),,
.
|
€ —— RFib(C).
Observation 4.4.2. If p: &€ — € is a right fibration, then the equivalence
(Catoo/e)/p = Catoo/S

of Corollary 3.3.9 (under which the forgetful functor to Catee corresponds to
composition with p) restricts to an equivalence

RFib(€),, ~ RFib(&).

Indeed, it follows from (the dual of ) Lemma 2.4.5 that a functor q: X — € isa
right fibration if and only if pq is a right fibration.

Observation 4.4.3. For an arbitrary functor p: € — €, we have a commutative
diagram

Ar(&) s Ar(C)

NN

€ > C,

where the top square consists of morphisms of cocartesian fibrations. This
straightens to a square of natural transformations of functors to Cate, which
we can identify with a natural transformation in the square

é L} Catm/g

C —— Catese
Je
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whose component at x € € is given by the square

Ejx — > Clpx
i |
& T} C.

If p is a right fibration, then the functor €/, — €, is an equivalence, so that
this natural transformation is invertible, and we get a commutative square

& £ 5 RFib(e)

pl l . (4.2)

¢ T) RFib(C).
Proposition 4.4.4. For p: &€ — € a right fibration, the commutative square (1.2) is
a pullback.

Proof. We know from Proposition 4.4.1 that the horizontal functors are both
fully faithful. It then follows from Exercise 2.16 that the square is a pullback
if and only if it is a pullback on my of cores. Thus we have a pullback if and
only if the objects in the image of j¢ are precisely those whose value under p.
lies in the image of je. In other words, we need to show that a right fibration
over & is representable if and only if its composition with p is a representable
right fibration over €. This is clear since both conditions amount to having a
terminal object. i

Combining Proposition 4.4.4 with Observation 4.4.2, we see:

Corollary 4.4.5. Fora rightﬁbmlion p: & — C, there is a pullback square

& — RFib(C),,
-

o

C f) RFib(C).
I F is the presheaf corresponding to p under straightening, then this gives an equivalence
F =~ Mappgp, ) (Y(-), F)
in PSh(C).

Question 4.4.6. Can we make this Yoneda equivalence functorial in F? (This
amounts to making the straightening construction in Observation 4.4.3 func-
torial in right fibrations...)
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Chapter 5

Limits and colimits

5.1 Joins and (co)cones

In this section we introduce the co-categories of (co)cones on a diagram, which
we will use to define (co)limits in the next section. We also explain how these
can be described in terms of joins of co-categories.

Definition s.1.1. For a functor p: J — €, the co-category of cones of p is the

pullback
€, — Fun(J,0),,

l |

¢ —— Fun(J,0),

where the bottom horizontal functor is the constant diagram functor (given by

composition with J — [0]). Dually, the co-category €, of cocones of p is the
pullback

Gp/ — Fun(J, (f)p/

l |

e — Fun(7,€).
Definition 5.1.2. The join of two co-categories K, £ is the pushout
KxL:=K HKXLX{O} KxLx [1] ]—IIK><L><{1} L.

(Note that this is not symmetric in X and £, though we have (K x £)°P =~
L£OP 4 P

Example 5.1.3. The left and right cones on K can be described as the joins

K= [0]*xK, K =%Kx*[0].
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Remark 5.1.4. Just as for the cones, it can be shown (e.g. using quasicategories)
that we have
(K % £)° ~ K= 1 L7,
*, xeXK,yel,
, xeliyeX,
Kxy), xyek,
L(x,y), xyel.

(Xx L) (x,y) =

We can generalize Lemma 3.3.5 to:

Proposition s.1.5. For a functor p: I — € and an oo-category X, we have canonical
pullback squares

Fun(X, €/,) — Fun(X %7, €) Fun(X, €,/) — Fun(J % X, €)
{p} ——— Fun(J,0), {p} — Fun(J,©).

Proof. We prove the first case. From the definition of €/,, we get a pullback

Fun(X, €,) —— Fun(X x [1],Fun(J, €))

l l

Fun(X, C) x {p} —— Fun(X x {0, 1}, Fun(J, €)).
On the other hand, from the definition of the join we have a pullback

Fun(X % J,€) ———— > Fun(X x [1],Fun(J, ©))

l l

Fun(X, €) x Fun(J,€) —— Fun(X x {0, 1}, Fun(J, ©)).
We can then combine these into a commutative diagram

Fun(X,C/,) ———— Fun(X xJ,€) ———— Fun(X x [1],Fun(J, €))

l l l

Fun(X, €) x {p} — Fun(%X, €) x Fun(J,€) — Fun(X x {0, 1}, Fun(J, €))

l l

{r} > Fun(J, C),

where the top left square is a pullback by 3-for-2. Hence the composite square
in the first row is a pullback, which completes the proof. O
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Observation 5.1.6. In particular, taking X = [0] above, we have pullback
squares

€, — Fun(J%,C) €p) — Fun(J",C)
{r} —— Fun(7,0), {r} —— Fun(J,0).

5.2 Limits and colimits

We can now define (co)limits in an co-category. Using straightening we can
then provide concrete descriptions of these in the co-category Gpd,,, which
allows us to deduce further characterizations of (co)limits.

o0

Definition 5.2.1. A [imit of p is an terminal object in the co-category €/, of
cones. Dually, a colimit is an initial object in C,,.

Notation 5.2.2. We write limg p and colimyg p for the objects of € that are the
value at the cone point of the limit cone and colimit cocone of p, when these
exist.

Proposition 5.2.3. Suppose F: € — Gpd,, is a functor that corresponds to the left
ﬁbmtion F — C. Then:

> The limit of F is given by the co-groupoid Map ¢ (C, F) of sections of F.
» The colimit of F is given by the localization ||F|].

Proof. By definition, the limit is a terminal object in Gpd,, . Using the equiv-
alence Fun(C, Gpd,,) = LFib(C) this co-category is the pullback

Gpd,,r — LFib(C),7

l l

Hence Gpd,,;r — Gpd,, is the right fibration for the functor
X — Map (€ x X, F) =~ Map(X, Map ¢ (C, F)),

where we have used that Fun e (€, F) is an co-groupoid, since it’s a fibre of the left
fibration Fun(€, F) — Fun(€, €). Thus Gpd,,r is equivalent to GPdeo/Map ¢ (€.5)
which indeed has a terminal object given by Map ¢ (C, 5).

To identify the colimit, we similarly observe that Gpd,, ) — Gpd,, is the
left fibration for the functor

X Mape(F, € x X) =~ Map(F, X) = Map(||F]], X).

Thus Gpd,, r; = Gpd,, 5, which indeed has the required initial object. i
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Exercise 5.1. Let g: &€ — C°P be the right fibration for F. Show that the limit of F can
also be described as the co-groupoid of sections of ¢, and the colimit of F is also || €]].

Definition 5.2.4. Given morphisms x L y & zinan co-category C, their
pullback, if it exists, is the limit of the corresponding diagram A% — @, where
A% :={0 < 2} II {1 < 2} is the cospan category

0—> 2«1

Corollary s.2.5. Pullbacks in the co-category Gpd,, are pullbacks in the “external”
sense.

Proof. Given a diagram A3 — Gpd,, with corresponding left fibration € — A3,
we know that the limit is Map, It (A3,€). Now using that A3 is a pushout, we

get
Map/Ag(Aé, &) ~ Map/Ag({O <2}4L¢&) XMap/A%({Z},E) Map/A%({l <2}4L€)

= Map11([1], €0<2) Xe, Map,;([1], E1<2)
~ &0 Xe, &1,

where we have used that

evy

Map,(1([1], €icz) = Ar(Eic)ica — &

is an equivalence since &;.o — [1] is a left fibration. O

5.3 Localizations and (co)limits of co-categories

We now wish to describe (co)limits in Cat, in terms of (co)cartesian fibrations.
To state this, we first need to briefly introduce localizations of co-categories:

Definition 5.3.1. Suppose C is an co-category and S C €[1] is an co-groupoid of
morphisms that generate a subcategory Cs via Fact 2.11.1. Then the localization
C[S7!] of € at S is the co-category given by the pushout

Cs — lICs]|
Ll
e —— e[s.

Observation 5.3.2. For an co-category D, we get a pullback square

Map(C[S~'], D) —— Map(C, D)

! l

Map(es, @z) e Map(@s, @)
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In other words, a functor € — D factors (uniquely) through €[S!] if and only
if it takes the morphisms in S to equivalences in D.

Exercise 5.2. Let L: € — C[S~'] be the localization functor at S € €[1], and take
S ¢ €[1] to be the co-groupoid of morphisms that are taken to equivalences by L.
Show that then L also exhibits €[S™!] as the localization of € at S.

Remark s5.3.3. It follows that a functor F: € — D exhibits D as the localization
of € at some collection of morphisms if and only if it is the localization at those
morphisms that are inverted by F. Thus “being a localization” is a property of a
functor. (Unfortunately it is a property that we often want to establish but can
be very hard to verify!)

Proposition 5.3.4. Suppose F: € — Cat is a functor that corresponds to the co-
cartesian fibration F 2, e. Then:

coct

» The limit of F is given by the co-category Fun/e (C,F) of cocartesian sections
of F, ie. the full subcategory of Fun,e(C, F) spanned by functors that take all

morphisms of € to p-cocartesian morphisms in F.

» The colimit of F is given by the localization F[S~1, where S is the collection of
p-cocartesian morphisms.

Proof. By definition, the limit is a terminal object in Cate,/p. Using the equiva-
lence Fun(C, Cato,) =~ Cocart(C), this co-category is the pullback

Cato,/p — Cocart(C) /s

l l

Cat, — Cocart(C).

Hence Cato,/r — Cato is the right fibration for the functor
K +— Map?‘éa(e x K, F) ~ Map(X, Funj‘é“(@, F)).

Thus Cate,/F is equivalent to Cat,, JRunes(€.7): which indeed has a terminal object
given by Funfa(C, 5).

To identify the colimit, we similarly observe that Cate, ry — Cats is the left
fibration for the functor

K — Map;‘é“(&", C x X).
Now under the equivalence
Map o (F, € x X) ~ Map(F, €),

oct

the sub-co-groupoid Mape™(J, €x X) corresponds to the co-groupoid of mor-
phisms & — € that take the p-cocartesian morphisms to equivalences, since the
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cocartesian morphisms in € x X are precisely those whose component in X is
an equivalence. Thus we have a natural equivalence

Map{=i(%, € x X) ~ Map(J[$™'],%),

so that Caty, p/ =~ Cat,, 5(s-17/, Which indeed has the required initial object. O

Exercise 5.3. Let g: & — B°P be the cartesian fibration for F. Show that the limit of F
can also be described as the co-category of cartesian sections of g, and the colimit of F
is also the localization of & at the cartesian morphisms.

Exercise 5.4. Generalize the argument from Corollary 5.2.5 to show that pullbacks in
Cat,, are pullbacks in the “external” sense.

5-4 (Co)limits in subcategories

In this section we will prove the following criterion for identifying (co)limits
in a subcategory:

Proposition s5.4.1. Let i: € — € be a subcategory, and p: X — €’ a diagram
such that ip has a limit in © for which the limit cone q: X* — € factors through
€. Suppose a morphism x — limg ip with x € € such that the composites x —

(—o0—k)

limyc ip RSN p(k) arein € for all k € X lies in C'. Then q is also a limit cone
in C'.

Remark 5.4.2. Less formally, this says that the limit of p in € is also the limit of
p in €’ provided that limx ip is contained in €/, and a morphism x — limy ip
with x € €’ lies in €’ if and only if all the composites x — limg ip — p(k) are
in C'.

Observation 5.4.3. Suppose i: ¢’ — € is a subcategory, and € has a terminal
object x. If x lies in €’ and the unique morphism ¢ — x lies in €’ for all ¢ € €,
then x is also a terminal object in €, since we have

0 # C (c,x) — Clc,x) ~ =

Proposition 5.4.4. Supposei: ' — € is a subcategory. Given a diagram p: KX —
C’, the inducedfunctor

is also a monomorphism, exhibi[ing G;p as the subca[egory of Cip whose objects are
the cones q: X° — C such that g(—0) is an object of €' and g(—o0) — q(k) is a
morphism in €’ for every k € K, and whose morphisms among these are those whose
component at the cone point also lies in €.
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Proof. For any co-category £ we have the commutative cube

Map(L,G;P) o > Map(L *x X, €)
Lp)«
Map(L, C/ip) l > Map(L x X, ©)
{r} \ J S Map(K, €)

{ip} S Map(X, ©).

Here we know the front and back faces are pullbacks, and the horizontal mor-
phisms in the right square are both monomorphisms. Moreover, the bottom
face is a pullback (as a fibre of a monomorphism is a point if it is not empty), so
the top face is also a pullback by the 3-for-2 property. This means that (i,). is
a monomorphism of co-groupoids for every £, so that i/, is a monomorphism
of co-categories, as required. Taking £ = [0] we see that the objects of ¢/, are
those cones g: K* — € that factor through €, i.e. those that take the cone point
to an object of €’ and the morphism —co — k to a morphism in €’ for every
k € X; taking £ = [1] we get that the morphisms of ¢ , are those morphisms

among such cones whose component at the cone point lie in €’. m

Asa special case, we hote:

Corollary 5.4.5. Supposei: €' — Cis a full subcategory. Given a diagram p: X —
€', the induced functor

is alsofullyﬁilhful, with image the cones whose cone point lies in C'. In other words,
we have a pullback square

€, — Crip

¢ —— C.
Proof of Proposition 5.4.1. By Proposition 5.4.4 we have a subcategory inclusion
where €/;, has a terminal object g that is in the image of i/,. From the descrip-

tion of this subcategory in Proposition 5.4.4, we see that the given assumptions
imply that for any cone ¢’ € C s the unique morphism i/, (q’) — g is contained

in G;p. Then g is also a terminal object in C‘f;p by Observation 5.4.3. ]

Corollary 5.4.6. Suppose i: ¢ — € is afull subcategory, and p: XK — € isa
diagram such that ip has a limit in C. If lime ip is an object of € then it is also the
limit of p in €. O
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5.5 (Co)limits of functors and iterated (co)limits

In this section we prove two useful results about (co)limits: a (co)limit over a
product can be computed as an iterated (co)limit, and (co)limits in functor co-
categories are computed objectwise. The following result on terminal sections

is the key input for both:

Proposition 5.5.1. Suppose p: € — B is a cocartesian fibration such that each fibre
Ep has a terminal object. Then the co-category Funs(B, &) of sections of p has a
terminal object, which is the unique section s such that s(b) is terminal in & for all b.

We first show that there is indeed such a unique section by making some
observations on fibrewise initial objects:

Observation 5.5.2. Suppose p: & — B is a cartesian fibration, and 0y is an
initial object in the fibre &, over some x € B. Then for any object e € & over
y € B, the induced map

E(0x,e) = B(x,y)

is an equivalence, since its fibre at f: x — y is equivalent to
Ex(Dx, fTe) = =,

where f*e — e is a cartesian lift of f at e. In particular, if x is an initial object
of B, then an initial object in &, is also initial in E.

Lemma 5.5.3. Suppose p: & — B is a cartesian fibration such that for every b € B,
the fibre &y has an initial object, and let Einic C & be the full subcategory spanned by
the fibrewise initial objects. Then the restriction of p to a functor

P Einie = B
is an equivalence. In particular, there exists a unique section s of p such that s(b) is

initial in Ebfor every b € B.

Proof. Since every fibre of p has an initial object, p’ is essentially surjective. It
therefore suffices to show that p’ is fully faithful, but this follows from Obser-
vation 5.5.2. A section s of p whose values are fibrewise initial objects is then
precisely an inverse of the equivalence p’, and so is indeed unique. O

To complete the proof of Proposition 5.5.1 we first need an alternative de-
scription of the overcategories Fun;s (B, &) /5.

Notation 5.5.4. For p: & — B, we define Arg (&) to be the full subcategory of
Ar(€) on the arrows that lie over equivalences in B, i.e. the pullback

Arg(E) —— Ar(€)

[

B — Ar(B);
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note that ev; for i = 0, 1 then restricts to a functor Arg(€) — & over B. For a
section s: & — B, we then define &5 by the pullback

Eys — Arg(E)

\Lp/s levl

B ——> €.

Then evy induces a functor &5 — €.
Exercise 5.5. Show that there is a natural equivalence
Ar(Fun;s (B, €)) = Fun;3 (B, Arg (€))

and a pullback square

FUI‘\/:B('B,S//S) R Fun/g(B,ArB(E))

l l

{s} ——— Fun/3(B,%),
and conclude that there is a canonical equivalence
Fun/g (B, 8)/5 =~ Fun/B (B, 8//3)
over Fun,5 (B, €)

Proposition 5.5.5. If p: € — B is a cocartesian fibration, then evy: Arg(€) — &€
is a cocartesian fibration, with the cocartesian morphisms being those that map to p-
cocartesian morphisms under ev.

Proof. We first prove a morphism « of Arz (&), given by a commutative square

xL)x'

|k

y——7Y

such that f is p-cocartesian, is a cocartesian morphism. For this we consider,
for an object g: z — w in Arg (&), the commutative cube

Arg(E)(t,q) > Arg(E)(s,q)
|
E(x', 2) > E(x,2)
1
&y, w) > E(y,w)
[t ™~
E(x,w) > E(x, w),
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from Exercise 3.9, where the left and right faces are pullbacks by Proposi-
tion 3.6.1. To show that « is a cocartesian morphisms, we need to prove that the
back face of the cube is a pullback for any gq. We claim that the front face of the
cube is a pullback, so that this follows from the 3-for-2 property. To see this,
observe that from p we get a commutative cube

E(x’,2) I > E(x,2)

q+ g+

T , J

E(x',w) J/ > E(x,w)
f f) .

B(px’, pz) — s B(px, pz) o

Y P L
B(px', pw) > B(px, pw).

Here the front and back faces are pullbacks since f is p-cocartesian, as is the
bottom face since p(q) is an equivalence. Hence the top face is indeed also a

pullback by the 3-for-2 property.

It remains to check that for any object x % y of Arg(&) and morphism

g: y — v/, there exists a cocartesian lift of g at s. For this we choose a p-

cocartesian lift f: x — x” of p(gs) at x; then gs factors uniquely as x EIVEN y

where t lies over an equivalence in B. Then the commutative square

xL)x'

| I

is a morphism in Arz(€) where f is p-cocartesian, so that this gives the required
cocartesian lift. i
Combining this with Proposition 3.5.15, we get:

Corollary 5.5.6. If p: & — B is a cocartesian fibration and s is a section of p, then
pys: s — B is a cocartesian fibration, with the cocartesian morphisms being those
that map to p-cocartesian morphisms under evy. O

Proof of Proposition 5.5.1. We want to show that the (unique) fibewise terminal
section s is a terminal object in Fun;5 (B, €), i.e. that the forgetful functor

FUI’\/B(B, 8)/5 - FUI’\/B(B, 8)
is an equivalence. By Exercise 5.5, we can identify this with the functor

Fun/g(B, 8//3) - Fun/g(B, 8)
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given by composition with evy/s: €5 — &. It therefore suffices to show that
evy/s is an equivalence. But from Corollary 5.5.6 we know that this is a mor-
phism of cocartesian fibrations over B. By Proposition 3.5.14 it is therefore
enough to show it gives an equivalence on all fibres over B. But over b € B
the definition unpacks to give the forgetful functor &,/55y — €p, which is an
equivalence by our assumption that s(b) is a terminal object in &. m]

We can extend these constructions to a parametrized version of more gen-
eral slices:

X

Notation 5.5.7. For p: & — B, let &)

denote the pullback

£, — Fun(K, £)

| |

B —— Fun(X, B).

A section of 82%) over B then corresponds to a functor ¢: B x K — & over B.
We define € 4 by the pullback

Epg — (€59

| |

X
E ——3 € B)
over B, where the bottom horizontal functor corresponds to the projection
ExK — E.

Observation 5.5.8. If p: &€ — B is a cocartesian fibration, then for any functor
¢: BxK — & over B, the co-category & 4 is a pullback of cocartesian fibrations
over B along morphisms of cocartesian fibrations, and so is itself a cocartesian
fibration over B.

Exercise 5.6. Show that there are natural equivalences
Fun3 (B X K, €) = Fun(X, Fun (B, €)) = Fun;s (B, £(5)).
Use this to show that for ¢: B x X — & over B, we have
Fun/s (B, €)/4 = Fun;5 (B, E4).

Corollary 5.5.9. Let p: & — B be a cocartesian ﬁbration and consider afunctor
¢: K — Fun;s(B, &), which corresponds to a commutative triangle

K xB

\
7
Pry %

B.

€
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Suppose that for every b € B, the induced functor on fibres ¢ K — & has a limit in
Ep. Then the functor ¢ has a limit in Fun,s (B, £), given by the unique cone on ¢ that
selects the limit cone in each fibre.

Proof. We want to show that the co-category Fun;z(3B, €),4 has a terminal ob-
ject. Using Exercise 5.6, we can identify this as the co-category Fun;s(3B, € 4)
of sections of the cocartesian fibration pj4: €4 — B. Unpacking the defini-
tion, the fibre of this over b € B is £,4,, which by assumption has a terminal
object. By Proposition 5.5.1, the fibration p;4 therefore has a unique section
given by these terminal objects fibrewise, and this is the terminal object of
Fun/g(B, 8//¢). O

Corollary s.5.10. Suppose ¢: KX — Fun(B, C) is a functor such that ¢(=b) has a
limit in @ for all b € B. Then ¢ has a limit in Fun(B, C), given by the unique cone on
¢ that selects the limit cone of ¢(=b) for each b € B.

Proof. Apply Corollary 5.5.9 to the cocartesian fibration prgy: €xB — B. O

Corollary s5.5.11. Suppose ¢: A x B — C is a functor such that $(a,-): B — C
has a limit for all a € A. Let y: B — C be the limit of ¢ viewed as a functor
B — Fun(A, €), which exists by Corollary 55.10. Then ¢ has a limit in C if and only
if ¥ does so, and these limits are equivalent if either exists. In other words, we have an
equivalence

limﬂxg ¢ = limaeA (limg ¢(a, —)) .

Proof. We have a commutative diagram

Cjp — Fun(B,C);y —— Fun(AxB,C)y

l l l

€ — Fun(B,€) — Fun(A x B,€)

where the right and composite squares are pullbacks (and we abuse notation by
writing ¢ also when we view this as a functor A — Fun(3B, €)). Then the left
square is also a pullback by the 3-for-2 property. But here  is the limit of ¢ in
Fun(3B, €), so we have an equivalence Fun(3B, €) 4 =~ Fun(B, €),,, over Fun(B, C).
This pulls back to an equivalence €4 =~ € of right fibrations over €. The
limit of ¢ is a terminal object of €/4; this exists if and only if the equivalent
co-category €y has a terminal object, which gives the required equivalence of
limits. m

Remark 5.5.12. The formula for iterated limits in Corollary 5.5.11 can be gen-
eralized to describe limits of the form lim,e 4 limg(q) ¢a, where @ is a functor
A% — Cato, as limits indexed over the cartesian fibration for ®. It is possible to
generalize the proof strategy we have used to also cover this case, but it requires
more involved constructions (cf. [Lurog, §4.2.2]), using in particular the right
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adjoint to pullback along a cartesian fibration, which we have not introduced.
We will instead prove this in a different way in §7.4

Observation 5.5.13. Given a functor ¢: AXB — € such that ¢(a,-) and ¢(=, b)
have limits in G, for all a € A and b € B, we get an equivalence

limgeq limg ¢(a,-) = limaxs ¢ = limpes limy ¢ (= b)
if any of these three limits exist (since then they all exist and are equivalent).

As another application of Corollary 5.5.9, we can describe limits in the limit
of a diagram of co-categories:

Corollary s.5.14. Suppose C is the limit of a functor F: X — Cate and consider a
functor ¢: L — €. If the composite ¢r: L — C — F(k) has a limit for every k, and
these limits are preserved by the functor F(f) for every morphism f in XK, then ¢ has a
limit in €, and the limit cone is the unique cone that maps to the limit cone of ¢y for
each k.

Proof. Let p: € — X be the cocartesian fibration for F. Then the limit € is
the co-category Funise (X, €) by Proposition 5.3.4, which is a full subcategory
of Fun,x (X, &). By Corollary 5.5.9, ¢ has a limit in Fun;« (X, €), given by the
unique cone that picks out the limit cone in each fibre &, ~ F(k). By assump-
tion, this limit is furthermore a cocartesian section of p, so that it is also the limit

in the full subcategory Fun%’ft(JC, &) by Corollary 5.4.6. m]

Corollary s.5.15. Suppose F: X — Cato is a functor such that the co-category
F(k) has L-shaped limits for all k € X, and the functor F(f) preserves these for all
morphisms f in K. Then the co-category limy F also has L-shaped limits, and the
functors limg F — F(k) in the limit cone preserve these. O

5.6 (Co)limits in slices

In this section we will describe limits in over- and undercategories. We start
with overcategories, for which we use the following:

Proposition 5.6.1. Consider functors p: K — € and q: L — €, and let g’ be the
diagram £ x K — € corresponding to q. Then there is an equivalence of co-categories

(Crp)ig = Crq

over C.
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Proof. For any co-category A, we have a commutative diagram

Map(A, (C/p)/q) — Map(A % L,C/,) ——> Map(Ax L x X, C)

l ! l

{gf ——— Map(£,C)p) ——— Map(Lx K, C)

l l

{r} > Map(X, €)

where all the squares are pullbacks. But the composite square in the top row
is also the pullback square for Map(A, €/4), so (since the Yoneda embedding is
fully faithful) we have the required equivalence. i

Corollary 5.6.2. Let p,q,q’ be as above. Then a cone §: L% — €, for q is a limit
cone if and only if the associated cone @'+ L% % K — € is a limit cone for q'. In
particular, q has a limit in Cy,, if and only if ¢’ has a limit in C. i

As an important special case, we note:

Corollary 5.6.3. For ¢ € C, consider q: L — €. corresponding to q': £~ — C. A
cone q for q is a limit cone if and only if the associated cone @' is a limit cone for q'. In
particular, q has a limit in C;¢ if and only if ¢’ has a limit in C. O

Corollary 5.6.4. The co-category C; has all limits of shape L if and only if C has
limits for all diagrams of shape L* that take the cone point to c. O

Example 5.6.5. For ¢ € C, the product of x — ¢ and y — ¢ in €, (a limit over
{0,1}) is the pullback x x. y in € (a limit over {0, 1}*).

Now we turn to undercategories, for which we need (the dual of) the fol-
lowing observation about initial objects:

Proposition 5.6.6. The following are equivalent for an object x of an co-category C:
(1) x is initial.

(2) There exists a section of the forgetful functor €,y — € that takes x to idy.

(3) There exists a cone y: C* — € on ide that takes —co — x to id,.

Proof. The object x is initial if and only if the forgetful functor p: €,; — Cisan
: . o . . . P
equivalence. A section s of p is an inverse to p if and only if the composite C; —

e e, ; is homotopic to the identity. But this functor is uniquely determined
by where it sends idy by Corollary 4.2.2, which means that s is inverse to p
if and only if s(x) =~ id,. Thus the first two conditions are equivalent. But a
section of p corresponds to a cone C° — C that restricts to the identity on €
and takes the cone point to x. Such a cone then corresponds to an inverse of p
precisely when it takes the map —co — x to id,. m|
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Corollary 5.6.7. For any co-category XK, the cone point —oo in K= is an initial object.

Proof. We must construct y: (X)° — K that restricts to the identity on X~
and takes the map between the two cone points in the source to id_c. But here

(K%)= [1] * X,
and we can take the map sy % idg: [1] * K — [0] * K. m]

Proposition 5.6.8. Suppose € has a terminal object x. Then for any functor p: K —
C, the co-category Cp; has a terminal object, which is the unique object that lies over x.

Proof. Since €/, — C is an equivalence, any diagram £ — € has a unique

extension £” — C taking the cone point to x. In particular, there is a unique

cocone p’ on p taking the cone point to x, and we need to prove that this is

a terminal object of €,,. For this we consider the extension of the canonical

functor X x €,;, — € over K % Cp; * [0] — €, which we can regard as a cocone
y: (Cp))” — Cpy,

which takes the cone point to p’. Applying (the dual of) Proposition 5.6.6 it
suffices to show that y takes the map p” — o to the identity of p’. But this map
corresponds to a functor

(K —>¢e

that restricts to p’ and takes the cone point to x. By uniqueness this must cor-
respond to id,y. mi

Observation 5.6.9. Consider f: £L x X — Cand let q := f|z, p := flx; then
we get view f as both a diagram

5 —Cy

and as
q: L = G/P‘

In this case there is an equivalence
(Canrp = (Crp)g

over G, since maps from an co-category A to either correspond to maps
LrxAxK—-C

that restrict to f on £ % XK.

Corollary 5.6.10. Forq: £ — Candp: X — €, letp’: K — € be the underlying
diagram in C. If p’ has a limit in C, then p has a limit in Cgy, and the limit cone for p
is the unique lift of the limit cone for p’.
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Proof. By Observation 5.6.9 we have an equivalence

(Cqn)rp = (Crp)g s

where ¢’ is p viewed as a functor £ — €. The result then follows by applying
Proposition 5.6.8 to €. m|

Corollary 5.6.11. Suppose the co-category € has limits for all diagrams of shape K.
Then so does Cy; for any diagram q: £ — €, and these are preserved by the forgetful
functor to C. ]

5.7 (%) More on localizations

In this section we collect some further results on localizations.
Lemma 5.7.1. For any co-category X, we have

[1ICP]| = [1K]]
Proof. For an co-groupoid X, we get natural equivalences

Map([[K°P]|, X) ~ Map(K°P, X)
~ Map(X, X°P)
=~ Map(XK, X)
~ Map([[ X[, X),

since X°P ~ X, O

Proposition 5.7.2. If € is an co-category and X is an oo-groupoid, then Fun(C, X)
is an oo—groupoia'. Hence in the commutative square

Map(||C|, X) ——> Map(C, X)
Fun(]|€]|,X) —— Fun(C,X),

all the morphisms are equivalences.

Proof. We have a commutative triangle

Map(C, X)

Map([1], Fun(€, X)) - > Map(C, Ar(X)),

where the horizontal and right diagonal maps are equivalences. Hence the left
diagonal is also an equivalence, as required. O
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Corollary 5.7.3. For co-categories C, D, the canonical map ||€ x D|| — [|C|| x [|D||
is an equivalence.

Proof. For an co-groupoid X we have natural equivalences

Map(||C x DI}, X) = Map(€ x D, X)
=~ Map(C, Fun(D, X))
= Map(C, Map(|| D], X))
~ Map(||C[|, Map(|| D], X))
= Map(|[C]| x | D], X).

Tracing this through, we see that this given by composition with the the canon-
ical map [|€ x D|| — ||€]| x || D]], so that this is an equivalence. m|

Proposition 5.7.4. Consider a functor L: C — € and a collection S of morphisms
in C that are taken to equivalences by L. Then thefollowing are equivalent:

(1) L exhibits C" as the localization C[S™!].
(2) For any co-category D, composition with L gives a fully faithful functor
L*: Fun(C’, D) — Fun(C, D),
whose image is precisely the functors that take the morphisms in S to equivalences.
(3) Composition with L gives a fully faithful functor
L*: Fun(C’,Gpd,,) — Fun(C, Gpd,,),
whose image is precisely the functors that take the morphisms in S to equivalences.

Lemma 5.7.5. Let £: € — ||C|| be the localization of an co-category € to an co-
groupoid. Then the functor

2" : Fun(]|C||, D) — Fun(C, D)

given by composition with ¢ is fully faithful for any co-category D, with image those
[functors that take all morphisms in € to equivalences in D.

Proof. Unpacking the definitions, to see that £* is fully faithful we must show
that the square

Map(C, Ar(D)*) —— Map(C, Ar(D))

! l

Map(C, D= x D) —— Map(C,D x D)

is a pullback. This holds because Ar(D) — D x D is conservative by Proposi-
tion 2.5.5. ]
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Proof of Proposition 5.7.4. Since L takes the morphisms in S to equivalences, we
have for any co-category D a commutative square

Fun(€’,D) —X—% Fun(C, D)

l |

Fun(]|Cs]l, D) —— Fun(Cs, D).

Here we know the bottom horizontal map is fully faithful by Lemma 5.7.5. If
(1) holds then this square is a pullback, so that L* is also fully faithful (by the dual
of Lemma 2.4.7), and its image is as required by the pullback square on cores.
Conversely, if (2) holds, then Exercise 2.16 implies that the square is a pullback if
and only if it is one on sets after applying ()=, and this is true by the assumed
description of the image of L*; then we have in particular a pullback on cores,
which gives (1).

(3) is a special case of (2), so it remains to prove that it implies the gen-
eral case. Using the Yoneda embedding D < PSh(D), we get a fully faithful
functor

Fun(A, D) < Fun(A, PSh(D)) = Fun(D, Fun(A, Gpd.,)),

so that L* fits in a commutative diagram

Fun(€’, D) L S Fun(C, D)

! l

Fun(D°P, Fun(¢’, Gpdm)}um*)Fun(D, Fun(C°P, Gpd.,)),

where the bottom horizontal functor is fully faithful by Corollary 2.6.4. It fol-
lows that L* is fully faithful, and its image is those functor F: € — D such that
for every d € D the functor D(F(-),d) takes the morphisms in S to equiva-
lences; but by Lemma 2.9.6 this is equivalent to F taking these morphisms to
equivalences in D. m]

Lemma 5.7.6. Localizations are left orthogonal to conservative functors.

Proof. From Lemma 2.4.7 we know left orthogonal maps are closed under cobase
change, so it suffices to show that a conservative functor F: € — D is right or-
thogonal to X — ||X|| for any co-category K. This amounts to the square

Map (X, C*) —— Map(K, D7)

! l

Map(X, €) —— Map(K, D)

being a pullback, which follows from Exercise 2.13. m]
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Lemma 5.7.7. For co-categories K, £ we have a pushout

L£x K> — |IL] x K=

l l

LxK — |IL] x K.

Proof. We must show that we get a pullback on maps to any co-category €. The
resulting square we can rewrite as

Map(||£|], Fun(X, €)) ——— Map(L, Fun(X, €))

| !

Map([|£]l, Fun(X=, €)) —— Map(L, Fun(X*, €)).

This is a pullback since composition with the essentially surjective functor X* —
K gives a conservative functor Fun(X, €) — Fun(X=, €)by Exercise 2.18, and lo-
calizations are left orthogonal to conservative functors by Lemma 5.7.6. m]

Lemma 5.7.8. Consider a localization L: € — C[S™!]. For any co-category X, the
product € x KX — C[S™'] x K is the localization of € x X at the morphisms whose
components in € lie in S.

Proof. Consider the commutative diagram

Cs X K= —— [[Cs|| x X=

l |

(‘35)(9(: _— ||(‘35|| x K

l |

CxK — C[S™'] x XK.

Here the bottom square is a pushout since (-) x X preserves these, and the top
square is a pushout by Lemma 5.7.7. This exhibits C[S™'] x K as a localization
since [|Cs]| X K= = ||Cs x K=|| by Corollary 5.7.3. |

Proposition 5.7.9. Suppose L: D — C is a functor such that there exist
» a fully faithful functori: € — D,
» a natural equivalence Li ~ ide,
» and a natural transformation n: idp — iL such that Ln is an equivalence.'

Then L is a localization.

"We may also take n: iL — idp here.
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Proof. Let A: D — D[S™!] be the localization of D at the collection S of mor-
phisms inverted by L; then L factors as

L

DAoL e

we want to show that L’ is an equivalence with inverse i’ := Ai. By assump-
tion we have L’i’ ~ Li ~ ide. For the other direction we consider the natural
transformation Ap: A — AiL =~ i’L’A. By Lemma 5.7.8 this factors as

D x [1] 29, prs—1x (1] L prsy,

where ' is a transformation idps-17 — i’L’. But since all components of 7 also
lie in S, the transformation n’ is in fact a natural equivalence, as required. O
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Chapter 6

Free fibrations, adjunctions and
cofinality

6.1 Free fibrations

In this section we study free (co)cartesian fibrations, which turn out to be useful
surprisingly often.

Notation 6.1.1. Given functors F: A — G, G: B — C, we write A?eB for the
pullback

AXeB —3 Ar(C)

\L \L(evo,ew )

An object of AX ¢B then consists of a € A, b € Banda morphism F(a) — G(b)
in C. This construction has a number of names in the literature: it is often called
the oriented, directed or lax pullback of F and G; for mysterious historical reasons
it is also referred to as the “comma construction”.

Definition 6.1.2. Given a functor F: A — B we write
Feoce(F) = AX 5B = A x5 Ar(B) — B,

where the pullback is over F and evj and the map to B is induced by evy. Dually,
we write

Searc(F) := BXpA — B,

with the functor to B induced by evy.

Observation 6.1.3. By Lemma 4.3.10, the functor AXeB — AxB is a bifibra-
tion for any F, G. In particular, Fcoce(F) is a cocartesian fibration over B, with
the cocartesian morphisms being those that map to equivalences in A. Dually,
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Scare(F) is a cartesian fibration, with the cartesian morphisms being those that
map to equivalences in A.

The functor s}: B — Ar(B) given by composition with the degeneracy
so: [1] — [0] pulls back along any functor F to a section np: A — F(coycare(F).
We will show that this exhibits & (co)care (F) as the free (co)cartesian fibration on
F, in the following sense:

Theorem 6.1.4. For any functor F: A — B and any (co)cartesian fibration p: € —
B, composition with np restricts to an equivalence

M Fun(s ™ (Fcopeare (F), €) = Funs (A, €).

We will prove this by giving an explicit inverse. To describe this we first
make some observations about F(co)carc(p) When p is already a (co)cartesian
fibration:

Observation 6.1.5. When p is a cocartesian fibration, we can interpret Propo-
sition 3.6.4 as providing an equivalence

Arcoct(€) = Beoce (p)

over B, via the pullback square

Arcoct(€) —2% €

Ar(p)l \LP

AI’(B) T B

Under this equivalence a cocartesian morphism in Feoce(p) corresponds to a
commutative square

]

o — > o

where the vertical morphisms are p-cocartesian and the top horizontal mor-
phism is an equivalence. By the 3-for-2 property from Lemma 3.5.3 it follows
that the bottom horizontal morphism is also cocartesian, so that

evy: Argoee(E) = €

efines a morphism of cocartesian fibrations over B; we think of this as a mor-
defi h t t fibrat B think of th
phism

€p: %coct(P) —p
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in Cocart(B). We also note that under the equivalence, the map 7, corresponds
to the inclusion & < Arcoec(€) of the equivalences, so that the composite

& Aroce(8) D &

is homotopic to the identity. Moreover, the morphisms €, are natural in mor-
phisms of cocartesian fibrations — for any morphism of cocartesian fibrations

&1 ¢ )
e
N
‘Bs

there is a natural commutative square

Arcoce (@)
Arcoct ( & 1 ) — Arcoct ( & 2)

ev 1\L \Levl

which we can interpret as a square

%COC(( )
%coct (Pl ) —¢> %coct (PZ)

ef’ll \Leﬂz

p1 —>¢ p2

of cocartesian fibrations over B.

Proof of Theorem 6.1.4. We will prove the cocartesian case, by showing that nj,
has an inverse 7, which takes

A— 9P  se
F

N, A
B

to the composite

—
B

ARgB 28 eRaB — Ly ¢

Feoct (F) P
B.
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We will show that the composites of this with 7}, in both directions give the
identity. On the one hand, for a morphism ¢: F — p we have a natural diagram

over B

#p

F
npl l,,,\
%coct(F) m %coct(p) 6—13) j 2

which shows that n;.7(¢) =~ ¢, naturally in ¢. For the other direction, we ap-
ply the naturality of € in morphisms of cocartesian fibrations to a morphism
Scoct (F) — p. Note that here 2, (F) = Arcoct(Feoce(F)) can be identified with
AxgFun([2], B), with ez (r): Focc(F) = Seoct(F) given by restriction along
di: {0 < 2} < [2] and Feoce(MF) : Feoce(F) — %goct(F) given by composition
with s;: [2] — [1]. Since d; o s; = id[1], we see that for ¢: Feoce(F) — p there
is a natural commutative diagram

Beoce (11F) Beoce (@)
%coct(F) 4’7 %goct(F) —¢> %coct(p)

\ \Le%coct (F) \Lep

Beoce (F) —>¢ p;

which shows that 77}, ~ id. i

6.2 Representable bifibrations

As a consequence of Theorem 6.1.4, the free (co)cartesian fibrations also have
universal properties as bifibrations:

Proposition 6.2.1. Let p: € — A X B be a bifibration.
(i) Given a functor F: A — B, restriction along
np: A — AX5B ~ (F,id)*Ar(B)
induces an equivalence

Map 455 ((F,id)"Ar(B), &) = Map, 1,5 (A, €).

(ii) Given a functor G: B — A, resiriction along
nG: A — AX 4B = (id, G)*Ar(A)
induces an equivalcnce

Map/AxB((ids G)*Ar(A), &) =~ Map/AxB(B’ ).
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— .
Proof. We prove the first case. Here we know that AX3B — B is the free
cocartesian fibration on F, so that

Funjg;t(ATZBB, &) —=— Fun/3(A, &)

| |

Fun;%Ct(ATZgB,A x B) —— Fun;s(A,A x B)

with the horizontal maps being equivalences. We then get an equivalence on

fibres
N
Map/AxB('A XpB, &) ~ Map/AX.B (A, E),

since any functor AX3B — €& over A X B automatically preserves cartesian
morphisms over A by Observation 4.3.4. m]

As a special case, we can identify the free bifibration on an co-category C:
Corollary 6.2.2. For any co-category C, Ar(C) — € x C is the free bifibration on
e 4 C x C, in the sense that composition with s, gives an equivalence

Fun,exce(Ar(C), &) — Funjexe(C, €)
for any bifibration € — € x C. i
Definition 6.2.3. We say a bifibration p: € » A X B is

» corepresentable if for every a € A, the left fibration &, — B is corepre-
sentable, i.e. &, has an initial object,

» representable if for every b € B, the right fibration &, — A is representable,
i.e. &p has a terminal object,

» birepresentable if it is both representable and corepresentable.
Proposition 6.2.4. For a bifibration p: & — A X B, we have:

> p is corepresentable if and only if there exists a functor F: A — B and an equiv-
alence & ~ (F,id)*Ar(B) over A x B.

> p is representable if and only if there exists a functor G: B — A and an equiva-
lence & ~ (id, G)*Ar(A) over A x B.

Proof. We prove the first case. To start with, we note that (F, id)*Ar(B) is always
corepresentable, since its fibre at a € A is Bp(,); — B. Now we suppose that p
is a corepresentable bifibration. Let &y denote the full subcategory of € on the
fibrewise initial objects over A; then py is a cartesian fibration with fibrewise
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initial objects, so that the restriction of p4 to q: €y — A is an equivalence by
Lemma 5.5.3. If we set F := pq~' we then have a commutative triangle

-1
A a NS
Mﬁ %
A x B.

By Proposition 6.2.1 this extends uniquely to a commutative triangle

(F,id)*Ar(B)

\/8

A x B,

and we claim that ¢ is an equivalence. It suffices to check this on fibres over
a € A, where we get a functor Br(q); — &, over B; this is an equivalence since
by construction it takes idp(,) to the initial object of &,. ]

In the next section we will see that birepresentable bifibrations correspond
to adjunctions. We can also identify the bifibrations that correspond to equiva-
lences:

Proposition 6.2.5. The following are equivalent for a bifibration p: € — A x B:

(1) € is both corepresentable and representable, and an object of € is fibrewise terminal
over A if and only if it is fibrewise initial over B.

(2) There exists an co-category C and an equivalence of bifibrations

Ar(@) —— &

I

CxC —> AXxB
axp

where o and p are equivalences.

Proof. Given (1), we take C to be the full subcategory of € on the fibrewise
initial/terminal objects. Then & := psle and p = pse are both equivalences by
Lemma 5.5.3, so we have a commutative square

C—— ¢

| !

CxC — AxB.
axp
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Now Corollary 6.2.2 implies that we can extend the top horizontal morphism
over Ar(C) to

Ar(@) —— &

l l

CxC —> AXDB,
axp

and we want to prove that the functor Ar(€C) — € is an equivalence. For this it
suffices to check on fibres over each x € € in the second variable, where we get
a morphism of right fibrations

Cix — Epx)

Lol

C— A

But this is an equivalence since x is terminal in €g(y). This proves (2). For the
converse, it suffices to observe that the fibrewise terminal and initial objects in
Ar(C) are both given by the objects that are equivalences in C. i

Observation 6.2.6. Let p: & — C x € be the bifibration obtained from un-
straightening €(-,-) in the “wrong” order (first to a functor C°P — LFib(C)
and then to a cartesian fibration € — € over € x €). Then from naturality
of straightening we can conclude that Proposition 6.2.5 applies to p. It follows
that p straightens to €(-,-), but potentially composed with an autoequivalence
of €. Since I can’t prove that this is homotopic to ide, we have to assume the
following:

Fact 6.2.7. Straightening the bifibration Ar(C) — € x € in both orders produces the

same functor
C(=s-): CP x € — Gpd,,.

For our discussion of adjunctions below the following special case of Propo-
sition 6.2.1 (which I learned from [RV22, §3.5]) will be particularly useful:

Corollary 6.2.8.
(I) Forfunctors G:C—oB F:B—AP:C— A, the Oo-groupoid
Map g ((id, G)"Ar(B), (F, P)*Ar(A))

is equivalent to the oo-groupoid Nate 4 (FG, P) ofnatural transformations. The
equivalence takes a natural transformation a: FG — P to a map over B X C given
at (b,c) by the composite

B(b, Ge) L5 A(Fb, FGe) 2 A(Fb, Pe).
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(2) For functors F: B — €,Q: B —> A, G: € — A, the co-groupoid
Mapg.c ((F,id)*Ar(€), (Q, G)"Ar(A))

is equivalent to the oo-groupoia' Nate 4 (Q, GF) ofnatuml lmnsformations. The
equivalence takes a natural transformation p: Q — GF to a map over B x C given
at (b, c) by the composite

e(Fb,c) - A(GFb,Ge) 25 A(Ob,Ge).

Proof. We prove the first part. By Proposition 6.2.1 there is an equivalence
MaP/Bxe((id, G)"Ar(B), (F, P)*Ar(A)) = Map g, (C, (F, P)"Ar(A))

where we can further identify the right-hand side as

> Ar(A)

G
Map 4 (€ Ar(A)) = (m,p\ /

A x A.

Using that Ar(Fun(C, A)) =~ Fun(C, Ar(A)), we can identify this as the mapping
oco-groupoid from FG to P in Fun(C, A), i.e. the co-groupoid of natural trans-
formations FG — P. It remains to show that the inverse of this equivalence is as
described. From the proof of Theorem 6.1.4 and the description of cocartesian
transport for Ar(A) in Example 3.6.8, we can identify the functor corresponding
to a: € — Ar(A) over FG, P as the composite

Ar(B) x5 € A A) 34 Ar(A) —— Ar(A)

| l l

B - > A - !

where the second map is given by composition in A. The horizontal composite

F C .
thus takes b ﬂ Gce to Fb —¢> FGe 25 Pe as required. O

Exercise 6.1. Prove that the equivalence in Corollary 6.2.8 is compatible with compo-
sition, in the following way: Given functors F: € —» D,G: D —» C,P: D — B,Q: € —
B and morphisms of bifibrations

(F,id)*Ar(D) — (id, G)*Ar(C) — (P, Q)*Ar(B)

corresponding to natural transformations «: id — GF, f: QG — P, show that the
composite corresponds to the natural transformation

F
02 ocr 2 pr.
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Proposition 6.2.9. For p: & — [1], let is: & — & be the inclusion of the fibre at
s =0, 1; we then have a bifibration'

(i(), i])*AI’(E) i) 80 X 81.

(1) p is a cocartesian fibration if and only if q is corepresentable, in which case q is
equivalent to (F,id)*Ar(E1) where F: &y — & is the straightening of p.

(2) pisacartesian fibration if and only if q is representable, in which case q is equivalent
to (id, G)*Ar(&¢) where G: €1 — & is the straightening of p.

Proof. We prove the cocartesian case. Here q is corepresentable if and only if
for all x € &, the left fibration

Eix) = Exy Xe &1 — &4

is corepresentable. This left fibration corresponds to the copresheaf &(x,-) on
&1, while a cocartesian morphism f: x — y in € over 0 — 1 is one such that
composing with it gives an equivalence

E1(y,e) = E(x,e)

for e € €1, i.e. f exhibits €(x,-) as represented by y. Thus the full subcategory
of (ig, i1)*Ar(€) of fibrewise initial objects is precisely the full subcategory of
Ar(€) on the cocartesian morphisms over 0 — 1, so that q is corepresented by
the composite

&o — Arcoct(8)0—>1 — &,

which is also the straightening of p. o

6.3 Adjunctions

Definition 6.3.1. We say functors F: € — D and G: D — C are adjoint (with
F left adjoint to G and G right adjoint to F) if there exist natural transformations

n:ide — GF, €: FG — idp

(the unit and counit of the adjunction) such that the composite transformations

F G
FAFrGFESF 65 6rc S5 6

are equivalent to identities (the “triangle identities”).

Notation 6.3.2. We will sometimes write F 4 G to mean “F is left adjoint to
G”.

"This construction is in fact part of an equivalence between bifibrations and co-categories
over [1], with the inverse taking a bifibration q: € = AXx B to & x [1] Hgx o1} (AL B).
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Warning 6.3.3. We can interpret this definition as saying that an adjunction
of co-categories is an adjunction in the homotopy 2-category of co-categories.
If one wants to define the co-groupoid of coherent adjunction data correctly
one must be a bit more careful. One option is to specify only one of the two
transformations, say the unit, and require that this satisfies a property as follows:

Observation 6.3.4. For a functor F: € — D we have a commutative square

Ar(€) 2D Ar(D)

| |

@X@W@X@

which straightens to a natural transformation
C(x,y) = D(Fx, Fy)
of functors C°P x € — Gpd,,.

Definition 6.3.5. Given functors F: C — D, G: D — €, a natural transforma-
tion n: ide — GF is a unit transformation if the composite

D(Fx,y) — C(GFx, Gy) — C(x,Gy) (6.1)

is an equivalence for all x € €,y € D, where the first map comes from G as in
Observation 6.3.4 and the second is given by composition with .

Exercise 6.2. Consider a natural transformation a: F — G of functors F,G: A — B.
By viewing a as a functor A X [1] — B, we get a morphism of bifibrations

Ar(A) x Ar([1]) ——— Ar(B)

| |

AX[1]xAX[1] — BxB.

Show that from this we can extract a natural commutative square

C(x,y) i} D(Fx, Fy)

<G)l lay,*

D(Gx, Gy) a—) D(Fx, Gy).

Proposition 6.3.6. The following are equivalent for functors F: € — D andG: D —
C:

(1) F is left adjoint to0 G.

(2) There exists a unit transformation n: ide — GF.
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(3) There exists a natural equivalence D(F— —) =~ C(= G-) of functors €°P x D —
Gpd

Proof. Suppose F is left adjoint to G, so there exists a unit 5 and counit e. We
claim that the composite

C(x,Gy) = D(Fx, FGy) — D(Fx,y)

[o o

where the first map is given by applying F and the second by composition with
€, is inverse to (6.1). Indeed, by naturality (applying Exercise 6.2 to €) we have
a commutative diagram

Fx

D(Fx,y) -3 €(GFx,Gy) —2% D(FGFx, FGy) —~3 D(FGFx,y)

n;l ani‘c ani‘c
C(x,Gy) —— D(Fx.FGy) — s D(Fx,y)
where the composite of our two maps is the composition along the bottom, and
the composition along the top gives the identity by one of the triangle identities.
Similarly, the composition in the other order is also the identity, using the other
triangle identity.
Now suppose 7 is a unit transformation. Then 5 corresponds under Corol-
lary 6.2.8 to a morphism

(F,id)"Ar(D) — (id, G)*Ar(€)
of bifibrations over € x D. Moreover, this is given over (c, d) by the composite
D(Fe,d) — C(GFe,Gd) — C(c, Gd),

which is an equivalence since 7 is a unit transformation. Thus we have an equiv-
alence of bifibrations, which straightens to an equivalence as in (3).

Given the equivalence (3), we can conversely unstraighten this to an equiv-
alence of bifibrations

¢: (F,id)*Ar(D) = (id, G)*Ar(C)

over € x D. By Corollary 6.2.8, ¢ corresponds to a natural transformation
n: ide — GF, while ¢~! corresponds to €: FG — idp. The composite

(F.id)*Ar(D) 2 (id, G)*Ar(C) 2= (F,id)*Ar(D)
is the identity, but also corresponds to the composition

F
FFGF L F

by Exercise 6.1, so this gives one of the triangle identities. The composite in the
other order similarly gives the other identity. O
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Corollary 6.3.7. The following are equivalent for a functor F: € — D:

(1) Fis a left adjoint (i.e. F has a right adjoint).

(2) The corepresentable bifibration (F,id)*Ar(D) is also representable.

(3) The oo-category €4 := € Xp D4 has a terminal object for all d € D.

(4) The presheaf D(F(-),d) on C is representable for all d € D.

(s) The cocartesian fibration F — [1] corresponding to F is also a cartesian fibration.
Dually, the following are equivalent for a functor G: D — C:

(1)) G is a right adjoint (i.e. G has a left adjoiny).

(2’) The representable bifibration (id, G)*Ar(€) is also corepresentable.

(3?) The co-category D¢ := D Xe Cc/ has an initial object for all ¢ € C.

(4) The copresheaf C(c, G(-)) on D is corepresentable for all ¢ € C.

(s?) The cartesian fibration G — [1] corresponding to G is also a cocartesian fibration.

Proof. By Proposition 6.3.6, a functor G is right adjoint to F if and only if there
is a natural equivalence of bifibrations

(F,id)*Ar(D) ~ (id, G)*Ar(C):

The existence of such a G is equivalent to (F, id)*Ar(D) being a representable bi-
fibration by Proposition 6.2.4, and by definition this means that (F, id)*Ar(D)4 ~
C/q has a terminal object for all d € D. Since €y — C is the right fibra-
tion for D(F(-),d), such a terminal object exists if and only if this presheaf
is representable. Finally, it follows from Proposition 6.2.9 that the bifibration
(F,id)*Ar(D) is representable if and only if the cocartesian fibration for F is also
a cartesian fibration. o

Exercise 6.3. Show that if we have an adjunction F 4 G then on opposite co-categories
we have G 4 F°P.

Lemma 6.3.8. Suppose F: C — D has a right adjoint G. Then for any oco-category
A,

» the functor F*: Fun(D, A) — Fun(C, A) has as left adjoint G*,
» the functor F,: Fun(A, €) — Fun(A, D) has as right adjoint G...

Proof. Suppose we have a unit n: ide — GF and counit e: FG — idp. Then
composition with these induce the required unit and counit transformations for
G* 4 F*, F, 4 G,. m]
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Lemma 6.3.9. Suppose F: C — D and F': D — & have right adjoints G’ and G,
respectively. Then the composite F'F is left adjoint to GG’

Proof. We can either see that unit and counit transformations for the adjunctions
F 4 Gand F' 4 G’ can be combined to produce a unit and counit for the
composites, or observe that we have equivalences

(F'F,id)*Ar(€) ~ (F,id)* (F', id)*Ar(&)
~ (F,id)*(id, G")*Ar(D)
~ (F,G')*Ar(D)
~ (id, G')* (F.id)*Ar(D)
~ (id, G")*(id, G)*Ar(@)
~ (id, GG')*Ar(C),
which implies F'F 4 GG'. m

Exercise 6.4. Show that if € has all limits of shape X, then the constant diagram functor
€ — Fun(X, ©) has a right adjoint, given by taking limits of such diagrams. Dually, if
€ has all KX-shaped colimits, the same functor has a left adjoint.

Proposition 6.3.10. Suppose F is left adjoint to G with unit n and counit e. Then:
(1) F is fully faithful if and only if 1 is a natural equivalence.
(2) G is fully faithful if and only if € is a natural equivalence.

Proof. We prove the first case. Here we have from Exercise 6.2 a natural com-
mutative diagram

Clx,y) — 1 D(Fx, Fy)

\L(G)

C(GFx, GFy)
C(x,GFy)

for all x,y € €. Here the vertical composite is an equivalence, so that n} is an
equivalence if and only if the top horizontal map is an equivalence. This holds
for all y if and only if 5 is an equivalence in €, and this in turn holds for all x
if and only if 7 is a natural equivalence. Thus 7 is a natural equivalence if and

only if F is fully faithful, as required. o
Corollary 6.3.11. Suppose F: C — D is left adjoint to G: D — C.

(1) If G is fully faithful, then F is a localization.

(2) If F is fully faithful, then G is a localization.
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Proof. We prove the first case; the second is proved similarly, or by observing
that localizations are closed under taking op. By Proposition 6.3.10 the counit
e: FG — id is a natural equivalence. For the unit n we then have that Fr is also
a natural equivalence, since the composite

F
F rGF < F

is the identity and the second map is an equivalence. The conditions of Propo-
sition 5.7.9 therefore hold, so that F is a localization. m]

6.4 (x) Free left and right fibrations

In this section we will describe the free left and right fibrations on a functor,
i.e. the left adjoints to the fully faithful inclusions

LFib(‘B), RFib(B) <> Cate/s,
and look at the morphisms that are inverted by these.

Observation 6.4.1. The universal property of the localization ||-||: Cat, —
Gpd.,, says precisely that this is a left adjoint of the inclusion Gpd,, < Catw. By
Lemma 6.3.8, this induces for any co-category X an adjunction

Fun(X, Cate) 2 Fun(X, Gpd,,).
In terms of fibrations, this means that the fully faithful inclusions
LFib(X) < Cocart(X), RFib(X) — Cart(X)

have left adjoints (=)’ and (-)", respectively. For a cocartesian fibration &€ — X,
the left fibration £ — XK has fibre ||Ex|| at k € K.2

Lemma 6.4.2. The fully faithful inclusions LFib(X), RFib(X) < Catex have left
adjoints, given by L§< = Feoct (0 and Ly = Feare (5, respectively.
Proof. The inclusion LFib(X) < Cate/x factors as

LFib(X) < Cocart(X) — Catoox;

its left adjoint is therefore the composite of the left adjoints of these two functors
by Lemma 6.3.9. ]

Definition 6.4.3. A morphism f in Cate/x is called a contravariant equivalence
if L7.(f) is an equivalence in RFib(X). (Dually, we say f is a covariant equiva-
lence if L. (f) is an equivalence in LFib(X), where L. is the localization to left
fibrations.)

20ne can show that € is in fact the localization of € at the morphisms that lie over equiva-
lences in K, but we will hopefully not need this...
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Lemma 6.4.4. A morphism
ce—L o
Nt
X
in Cateo /5 is a contravariant equivalence if and only if for every k € K, the induced
morphism of co-groupoids
1€ Xac Ky [I = 1D xac K

is an equivalence.

Proof. Since L"(f) is a morphism of right fibrations, we can check that it is an
equivalence on fibres. At k € X the formula for Feare(—)" tells us that we get
precisely the give morphism of co-groupoids. O

Proposition 6.4.5. Contravariant equivalences are closed under base change along
left fibrations. In other words, if the morphism f: € — D over B is a contravariant
equivalence in Catoyn and p: € — B is a left fibration, then p*f: Cx5 & — D xp &
is a contravariant equiualence in Catee.

Proof. We use the criterion of Lemma 6.4.4. For e € & we note
(G’ X3 8) Xe 86/ ~ CX3p 86/

and that we have a commutative square

CXgp Ee/ —> D Xxg Se/

1 |-

C Xp pre/ — D xg fBPe/.

Here the Vert.ical maps are equivalences since E¢/ = B, by Lemma 331038 p
is by assumption a left fibration. It follows that the top horizontal map gives an
equivalence on localizations if the bottom horizontal map does so. O

Corollary 6.4.6. Suppose we have a pullback square
e Ly

o] %

B B
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where p is a left fibration. Then the induced square
Le(f) — €

Ll

Li(9) — B

is also a pullback.

Proof. Consider the commutative diagram

& 0 pLhlg) — €
.
N A
B — Li(9) — B,
where the right-hand square is a pullback by definition, and the left square is
a pullback by 3-for-2. Here n: B" — L (g) is a contravariant equivalence in
Catoo/, 5O that p*n is a contravariant equivalence in Cate ¢ by Proposition 6.4.5.

But the target of p*n is also a right fibration over €, so this means that it exhibits
p*Li(g) as Ly (f), as required. i

Proposition 6.4.7. Suppose a functor f: € — D over B is a contravariant equiva-
lence in Cateoys. Then ||f||: |Cl| = D] is an equivalence.

Proof. The functor

forget 1=l
Cat,,yp — Cato, —— Gpd,,

is left adjoint to
(=)xB
Gpd,, — Cat,, —— Cato ;5.

Here the right adjoint factors through the full subcategory RFib(B), which
means that the left adjoint factors through L, as required. O

Lemma 6.4.8. Suppose p: € — B is a right fibration. Then a morphism

@—)D

N

is a contravariant equivalence in Catw ¢ if and only if the morphism

G—)D

N

is a contravariant equivalence in Cato /.
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Proof. By Observation 8.1. we have an adjunction
p : Cat/e 2 Cateo)s 1 p”

where py is given by composition with p and p* by pullback along p. Since p
is a right fibration, this restricts the full subcategories of right fibrations as an
adjunction

1+ RFib(€) 2 RFib(B) : p*

We then have a commutative square

RFib('B) —> Catoo/g

|

RFib(E) —— Catoo/e

of right adjoints. Since left adjoints compose and are unique, it follows that we
also have a commutative square of left adjoints

Lr
Cateje —— RFib(€)

el I

L
Catey5 —— RFib(B).

Since equivalences in RFib(B) are detected in Cat., it follows that for our mor-
phism f: g — hin Catee, Lz (f) is an equivalence if and only if p o L7(f) =
Ly, (p o f) is an equivalence. i

6.5 Cofinal functors

In this section we introduce cofinal and coinitial functors among co-categories,
and show that these have a variety of useful characterizations.

Definition 6.5.1. An co-category € is weakly contractible if ||C|| = .

Definition 6.5.2. A functor p: & — B is cofinal if for all b € B, the co-category
&y = & X By is weakly contractible. Dually, p is coinitial if for all b € B, the
oco-category €, := € X3 B/, is weakly contractible.

Warning 6.5.3. The term cofinal comes from “cofinal subsequences” in analysis
— it does not mean these functors are dual to some class of “final” functors.
Unfortunately many authors ignore this, and in general there is a wide variety of
different naming conventions for cofinal and coinitial functors in the literature
(see Table 6.1 for an (incomplete) list thereof).
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1 €p/ 1| = = 1€ spll = =
This text, [Lan21] cofinal coinitial
[Luroog] cofinal (none)
[Lurr7] left cofinal  right cofinal
[Ker] right cofinal  left cofinal
[RV22], [MLo§] final initial
[Cist9] final cofinal

Table 6.1: Some terminology for cofinal/coinitial functors

For the rest of this section we will state and prove results for cofinal functors,
but of course the dual results for coinitial functors also hold, with the same
proofs.

Proposition 6.5.4. A functor p: & — B is cofinal if and only if LY, (p) is an equiv-
alence (where p is viewed as a morphism p — idz in Cateo/s).

Proof. By Lemma 6.4.2 we can identify L7 (p) as the morphism of right fibra-
tions
(€ x5 Ar(B))" > B

\B’/

where on the left the map to B comes from evy. This is an equivalence if and
only if it is so on all fibres over b € B, where we get

1€ X5 Byl = {b},
which is by definition an equivalence for all b if and only if p is cofinal. i

Observation 6.5.5. Suppose p: & — B is a right fibration. Combining Propo-
sition 6.5.4 with Lemma 6.4.8 we see that a functor f: € — & is cofinal if and
only if f is a contravariant equivalence when viewed as a morphism pf — p in
Catoos. For any functor g: € — B, we can consider the unit morphism

> &

e n
x L% (9)
B.

Here the adjunction identities imply that 5 is a contravariant equivalence over
B; since L (g) is a right fibration, it follows that 5 is cofinal. Thus any functor
has a factorization as a cofinal functor followed by a right fibration.

Corollary 6.5.6. A functor p: € — B is cofinal if and only if it is left orthogonal to
all right fibrations.
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Proof. The functor p is left orthogonal to a right fibration g: ? — € when the
commutative square

Map (B, P) —— Map(B, )

| l

Map(&€,P) —— Map(&,C)

is a pullback, which we can check on fibres over each map f: B — €. The map
on fibres at f we can identify as the morphism

Map 5 (B, f*P) — Map,5(E, fP)

given by composition with p. It follows that p is left orthogonal to all right
fibrations if and only if for any right fibration Q — B, composition with p
gives an equivalence

By adjunction, this is equivalent to L, (p) being an equivalence, which we saw
characterized p as cofinal in Proposition 6.5.4. mi

Corollary 6.5.7. If p: € — B is cofinal, then for any functor ¢: B — €, the induced

morphism of overcategories
Cg/ = Cop/

is an equivalence.

Proof. This is a morphism of left fibrations over €, so it suffices to show it gives
an equivalence on fibres over each x € €. The fibre of €4, at x we can identify
with the co-groupoid of maps B — € that restrict to ¢ on B and take the cone
point to x; this is also the fibre at ¢ of

Fun(B, C/x) — Fun(B,C),

i.e. Map 5 (B, $*C)y), and we can identify the morphism on fibres at x as the
map
Map/B(fB, (]S*G/X) — Map/g(& ¢*G/x)

given by composition with p. If p is cofinal, then this is an equivalence by
Proposition 6.5.4, as required. m]

Corollary 6.5.8. If p: &€ — B is cofinal, then a functor ¢: B — € has a colimit in
C if and only if ¢p has a colimit, in which case the canonical map

colimg ¢p — colimg ¢

is an equiualence.
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Proof. By Corollary 6.5.7 composition with p induces an equivalence : G4 —
Cyp/ over €. Thus €4, has an initial object if and only if €y, does so. The
canonical map on colimits is the image in € of the unique map from the initial
object of €4, to the image of that of Cy, so this is moreover an equivalence if
these initial objects exist. ]

We now consider some first examples of coinitial and cofinal functors:
Proposition 6.5.9. Any localization is both cofinal and coinitial.

Proof. Right and left fibrations are in particular conservative (Exercise 3.1), so a
localization is left orthogonal to these by Lemma 5.7.6. ]

Proposition 6.5.10. For an object x € C, the functor {x} — € is cofinal if and only
if x is a terminal object, and coinitial if and only if x is an initial object.

Proof. The functor {x} — € is cofinal if for all ¢ € C, the co-category
{x} xe €/ = Cle,x)

is weakly contractible, i.e. contractible as this is an co-groupoid; this says pre-
cisely that x is a terminal object. m

Corollary 6.s.11. If X has a terminal object x, then any functor F: 5 — € has a
colimit, given by the object F(x) € C. O

Observation 6.5.12. Suppose the co-category K has a terminal object x. Since
{x} — X is cofinal, we have an equivalence

% = colimy} * — colimg * = [|X]|.

Using Lemma 5.7.1, this implies that ||X]| is also contractible when X has an
initial object.

Putting this together, we have almost proved the following:
Theorem 6.5.13. The following are equivalent for a functor p: € — B:
(1) pis cofinal, i.e. €y, is weakly contractible for all b € B.

(2) LE(p) is an equivalence.
(3) p is left orthogonal to all right fibrations.
(1) For any functor ¢: B — €, the induced functor

Cy/ — Cypy

is an equivalence.
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(s) A functor ¢: B — € has a colimit if and only if ¢p has a colimit, in which case
the induced map of colimits is an equivalence.

(6) For every functor ¢: B — Gpd,, the canonical map
colimg ¢p — colimg ¢

is an equivalence.

Proof. We have already seen that the first three items are equivalent and imply
the next two. The sixth item is a special case of the fifth, so we only need to
show that it implies that p is cofinal. This is true since we can identify [|€;]| =
colimg B(b, p(-)), and colimg B(b,—) = ||By,|| = = by Observation 6.5.12, since
By, has an initial object. ]

Proposition 6.5.14. Any left adjoint is coinitial, and any right adjoint is cofinal.

Proof. We prove the first case. By Corollary 6.3.7, if F: € — D is a left adjoint
then €/4 has a terminal object for all d € D and so is weakly contractible by
Observation 6.5.12. ]

Observation 6.5.15. We have characterized the cofinal functors as those that
are left orthogonal to right fibrations. This implies that cofinal functors are
closed under several constructions:

» If F is cofinal then a composite GF is cofinal if and only if G is cofinal
(Lemma 2.4.5).

Pushouts of cofinal functors are cofinal (Lemma 2.4.6)

v

» Cofinal functors are closed under cobase change (Lemma 2.4.7).
» Cofinal functors are closed under retracts (Lemma 2.4.9).

» Cofinal functors are closed under products. (It suffices to show that if F is
cofinal then so is Fx X for a fixed co-category X, which follows from right
fibrations being closed under exponentiation, Corollary 3.2.5.)

Proposition 6.5.16 (“Quillen’s Theorem A”). Suppose F: € — D is cofinal. Then
IFIl: ICIl = IDI| is an equivalence of co-groupoids.

Proof. Here ||F|| is the map on colimits induced by F for the constant functor to
Gpd,, with value *. O

Exercise 6.5. Assuming the functor X — X" is fully faichful (cf. Corollary 8.8.3),
show that it is cofinal if and only if X is weakly contractible. Conclude that weakly
contractible colimits in €, are computed in €.

Exercise 6.6. Show by hand that A7 — (A2) is cofinal, where A2 ~ {0 < 1} LI} {0 <
2} = {1,2}". Conclude that pushouts in €, are given by pushouts in €.
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Proposition 6.5.4 says that a functor p: & — B is cofinal if and only if it is a
contravariant equivalence when viewed as a morphism p — ids in Cate/s. We
thus have the following as a special case of Proposition 6.4.5:

Corollary 6.5.17. Cofinal functors are closed under base change along left fibrations.
Dually, coinitial functors are closed under base change along right fibrations. ]

Remark 6.5.18. More generally, cofinal functors are closed under base change
along cocartesian fibrations, but this is a more involved result to prove.
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Chapter 7

Weighted colimits

7.1 Representable criterion for (co)limits

Above we defined the limit of a functor F: J — € as a terminal cone on F, i.e.
as a terminal object in €/r. We now want to prove that we can also recognize
limits on mapping co-groupoids, namely by a natural equivalence

(‘E(x, limg F) ~ limg G(x, F).

This amounts to showing that the right fibration €,z — € is also the fibration
for the functor on the right. The left fibration for the functor C(x, F(-)) is
F*Cx; — 7, so using our description of limits in Gpd,, we can identify the
right-hand side as

Map/ﬂ(j: F*Cy/) = Map/@(J, Cx/)-

Our goal is therefore to identify the fibration for a functor of this form. We
will build this up in several stages, where we relate constructions on functors to
constructions on fibrations.

Observation 7.1.1. For an co-category X we have a functor — x K: Cate, —
Cate, (for example given by restricting the limit functor from Exercise 6.4). For
any co-category C, the presheaf Map(- x X, €) is represented by Fun(X, €), so
the functor — x X has a right adjoint, given by Fun(X,-). Using Lemma 6.3.8
we then get for any co-category € an adjunction

(=% X). : Fun(C, Cat,) 2 Fun(C, Cats) : Fun(X,-).

Lemma 7.1.2. For F: € — Cate, the functor F x X := (= x X) o F is the product
of F and consty in Fun(C, Cate,).

Proof. We have natural maps

const, X K « FXX — F X *.
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Here
FX#=(-X%),0oF~F

as — X * ~ idcar,,, while
const, X K = (= x K) o const, =~ consty.
This diagram exhibits F x K as a product by Corollary 5.5.10. m]

Proposition 7.1.3. Suppose we have morphisms of cocartesian fibrations

F—>5<—7

N

that straighten to natural transformations
F—>Ge«F

of functors B — Cate. Then the pullback F xg F’ in functors corresponds to the
ﬁbration
Ti=pXgp't FxgTF — B.

Proof. Since straightening is an equivalence of co-categories, it suffices to prove
that 7 is a pullback in the co-category Cocart(B) of cocartesian fibrations. This
is a (non-full) subcategory of Catw s, so we first use Corollary 5.6.3 and Ex-
ercise 6.6 to conclude that 7 is a pullback in Cate 5. Then we want to apply
Proposition 5.4.1 to conclude that 7 is also a pullback in Cocart(B). For this we
need to check that for a triangle

€ N Fxe T
B:

the functor ¢ preserves cocartesian morphisms if and only if its composites with
the projections to F, G and F” all do so. But this follows from the description
of m-cocartesian morphisms in Exercise 3.7 as those that map to p- and p’-
cocartesian morphisms in F and 7, respectively. O

Proposition 7.1.4. If p: F — B is the cocartesian fibration for a functor F, then the
cocartesian fibration for Fun(X, F) is Fun(s) (X, F) — B.

Proof. In Fun(B, Cats), the object Fun(X, F) represents the presheaf Map(- x
X, F) by Observation 7.1.1, so we can identify the corresponding fibration by
understanding this presheaf fibrationally. Here the functor G x X is naturally
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equivalent to the product G x consty. We know that B xXK — B is the fibration
for constx (since pullback corresponds to composition), so by Proposition 7.1.3
we know that if & — B is the fibration for G, then that for G x K is € x K =~
& X3 (B xXK) — B. Now we observe that we have a natural equivalence

Fun;g (& x K, F) = Fun(X, Fun;g (&, F)) = Fun;3 (&, Fun(g) (X, J))

by a variant of Exercise 5.6; we need to show that this restricts to the full sub-
categories of functors that preserve cocartesian morphisms. On the one hand,
a cocartesian morphism in € x X is one that projects to a cocartesian morphism
in & and an equivalence in X, so that a functor & x X — F over B preserves
cocartesian morphisms if and only if its restriction to € x {k} — F does so for
every k € K. On the other hand, a cocartesian morphism in Funz) (X, F) is
also one whose component at each k € K is cocartesian in F by Corollary 3.6.5
and Proposition 3.5.15; the equivalence above therefore restricts to

Funfsc (€ x K, F) = Fun(X, Fun$ (€, 9)) = Fune (€, Fun(s) (X, 5)).

Thus Funz) (K, F) represents the presheaf Mapi%“(— x K, F) on Cocart(B). If
F straightens to F, it follows that Fun(z) (X, F) is the cocartesian fibration for
Fun(X, F). O

Corollary 7.1.5. Suppose p: F — B is the cocartesian fibration for a functor F. Given
a natural transformation a: F — conste and a functor ¢: K — €, the cocartesian

fibration for the functor Fun e (X, F(-)) is the pullback of
Fun(p) (X, €) — Fun(g) (X, B x C) «— B

where the first map comes from composition with the functor € — B x C over B that
correspona's to the natural transformation a, and the second is aa'joim to idp x o.

Proof. As in the proof of Lemma 7.1.2 we know that since limits in Fun(3B, Catx,)

are computed pointwise (Corollary s.5.10), the functor Fune(X, F(-)) is the
pullback

Fun/e(X, F(-)) —— Fun(X, F(-))

| l

const, ——> Fun(X, conste)

in Fun(3B, Cats,). This corresponds to a pullback in Cocart(B), which by Propo-
sition 7.1.3 is computed by a pullback in Cat,,. Now Proposition 7.1.4 shows
that the fibrations for the functors in this square are as claimed. |
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Observation 7.1.6. Suppose Q — B is the cocartesian fibration for the functor
Fun,e(X, F(-)) as above. Then we have a commutative diagram

Q J—) Fun(g) (X, &) ——— Fun(X, &)
l L l
B —— Fun(z)(K,B xC) —— Fun(X,B x C)
L |
B — % Fun(X, B)

where all three squares are pullbacks. It follows that Q fits in a pullback square

Q — S Fun(K, &)

constx{¢@} \L

B —— Fun(X, B) x Fun(X, ©)

Corollary 7.1.7. Given a functor F: I — €, we have:
(1) The left fibration for the functor Map ¢(J,€,_) is Cpy — C.
(2) The right fibration for the functor Map o(J,€_)) is €/p — C.

Proof. We prove the first statement; the second follows similarly from the du-
als of the results in this section. The cocartesian fibration for x — €/ is
evi: Ar(€) — J, so we get from Observation 7.1.6 that the cocartesian fibra-
tion for' Fune(J, €/y) is the pullback

Q —— Fun(J,Ar(C))

{F}xconst \L

¢ —— Fun(J, @) x Fun(J, ©).

which is also the definition of Cp,. ]
Interpreting this in terms of functors, we get:
Corollary 7.1.8. Given aﬁmclor F:J — @, we have natural equivalences
» Natje(F, const_) = Natgop gpq_(const,, C(F, -)) = limger C(F, -),

» Natje(const_, F) = Natjgpg_(const,, C(= F)) = limg €(= F). m|

"Here Fun e (J,€/_) is an co-groupoid since €/, — € is a right fibration and so conservative
— the components of a natural transformation over € by definition lie over equivalences in €.
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Corollary 7.1.9. Given a diagram F: I — €, an object of C is the limit of F if and
only if it represents the presheaf

Natj gpog__ (const,, C(= F)) = limg €(= F),
while it is the colimit of F if and only if it corepresents the copresheaf
Natjop,Gpdm (const,, C(F,-)) = limgop C(F,-).

Exercise 7.1. Use Corollary 7.1.9 to prove that a left adjoint preserves all colimits and
a right adjoint preserves all limits.

7.2 Weighted limits and colimits

We now introduce the notion of weighted (co)limits. As we will see, these can
actually be subsumed within the ordinary notions of (co)limits, but will still be
useful to formulate and prove a number of results later on.

Definition 7.2.1. The limit of F: 3 — @€ weighted by W: 3 — Gpd,, is an object
of € that represents the presheaf

x +— Natygpq (W, C(x, F)).

Dually, the colimit of F weighted by U: J°° — Gpd, is an object of € that corep-
resents the copresheaf

x > Natgop gpd_ (U, C(F, x)).

Observation 7.2.2. From Corollary 7.1.9 we see that the ordinary (co)limit of
a functor F is also the W-weighted (co)limit for W = const..

Proposition 7.2.3. If p: W — J is the left fibration for W, then limgVF is also
limy Fop. If g: W — € is the right fibration for U, then colimy F is also colimy Fog.

Proof. We prove the limit version. Since the left fibration for €(x, F) is F*Cy/,
we can rewrite the presheaf represented by lim;” as

X = Map/j(W, F*Gx/) = Map/e(W, ex/)

By Corollary 7.1.7 this corresponds to the right fibration €,r, — €, which is
also represented by limyy Fp. o

Combining this with Proposition 5.2.3 and Proposition 5.3.4, we deduce the
following concrete descriptions of weighted (co)limits in Gpd,, and Catc:

Corollary 7.2.4. GivenW: I — Gpd,, with left fibrationp: W — Jand U : I —
Gpd,, with right fibration q: U — €, we have:
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» For ¢: I — Gpd,, with corresponding left fibration 7z & — I,
lim)" ¢ = Map 5(W, €) = Naty gpd_ (W, ¢),
colimy ¢ = U x5 &J|.
» For ¢: J — Cate, with corresponding cocartesian fibration : € — J,
limg” ¢ = Fun$o (W, €),
colimy ¢ = (Uxy &)[S7'],
where S consists of all morphisms that map to m-cocartesian morphisms in E.

Example 7.2.5. For a representable weight C(—, c), we get
colimg(_’c) F ~ colime, F =~ F(c),
since €/, has a terminal object (Proposition 6.5.10). Similarly,

limg '™ F = F(c).

7.3 The Yoneda lemma

We will now show a more natural version of the Yoneda lemma, namely that
there is an equivalence

Mappg @) (Y, @) ~ @

that is natural in ® € PSh(€). The starting point for this is some observations
about weighted colimits.

Observation 7.3.1. By Corollary 7.2.4, for ¢: € — Cats, with cocartesian fi-
bration 7: € — € and W: € — Gpd,, with corresponding right fibration
W — €, there is a natural equivalence

Mappsy,e) (W, Mapcy, (4, D)) ~ MapCatw(COlim‘év ¢.D)
~ Map((W xe &)[S7'], D),

where S comprises the morphisms that project to z-cocartesian ones in €.

Observation 7.3.2. Specializing the previous observation, given a bifibration
p: & —> A x B corresponding to y: B — RFib(A) and I': AP x B — Gpd,,
we have for W € PSh(B),F € PSh(A) with corresponding right fibrations
W — B,F — A, natural equivalences

Mappgy, () (W, Mappsp 4y (T, F))) = Mappgh sy (W, Map, 4 (y(-), 5)))
~ Map, 4 (W x3 &)[S7'], 9),
= Map, 4 (W xp &, F).
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Here the last equivalence uses that S consists precisely of the morphisms that
project to pg-cocartesian morphisms, but these are equivalently those that project
to equivalences in A; since F — A is a right fibration and so in particular con-
servative, any functor over A takes these to equivalences.

Proposition 7.3.3. For W, F € PSh(Q), there is a natural equivalence

Mappsy, e) (W, Mappsye) (Y, F)) = Mappgy,e) (W, F).

Proof. Suppose W, F correspond to the right fibrations W, ¥ — €. Specializing
Observation 7.3.2 to the bifibration Ar(€) — €x €, we get a natural equivalence

Mappgy e) (W, Mappgy e (Y, F)) = Map o (W xe¢ Ar(C), F)

where the pullback Wxe Ar(€) is over ev; and the map to € is given by evy. But
this is precisely the free cartesian fibration on W, and since ¥ is a right fibration
we get from Theorem 6.1.4 a natural equivalence

Combined with straightening, this completes the proof. O

Since the Yoneda embedding is fully faithful also for the locally small co-
category PSh(C), we get:

Corollary 7.3.4 (The Yoneda Lemma). There is a natural equivalence
Mappgy ) (v, -) = id
of functors PSh(€) — PSh(C). O

The equivalence in Proposition 7.3.3 also has the following interpretation
(sometimes known as the co-Yoneda lemma):

Corollary 7.3.5. There is a natural equivalence
colimg y =~ W
for W € PSh(C). O

Observation 7.3.6. If p: & — C is the right fibration for W, then Corol-
lary 7.3.5 is equivalent via Proposition 7.2.3 to: W is the colimit of the composite

e 2, @ X% psh(e).
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7.4 More about (co)limits

In this section we will prove some further useful results about (co)limits.

Observation 7.4.1. For any co-category X, Exercise 7.1 implies that the left
adjoint K x — preserves colimits, while the right adjoint Fun(X,-) preserves
limits.

Lemma 7.4.2. Suppose the co-category € is the limit of a functor F: X — Cate.
Then for all x,y € C we have

C(x, y) = limx Mapp k) (xk, Yi),
where x, yx are the images of x,y in F(k) under the functor from € in the limit cone.

Proof. Since Ar(€) = limycx Ar(F(k)) by Observation 7.4.1, we have a pullback
square

C(x,y) — limgex Ar(F(k))
{(x,y)} — limgex F(k)*2.

Since limits commute by Corollary s.s.11, this implies that C(x, y) is also a limit
over X, as required. O

Proposition 7.4.3. For any co-category X, the functor
Fun(= K): Catf — Cat.,
preserves limis.
Proof. For £ € Cat,, and a functor F: J — Cat,, we have natural equivalences

Map( £, Fun(colimg F, X)) ~ Map(£ X colimg F, X)
~ Map(colimg (£ x F), X)
~ limgop Map(£L x F, X)
=~ limgop Map(£L, Fun(F, X))
~ Map(£, limgop Fun(F, X)).

This implies
Fun(colimg F, X) = limgep Fun(F, X),

as required. O

Corollary 7.4.4. Given a functor ¢: K — €, where X := colimg F for some functor
F: J — Cate with J weakly contractible, we have

€¢/ =~ limgop G¢i/, (‘Z/¢ =~ liijP 6/451'

where ¢;: F(i) — € is obtained by restricting ¢ along the colimit cocone.
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Proof. We prove the first case. By Observation 5.1.6 we have a pullback square

€¢/ — Fun(JC’, G)

l l

{¢} —— Fun(X, @).

Here (-)” := (=) X [1] LL-)x 1} [0] preserves weakly contractible colimits, since
colimits commute (Corollary s.5.11), so that Fun((-)", €) preserves weakly con-
tractible limits. Since limits commute, this implies the result. O

Corollary 7.4.5. Given a functor ¢: K — €, where X := colimg F for some functor
F: J — Cats, we have a decomposition

colimy ¢ = colimg colimp ;) ¢;,

where ¢;: F(i) — C is obtained by restricting ¢ along the colimit cocone, provided these
colimits exist.

Proof. For ¢ € € we have natural equivalences

C(colimy ¢, ¢) = Mapg,n(x.c) (¢, const,)
=~ llmj MapFun(F(i)’e) (¢i, ConStC)
=~ limy C(colimp ;) ¢1, )

=~ C(colimy colimp ;) ¢;, ¢).

where the second uses Proposition 7.4.3 and Lemma 7.4.2. m]

Exercise 7.2 (An alternative proof of Corollary 7.4.5). Show that for a functor F: X —
C, the co-groupoid Map ¢ (X, €/,) is naturally equivalent to Mapg,, (s ¢) (F, const,). Con-
clude that if Cat/, , denotes the full subcategory of Cate/e on those functors whose
colimits exist in €, then the functor

G/
€ —5 RFib(€) < Cat/, e
has a left adjoint. Now deduce Corollary 7.4.5 from the fact that left adjoints preserve

colimits (Exercise 7.1) together with and the description of colimits in Cat/,  from
Corollary 5.6.11 and Corollary 5.4.6.

7.5 (%) Ends and natural transformations

We can describe mapping co-groupoids in functor co-categories as certain weighted
limits.
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Definition 7.5.1. Given a functor ®: € x C°P — D, the coend of @, if it exists,
is the weighted colimit

/(b = colim®*~7 o.
C

Dually, the end of a functor ¥: € x € — D, if it exists, is the weighted limit

/ ¥ o= lim® 7 v,
c

Warning 7.5.2. We use Yoneda’s original notation for coends rather than the
Australian (or upside-down) convention, where the end is denoted as /(e ® and

the coend as [ ®®. After all, it is the coend of a functor that is (very) loosely
similar to an integral, not the end.

Notation 7.5.3. The mapping co-groupoid functor C(-,-): € x € — Gpd,,
has a corresponding right fibration

Tw (C) — € x C°P,

which can be obtained from Ar(C) — € x € by first taking the cocartesian
straigthening in the second variable and then taking the cartesian unstraight-
ening of the corresponding functor. The corresponding left fibration is then

Tw! (@) := Tw" ()P — CP x C.

(Here Tw’(€) and Tw"(€) are the rwisted arrow co-categories of C, which can be
described explicitly as certain simplicial co-groupoids; to see that these describe
the mapping co-groupoid functor as we have constructed it requires relating the
cartesian and cocartesian fibrations of a single functor via a span construction.)

Notation 7.5.4. For functors F,G: € — D, we write
Nate n (F, G) := Mapgy,en) (F. G)
for the co-groupoid of natural transformations from F to G.
We can explicitly identify ends in Gpd,, in terms of bifibrations:
Proposition 7.5.s. For a functor ®: C°PxC — Gpd,, with corresponding bifibration®

p: € — Cx C, we have an equivalence

*
/e ® =~ Map ey (C, €).

2Obtained, by our convention, by first unstraightening @ to a functor € — RFib(€) and then
taking the cocartesian unstraightening of this.
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Proof. By Corollary 6.2.2, we have a natural equivalence

Map oxe(C, €) ~ Map ey e (Ar(C), €).

This also gives an equivalence on co-groupoids of maps between the corre-
sponding left fibrations, which gives the end of ® by Corollary 7.2.4. m]

Corollary 7.5.6. Forfunctors F,G: C — D, we have

Nat@,@(F,G):/ D(F,G).
¢

Proof. Since Ar(Fun(€, D)) =~ Fun(C,Ar(D)), we can can describe Nat(F, G) as
the fibre at (F, G) of the bifibration

Fun(C, Ar(D)) — Fun(C, D x D).

Thus we have

C— A(D)
Nat(F,G) =~ lA l ~ Map oyc(C, (F X G)"Ar(D)).
FXG

CxC —= DxD
Here (F X G)*Ar(D) — € x € is the bifibration for D(F(-), G(-)), so Proposi-
tion 7.5.5 identifies this with the end of this functor. ]
7.6 (%) Relative (co)limits

In this section we prove some useful results about (co)limits in (co)cartesian
fibrations. It will be convenient to express these in terms of the notion of relative
(co)limits:

Definition 7.6.1. Given a functor p: € — B, we say that a cocone ¢: " — €
is a p-colimit if the commutative square

E(¢p(e0),e) —— limgor E(¢, e)

| l

B(pp(c0), pe) —— limgor B(p¢, pe)

is a pullback for all e € €. Dually, we say that a cone : J° — € is a p-limit if

8(6, ¢(_OO)) g l1m38(e,¢)

l l

B(pe, pp(—o0)) — limy B(pe, p$)
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Exercise 7.3. Suppose ¢: J° — & is a cocone, and set ¢ := ¢|s. Show that ¢ is a
p-colimit for p: &€ — B if and only if the commutative square

€z — Bpg

-

Eg) —> Bpgy

is a pullback. (Use 5.6.7 and 6.5.10.)

Observation 7.6.2. If ¢ is a cocone such that p¢ is a colimit in B, then ¢ is a
p-colimit if and only if it is a colimit in €.

Proposition 7.6.3. Suppose p: & — B is a cocartesian fibration. If the fibres of p
all admit K-indexed colimits and the cocartesian transport ﬁmctors preserve these, then
a cocone ¢: I — & is a p-colimit if and only if its cocartesian transport to a cocone in
Ep(p(oo)) s a colimit there.

Proof. Let a := ¢(o0) and take ¢: K= — &, to be the cocone obtained by co-
cartesian transport along ¢* Then for e € € over b € B the fibre at f: a — bin
the square

E(p(0),e) — limxor (9, €)

l |

B(a,b) — limgeor B(pg, b)

can be identified as

Ep(fig(e0),e) — limy E4(fiY), e),

so that ¢ is a p-colimit if and only if this is an equivalence for all e and f. Taking
f = id, we see that ¥ must be a colimit in &,, and if fi preserves K-shaped
colimits this special case implies the statement for general f, as required. O

From this we obtain the standard description of colimits in the source of a
cocartesian fibration:

Corollary 7.6.4. Suppose p: & — B is a cocartesian fibration. If the base B and the
fibres of p all admit K-indexed colimits and the cocartesian transport functors preserve
these, then & admits K-indexed colimits and p preserves these. For a diagram ¢: &, the
colimit is computed by taking the cocartesian transport of ¢ to a diagram in the fibre
over the colimit of p o ¢ and computing the colimit in this fibre. i

We can also prove a rather more restrictive description of relative colimits
in cartesian fibrations:

3This can be constructed as a cocartesian morphism in Fun(X, &) — Fun(X, B).
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Proposition 7.6.5. Suppose p: € — B is a cartesian fibration and ¢: " — B is a
cocone such that the functor B — Cato, associated to p takes ¢°P to a limit cone in
Cateo. Then every p-cartesian lift of ¢ := ¢|5 admits a p-colimit, which is a p-cartesian

o é
Proof. Let b := ¢(0). Then &; = limyeg € py(x), and more precisely &, is identi-
fied with the co-category of cartesian sections of ¢*€ — J. A p-cartesian lift ¢ of
¢ therefore determines an object e € &), with p-cartesian morphisms ¢/ (x) o e

extending 1 to a p-cartesian lift { of ¢. We claim that ¢/ is a p-colimit. In other
words, the commutative square

E(e,e’) —— limE&(y,e’)

| l

B(b,b') — lim B(¢, b')

is a pullback for all ¢’ € &, with b’ := p(e’). To see this we look on fibres over
f:b— b, where we get

Ep(e, fre’) = limyeg Egx) (Y(x), g f7e") = limyey Egx) (qre. g1 f7e),
which is an equivalence since & is the limit limyeg €g(x). m]

Corollary 7.6.6. Suppose p: & — B is a cartesian fibration and ¢: I° — B is a
colimit cocone such that the functor BP — Cato, associated to p takes ¢°P to a limit
cone in Cateo. Then every p-cartesian lift of ¢ := ¢|3 admits a colimit in &, which is a

p-cartesian lift of ¢.

Corollary 7.6.7. Suppose p: & — B is a right fibration and qu_.’]‘> — B is a colimit
cocone such that the functor B°P — Gpd,, associated to p takes ¢°P to a limit cone in

Gpd.,. Then every lift of ¢ := ¢ly admits a colimit in €, which is a lift of §.

Corollary 7.6.8. Suppose p: &€ — B is a right fibration such that B admits J-
indexed colimits and the associated functor B — Gpd,, preserves J-indexed limits.
Then & admits J-indexed colimits and p preserves these.

7.7 (%) Pullbacks of localizations

We saw in Corollary 5.7.3 that localization from co-categories to co-groupoids
preserves products. However, it does nor in general preserve pullbacks. In
this section we will look at some special circumstances where pullbacks are in
fact preserved, which we will deduce from the observation that colimits of co-
groupoids are universal, in the following sense:

Proposition 7.7.1. For any map f: X — Y of co-groupoids, the pullback functor
71 Gpdy, )y — Gpd,, x preserves colimits.
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Proof. Under straightening, this corresponds to the functor
f*: Fun(Y,Gpd,,) — Fun(X, Gpd,,)

given by composition with f. This preserves colimits since these are computed
pointwise by (the dual of) Corollary s.s.10. i

Observation 7.7.2. Given a functor F: B — Gpd,,, a natural transformation
a: F — consty and a map f: Y — X, Proposition 7.7.1 says that there is a
pullback square of co-groupoids

colimg Y xx F — colimg F

P

We can interpret this via the description of colimits in Gpd,, as localizations of
left fibrations (Proposition 5.2.3). If p: & — B is the left fibration for F, then
Y xx & is the fibration for Y xx F by Proposition 7.1.3, so that we have a pullback
square

1Y xx €l —— lI€]l

! !

Y —— X,
Here we can take the left fibration p to be idg, giving:

Corollary 7.7.3. Suppose € is an co-category, and we’re given a functor p: € — X
with X an oo—groupoia’. Then a pullback square

& — &

b b

X — X

induces a pullback square of co-groupoids

e —— lell
||p'||l lupn
X —— X

In particular, the fibre of ||E]] — X at x € X is ||€ xx {x}], so that ||p| is an
equivalence ifand only g'fE Xx {x} is weakly contractiblefor all x € X. O

We also get a useful criterion for detecting colimits:
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Corollary 7.7.4. For a functor F: X — Gpd,, and a natural transformation a.: F —
consty, the following are equivalent:

(1) a is a colimit cocone, i.e. corresponds to an equivalence colim F — X.
(2) Forany x € X, if Fx := F Xx {x}, then colim Fy ~ .

(3) If & = XK is the left fibration for F, then the co-category & xx {x} is weakly
contractible for all x € X. m

To exploit Corollary 7.7.3 further, we now introduce the notion of a Kan
fibration of co-categories. This is based on ideas of Sattler and Wirn [SW2s].

Definition 7.7.5. A functor p: &€ — B is a Kan fibration if it is both a left and a
right fibration.

Proposition 7.7.6. The following are equivalent for p: € — B:
(1) p is a Kan fibration

(2) The straightening of p (as either a left or right fibration) takes every morphism in

B 10 an equivalence of co-groupoids.

(3) There is a pullback square

E——Y
2!
B—X
where X and Y are oo-groupoids.
(4) The commutative square
& —— €]l
P\L \LHPH
B —— 1B

is a pullback.

Proof. 1f p is a Kan fibration, then it is in particular both a cocartesian and a
cartesian fibration, so its covariant straightening

F: B — Gpd,,
takes every morphism in B to a left adjoint by Corollary 6.3.7. But a left adjoint

among co-groupoids is an equivalence (as all natural transformations among co-
groupoids are equivalences). Thus F factors as

B — |B|| % Gpd,,

145



which means that we have a pullback square

E—Y
s
B — |IBI|

where g is the straightening of F’ (so that Y is an co-groupoid). Conversely,
any morphism of co-groupoids is a Kan fibration, so the first three conditions
are equivalent.

Suppose that the third condition holds; then we have a commutative dia-
gram

& — llel — v
Pl \LIIPII l
B — 1B — X,

where the outer square is a pullback by assumption. This implies that the right-
hand square is a pullback by Corollary 7.7.3, hence so is the left-hand square. D

Corollary 7.7.7. Suppose we have a commutative square

g — &

b

B —— B

where p and p’ are Kan fibrations. Then this square is a pullback if and only if the

induced commutative square ofoo-groupoids

e —— lll
B[l —— Bl

is a pullback.

Proof. Consider the commutative cube
g — 3 €&

| T

1€ ———— lI€ll
S N
Bl —— IIBIl.
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Here the left and right faces are pullbacks, so the back face is a pullback if the
front face is a pullback. Conversely, if the back face is a pullback then so is the
composite square

& —— €|l

I

B —— |IB],
so that the front face is a pullback by Corollary 7.7.3. |

Lemma 7.7.8. Suppose p: & — B is a cocartesian fibration, and p*: € — B is the
induced left fibration as in Observation 6.4.1. Then ||E|| — ||E|| is an equivalence.

Proof. The localization functor Cocart(B) — Gpd,, is left adjoint to the functor
(=) X B: Gpd,, — Cocart(B), which factors through the inclusion LFib(B) —
Cocart(B). The left adjoint therefore factors through (-)’, as required. i

Observation 7.7.9. Given a pullback square

F——28

L

C—— B

where p is a cocartesian fibration, the induced square

Ft —— gt

d L

C—— B

is also a pullback. Indeed, since p’ and g’ are left fibrations, it suffices to check
that we get equivalences on fibres, but this is clear from the construction of (-)*.

Corollary 7.7.10. Suppose we have a pullback square of co-categories

F——=E¢€

where either

> p is a cocartesian fibration, and the cocartesian transport functor over every mor-
phism f: b — b in B induces an equivalence ||Ep|| — ||Ep|l,

> or p isa cartesian fibration, and the cartesian transport functor over every morphism
f:b— b inB induces an equivalence ||Ep || — ||Ep]|.
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Then the commutative square of co-groupoids

151 —— el
IIqIIl lllpll
el — 11l

isa pullback.

Proof. We prove the first case. Here we have a commutative diagram

F—— &
Ft — &t
qt’l lpr
C—— B
where the vertical maps in the top square give equivalences on localizations

by Lemma 7.7.8 and the bottom square is a pullback by Observation 7.7.9.
Moreover, our assumption on p implies that p* is a Kan fibration via Propo-

sition 7.7.6, since its straightening takes a morphism f: b — b’ to ||-|| applied
to the cocartesian transport along f for p. The conclusion therefore follows
from Corollary 7.7.7. ]

As a special case we have the following, first proved by Steimle [Ste21]:

Corollary 7.7.11. Suppose we have a pullback square of co-categories

F—>E€

‘Z\L \LP

C—— B

where p is both a cartesian and a cocartesian fibration. Then the commutative square of
co-groupoids

11— 1€l
IIqIIl \Lllpll
el — 13l

is a pullback.

Proof. 1If p is both a cocartesian and a cartesian fibration, then it follows from
Corollary 6.3.7 that its cocartesian straigthening takes every morphism in B to
a left adjoint. The localization of a left adjoint is always an equivalence (since
the unit and counit transformations localize to natural equivalences), so the hy-
pothesis of Corollary 7.7.10 is satisfied. m]
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As another application of these ideas we can prove an co-categorical version
g
of Quillen’s “Theorem B”:

Corollary 7.7.12 (Quillen’s “Theorem B”). Suppose p: & — B is a funcior of
oo-categories such that for every map f: b — b’ in B, the morphism of co-groupoids

€Il = € eI,

given by composition with f, is an equivalence. Then the fibre of ||p|| at b € B is
equivalent to || jp]|.

Proof. We have a pullback square

E/b —> EXp AI’(B)

l lg )

{b} ——— B

and our assumption implies that the hypotheses of Corollary 7.7.10 hold for the
free cocartesian fibration on p, so this gives a pullback square on localizations.
In other words, the fibre of [|Fcoce ()|l at b is [|€ 5 ||. Moreover, by (the dual of)
Proposition 6.4.7, the covariant equivalence p — L5(p) = Feoct(p)" gives an
equivalence on localizations, so this also identifies the fibre of ||p||, as required.

o
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Chapter 8

Kan extensions

8.1 Left Kan extensions in co-groupoids

We have seen that if all colimits over diagrams of shape X exist in €, then they
give a left adjoint to the constant diagram functor

const: € — Fun(X, C),

which we can think of as given by restriction along the unique functor K — x.
We now want to construct left and right Kan extensions, which will give left and
right adjoints to more general functors of the form

F*: Fun(L, @) — Fun(X, C)

for some F: K — L. We start, as a warm-up, by giving a fibrational construc-
tion of left Kan extensions for functors to co-groupoids in this section. Then
we consider right Kan extensions in co-groupoids and finally we use these to
obtain general Kan extensions, using the Yoneda embedding.

Observation 8.1.1. If all pullbacks along a morphism f: x — y exist in €, then
they give a right adjoint f* to the functor fi: €/, — €, given by composition
with f. Indeed for p: z — x and q: w — y, we have a natural commutative
diagram
Crx(p. f7Q) —> Clzx xyw) — Clz,w)
- |
\L \L(f*q)* \L *
fe

{p} —— C(z.x) ——— C(z,y)

where the pullback in the composite square is also €, (fp, q).

Proposition 8.1.2. For a functor f: A — B, the functor f*: LFib(B) — LFib(A)
given by pullback along f has a left adjoint f;, which takes a left fibration p over A to
Seoce(fP)".
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Proof. We saw in Lemma 6.4.2 that Feoce(-)’ is left adjoint to the inclusion
LFib(B) < Cate/s. For g € LFib(B) we thus have natural equivalences

Map 5 (Feoce (fP)' q) = Map 5 (fp. q) = Map, 4 (p, f*q),

using Observation 8.1.1. This completes the proof by Corollary 6.3.7. m|

Corollary 8.1.3. For any functor f: A — B, the functor f*: Fun(B,Gpd,,) —
Fun(A, Gpd,,) given by composition with f has a left adjoint fi, which takes a functor
¢ to one given by
b+  colim a).

(a,fa—>b)6A/b¢( )
Proof. The existence of fi follows by straightening from Proposition 8.1.2. It
remains to identify the functor fig. If p: € — A is the left fibration for ¢, then
fig corresponds to

b€l

Here &), — Ay, is the left fibration for the composite

-A/b 4 .A i) Gpdoo,

so by Proposition 5.2.3 we have an equivalence € ;|| ~ colimy, ¢ as required.
[m}

Exercise 8.1. Show thatif g: § — € and p: & — B are cocartesian fibrations, then so
is pg: F — B; a morphism in F is pg-cocartesian if and only if it is g-cocartesian over
a p-cocartesian morphism in €.

Observation 8.1.4. Suppose f: & — B is a cocartesian fibration. Then we
can instead compute f on left fibrations as p +— (fp)’, since fp is a cocartesian
fibration by Exercise 8.1 and we have

coct

Map 5 ((fp)’,q) = Mapi3™ (fp.q) = Map,5(fp, q) = Mape(p. f"9),

where the second equivalence uses that g is a left fibration. It follows that on
functors we can compute left Kan extensions along a cocartesian fibration f by

fip(b) =~ colimeee, ¢ (e).

Exercise 8.2. Show that for a cocartesian fibration p: & — B, the inclusion &, — &3

is a right adjoint (with the left adjoint taking (e, pe N b) to the cocartesian transport
fie € &p); it is therefore cofinal by Proposition 6.5.14.
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8.2 Right Kan extensions in co-groupoids

We now want to construct right Kan extensions for functors to Gpd,,. This is a
bit less straightforward than for left Kan extensions, since there is in general no
right adjoint to pullbacks in Cate.. We will show, using our work on weighted
colimits, that the presheaf

on RFib(B) is representable for any functor f: A — B and Q € RFib(A). We
start with some observations on the functor (-)” from Observation 6.4.1.

Observation 8.2.1. For a right fibration p: &€ — B, the counit map
€t Beare(p)” — p

is an equivalence. This follows from Proposition 6.3.10 since @care(-)" is left
adjoint to the fully faithful inclusion RFib(B) < Cat. /s by Lemma 6.4.2. We
can also see this from (the dual of ) Exercise 8.2 since on the fibre over b the map

I€p/Il — €

comes from the cartesian transport map, which is right adjoint to the inclusion
&p — E&py; itis therefore cofinal, and so gives an equivalence on localizations by
Proposition 6.5.16.

Observation 8.2.2. For a functor f: A — B, we have a commutative square

RFib(B) — Cart(B)

"l Ir

RFib(A) —— Cart(A),

which induces a canonical natural transformation (a mate or Beck-Chevalley
transformation)

f )" ==
This is a natural equivalence, since it is clearly an equivalence on all fibres over

A.
Combining these observations, we see:

Lemma 8.2.3. For p: P — B in RFib(B) and f: A — B, the map
(fep) s (f Beare(p))” — fTp

is an equivalence. O
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This means that for P € RFib(B), Q € RFib(A) and f: A — B, we have a
natural equivalence

Map, 4 (A x5 P, Q) = Map, 4 ((A x5 Ar(B) xz P)", Q)
Map, 4 (A x5 Ar(B) x5 P, Q).
Here we are pulling back P using the bifibration (f, id)*Ar(B); we can therefore
apply Observation 7.3.2 and conclude:

Proposition 8.2.4. For Q — A in RFib(A) corresponding to ¢ € PSh(A), the

pi’eSh@le

on RFib(B) is represented by the right fibration for the presheaf
b — Map, ;4 (Ap, Q) = lim(A/b)OP o
on B. O

Corollary 8.2.5. Forany f: A — B, the functor f*: Fun(B, Gpd,,) — Fun(A, Gpd,,),
given by composition with f, has a right adjoint

fo: Fun(A, Gpd,,) — Fun(A, Gpd,,)
where for ¢: A — Gpd,, we have
(f:$) (D) = limy,, ¢.

Proof. The functor f* corresponds under straightening for right fibrations to
(f°P)*: RFib(B) — RFib(A). This has a right adjoint by Proposition 8.2.4
and Corollary 6.3.7, which is given by the required formula (since (A;/)°P ~
(A°P)p). O

Observation 8.2.6. If p: & — B isa cartesian fibration, then the map &, — &,
is coinitial for all b € B by (the dual of ) Exercise 8.2. We can therefore write
the formula for right Kan extension along p as

(p«¢)(b) = limg, ¢
for a fixed b.

Exercise 8.3 ((*)). Unpack the definitions to see that the unit and counit of the ad-
junction f* 4 f; from Corollary 8.2.5 are given pointwise by the map

(f*ﬁ¢)(a) = hmAx,B Bf(a)/ ¢ - hmAu/ ¢ = ¢(a)’
induced by the functor A,y — A x5 B/, and
¢(b) = limB/b ‘p - limaEA/b ¢(fa) = (f*f*‘ﬁ)(b),

induced by the projection A, — B/;. Conclude (via Corollary 6.3.11) that if f is fully
faithful then so is f..
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8.3 Kan extensions in general

Proposition 8.3.1. For a functor f: A — B and an co-category C, we have the
Jollowing for the functor

f*: Fun(B,€) — Fun(A, C)
given by composition with f:

(1) If for every functor ¢: A — € and b € B the limit limp,, ¢ exists in C, then f*
has a right adjoint f., given by the formula

(f:$)(b) = limy,, ¢ = lim}; /) g,

(2) If for every functor ¢: A — € and b € B the colimit colimy , ¢ exists in C, then
f* has a left adjoint fi, given by the formula

(fi$)(b) = colimy,, ¢ = colim’,/ ) 4.
Exercise 8.4. Suppose we have a commutative square

ety ¢

1 b

@T)D’

where i and j are fully faithful. Show that if F” has a right adjoint G’ such that G’
factors through €, then this gives a right adjoint to F.

Exercise 8.5. Show that if F 4 G, then G° + F°P,

Proof of Proposition 8.3.1. We first consider right Kan extensions. From the Yoneda
embedding ye we get a commutative diagram

Fun(B,€) ——3 Fun(B,PSh(C))

rl I

Fun(A, C) —— Fun(A, PSh(C))
Here we can identify the right vertical functor as
(f*)«: Fun(C°?, Fun(B, Gpd,,)) — Fun(C°, Fun(A, Gpd,,)),

which has a right adjoint (). by Lemma 6.3.8 and Corollary 8.2.5. From Ex-
ercise 8.4 it follows that our original map f* for functors to € will have a right
adjoint if (f,). preserves the image of the Yoneda embedding for C. In other
words, given ¢: A — €, we need

¢ (fiC(c.9)) (b) =limy,, C(c. §)
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to be a representable presheaf for all b € B. By Corollary 7.1.9, this is true if
and only if the limit limy,, ¢ exists in C.
To deduce the statement for left Kan extensions, we use Exercise 8.5 and

identify (f*)°P as
(f°P)": Fun(B°P, €°P) — Fun(A°P, C°P);

applying our result for right Kan extensions to f°P and €°P now gives the re-
quired statement. m

Observation 8.3.2. More generally, if € does not admit the required limits for
all functors from A, the argument above still shows that if for a fixed ¢: A — €
and f: A — B, the limit limg,, ¢ exists in C, then there is a functor f.¢ given
by these limits, such that

Natg e (=, fip) = Natge(f = ¢).
We call this the (pointwise) right Kan extension of ¢ along f.

Warning 8.3.3. In general, we might say that any functor f,¢ that represents
the presheaf Naty ¢(¢, f*~) on Fun(B, C) is a right Kan extension of ¢ along f.
It is possible for such a right Kan extension to exist even if € does not have
the requsite limits over Aj;. Such non-pointwise Kan extensions should be
considered as rather pathological, however.

Lemma 8.3.4. Suppose F: A — B is fully faithful. Then the left and right Kan
extension functors F, F,: Fun(A, €) — Fun(B, €) are also fully faithful, when they

exist via the construction of Proposition 8 3.1.

Proof. It suffices to consider the case of right Kan extensions for functors to
Gpd,,, where by Proposition 6.3.10 we can equivalently show that the counit
map f*f.¢ — ¢ is an equivalence. At a € A this unpacks to the map

limAf(a)/ ¢ — limAa/ ¢,

which is an equivalence since A, =~ Ag(q), for f fully faithful, followed by
identifying the right-hand side with ¢(a). i

Observation 8.3.5. More generally, if F: A — B is fully faithful, we see that
F*: Fun(B, €) — Fun(A, C) restricts to an equivalence

FUn(B, G)iS—Kan N FUn(.A, e)haS—Kan

between the full subcategory of functors B — € that are left (or right) Kan
extended from their restrictions to A, and that of functors A — € that admit a
left (or right) Kan extension along F.
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8.4 The universal property of presheaves

We can now prove the universal property of the co-category PSh(€) of presheaves
on a small co-category €, namely that it is the free cocomplete co-category on
C.

Proposition 8.4.1. Suppose C is a small co-category and D is a cocomplete co-
category.

(i) For cmyﬁmctor F:C — D, the left Kan extension yiF: PSh(C) — D ofF
along the Yoneda embedding y exists and preserves colimits.

(ii) For every colimit-preserving functor G: PSh(C) — D, the counit map yy*G —
G is an equivalence.

Lemma 8.4.2. For a diagram W: J — PSh(@), V € PSh(J), and a functor F: € —
D, we have

colim! W
e

w(i)

. .V .
colim F =~ colimg colim " F,

1'fboth sides exist in D.

Proof. For d € D, we have natural equivalences

LV
D(colim$™ " F,d) ~ Mappgp e, (colimy W, D(F, d))
= Mappgy(3) (V. Mappsh e) (W, D(F, d)))
~ Mappgp 3, (V. D(colimy ' F, d))

V. W(=
~ D(colimy colimg O F,d),
so these two objects corepresent the same functor on D. O

Proof of Proposition 8.4.1. By Proposition 8.3.1, the left Kan extension y/F exists if
the weighted colimit

colim V)

exists in D for every ¢ € PSh(C). By the Yoneda lemma the weight is equiva-
lent to colim? F: this colimit exists in D since it is equivalent to a colimit over
the right fibration for ¢, which is a small co-category. Thus y/F exists; to see
that it preserves colimits, we consider a diagram ®: J — PSh(C) and apply
Lemma 8.4.2 to compute:

. .__colimg @
y1F(colimy @) = colim,” "~ F

~ colimy colim?;(_) F ~ colimg F(®(-)).

Now suppose G: PSh(C) — D preserves colimits. For ¢ € PSh(C), the
counit map

yi(y'G)(¢) = G(¢)
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is the canonical map

colim‘é5 Goy — G(colim‘éS y),
which is an equivalence since G preserves small colimits. i
Corollary 8.4.3. For a small co-category C and a cocomplete co-category D, the

restriction ﬁmctor

y*: Fun(PSh(€), D) — Fun(€, D)

has a fully faithful left adjoint y,, and the adjunction restricts to an equivalence between
Fun(C, D) and the full subcategory of colimit-preserving functors PSh(C) — D.

Proof. From Lemma 8.3.4 we know that y; is fully faithful, since the Yoneda
embedding so. It follows from Proposition 8.4.1 that y, takes values in the full
subcategory of colimit-preserving functors, and also that every such functor is
in its image, so this must be precisely the image of yi. i

Proposition 8.4.4. For a functor F: € — D among small co-categories, we have

yei(yp o F) =~ F,¥,

so that there is a commutative square

ce—Lf v

| I

PSN(E) —z> PSh(D).

Proof. The left Kan extension functor F," is a left adjoint, and so preserves col-

imits by Exercise 7.1. By Corollary 8.4.3 it therefore suffices to identify F!OP oye
with yp o F. To see this we compute

Mappsh(p) (F e (=), ®) = Mappgy ¢, (Ye(-), ® o FP)
~ @ o F°P
= Mappgh(p) (yp (=), @) o FP
= Mappgy, ) (yp © F, @)
for ® € PSh(D). |

8.5 Retracts and idempotents

Definition 8.5.1. Let Ret denote the ordinary category with two objects 0, 1
and morphisms generated by f: 0 — 1, r: 1 — 0 such that rf = idy. (In other
words, Ret is the universal category containing a retract.) The non-identity
morphisms of Ret are thus r, f and i = fr (which is an idempotent in that i* = ).
Let Idem be the full subcategory of Ret on the object 1; this is the universal
category containing an idempotent.
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Fact 8.5.2. The commutative square

{0 <2} — [2]

I

*+ ——> Ret

is a pushout of co-categories. (In other words, Ret is also the universal co-category
containing a refract.)

Warning 8.5.3. In ordinary categories, we can split an idempotent i: x — x
(that is, extend it to a retract diagram) by taking a finite colimit, e.g. the co-
equalizer of i and id,. This is not true in co-categories, as this finite colimit does
not take into account the higher coherence of the idempotent (e.g. if i> ~ i then
we get a priori two different equivalences i°> ~ i, but for an Idem-shaped dia-
gram they are the same). The following proposition says that sequential colimits
are enough to get splittings:

Proposition 8.5.4. Define a functor F: N — Idem, where N is the partially ordered
set of natural numbers, by F(n) =1, F(n — n+ 1) = i. Then F is cofinal.

Proof. We must show that N X|gem Idemy; is weakly contractible. This is an
ordinary category with objects (n,€) = (n,1 <5 F(n)) where € = id or i, and
morphisms

¥, n<nande =i, orn=n"ande=¢
Hom((n,€), (n',€")) = {

0, otherwise.

In other words, N X|gem Idemy is a partially ordered set where (n,e) < (n’,€)
if eithern < n"ande =¢ =iorn < n'and e =id, & = i. We can depict this
poset as

(n,1d) (n, 1)
(n+1,1id) (n -;/1, i)
(n+2,id) (n -;/2, i)

Here the copy of N given by {(n,i)} is clearly cofinal, since N X(nxgidem))
(N Xigem Idemy/)(ne); has an initial object for all (n,€). Here N is weakly con-
tractible as it has an initial object, so this completes the proof. O

Corollary 8.5.5. Idem is weakly contractible. i
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Corollary 8.5.6. Idem < Ret is cofinal.

Proof. We must show that Idem, and Idem;, are weakly contractible. The latter
has an initial object, so this is weakly contractible by Observation 6.5.12. For
Idemy,, the forgetful functor Idem,, — Idem is an equivalence, and so is weakly
contractible by Corollary 8.5.5. ]

Corollary 8.5.7. Every functor Ret — € is (pointwise) left Kan extended from |dem,
and such a left Kan extension exists for a functor |dem — € if and only if it has a
colimit.

Proof. We must show that Idem7O — Ret70 — Ret — Cisa colimit cocone. This
follows because we have a commutative square

Idem,; ——> Ret)

| |

I[demm ———> Ret

where the vertical maps are equivalences and the bottom horizontal map is cofi-
nal by Corollary 8.5.6, and the cocone Ret), — Cis clearly a colimit as Ret)( has

a terminal object. Moreover, this argument shows that the left Kan extension

of a functor from Idem exists precisely when the functor Idem) S Idem — C
has a colimit. |

Combining this with Observation 8.3.5, we get:

Corollary 8.5.8. Fun(Ret,€) — Fun(ldem, ©) is fully faithful, with image those
ﬁmctors Idem — @ that have a colimit in C. O

Corollary 8.5.9. If a functor ¢: Idem — € has a colimit in C, then this is preserved
by any functor C 5o
Proof. If ¢ has a colimit, then it extends uniquely to a functor ¢’: Ret — C.

The composition of ¢’ with F is again left Kan extended from Idem, so that the
colimit of ¢ is indeed preserved. i

Definition 8.5.10. Anidempotent in an co-category C is split if it is in the image
of Fun(Ret, €). We say that € is idempotent-complete if every idempotent is split.

Observation 8.5.11. An co-category € is idempotent-complete if and only if
every functor Idem — € has a colimit. By Proposition 8.5.4 this is true if € has
sequential colimits, i.e. colimits over the poset N.

We would like to say that any co-category has an idempotent-completion, ob-
tained by freely splitting its idempotents. We will prove this in the next section
by reformulating this in terms of absolute colimits.
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8.6 Absolute colimits and idempotent-completion

Definition 8.6.1. A presheaf W: X — Gpd,, is an absolute weight if a W-
weighted colimit in an co-category € is preserved by any functor € — D.

Observation 8.6.2. W € PSh(X) is an absolute weight if and only if for any
functors ¢: K — Cand F: € — D, such that colimj; ¢ exists in €, the object
F(colim} ¢) satisfies

D(F(colimy ¢),d) = limyo D($,d)

for all d € D. This holds if and only if the functor D(F(-),d) preserves the
weighted colimit. To show that W is absolute it therefore suffices to show that
the colimit is preserved by any functor € — Gpdg.

Definition 8.6.3. Let € be a cocomplete co-category. An object ¢ in € is absolute
if C(c,-) preserves all colimits.

Remark 8.6.4. Absolute objects are also known as completely compact and tiny
objects.

Lemma 8.6.5. A presheaf W € PSh(K) is an absolute weight if and only if it is an
absolute object of PSh(X).

Proof. First suppose W is an absolute weight. Since W = colimy y, for a colimit
colimy ¢ in PSh(X) we have
MappSh(:K) (W, Colimj ¢) =~ MappSh(K) (COllm‘é‘/ Y, COlimj ¢)

~ limgop Mappgy, ) (Y; colimyg ¢)

~ limgop colimy ¢

1R

limewop colimy Mappsy, () (Y: ¢)

1

colimg Mappgh ) (COhm‘év Y. $)

12

COlimj Mappsh(f}{) (W, ¢),

where we have used that the functor colimg Mappgy, g (= ¢) must preserve the
W-weighted colimit. Thus W is an absolute object.
Now suppose W is an absolute object in PSh(X), and that ¢: X — Cisa

functor such that colimy ¢ exists in €. By Observation 8.6.2 we want to show
that for any presheaf / on €, we have

y(colimy ¢) = limyop /().
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Here the right-hand side is equivalently Mappg, i) (W, $°P*)). Since  ~ colimlé/ Y,

¢°P* preserves colimits, and W is absolute, we can rewrite this as

Mappsy, 5c) (W, ¢oPY) ~ Mappgy, ) (W, colimlé ¢Pye)
~ colimlg Mappgp, 5y (W, C(¢,-))
= colimlé/ C(colimy ¢,-)
=~ (colimlé/ ye) (colimgg é)
= y(colimy ¢)
as required, where the third equivalence uses the definition of colimyt ¢. O

We can now simply say that a presheaf is absolute if it satisfies the equivalent
conditions of Lemma 8.6.5.

Example 8.6.6. The representable presheaf (-, k) is absolute.
Example 8.6.7. The terminal weight for Idem is absolute by Corollary 8.5.9.

Lemma 8.6.8. Absolute objects are closed under absolute colimits. In other words, 1f
W € PSh(X) is an absolute weight, and ¢: K — € is a functor such that $(k) is an

absolute object of C, then the colimit colimgwg ¢ is absolute, if it exists.

Proof. We have

C(colimg’ $,-) = Mappgy () (W, C($,-)).

Here €(¢,-): C — PSh(X) preserves colimits since these are computed point-
wise and the values of ¢ are absolute, hence so does the composite with Mappgy, 4, (W, -)
since W is an absolute presheaf by Lemma 8.6.5. ]

Proposition 8.6.9. A weight W € PSh(X) is absolute if and only if it is a retract of
a representable presheaf.

Observation 8.6.10. Suppose € is an ordinary category, and F: X — Cis a

functor, where X is an co-category. Then F factors as X — hK e We
claim that the colimit of F is the same as that if F’, if either exist. Indeed, since
Fun(X, €) =~ Fun(hX, €), the colimit of F represents the presheaf

MapFun(K’e) (F, Const(_)) = MapFun(hK,e) (FI, Const(_)).

Proof of Proposition 8.6.9. Suppose first that ¢ is an absolute presheaf. We know
that ¢ ~ colimg y o p where p: € — X is the right fibration for ¢, so that

Map(¢, ¢) =~ colimg Map(¢,y o p).
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Here we have

mo(colimg Map(¢,y o p)) = colimpe moMap(¢,y o p),

since 7y is a left adjoint and Set is an ordinary category. The right-hand side
is a colimit of sets, so we can conclude that there exists some e € € and [f] €
moMap(¢,y(p(e))) that maps to the component of [idg] on the left-hand side.
This means that the composite

6 L y(p(e) - ¢

is equivalent to idg, i.e. ¢ is a retract of the representable presheaf y(p(e)), as
required.

Conversely, a retract of a representable is absolute since representable presheaves
are absolute (Example 8.6.6), retracts are colimits over Idem (Corollary 8.5.8),
these are absolute (Example 8.6.7), and absolute colimits of absolute presheaves
are again absolute (Lemma 8.6.8). i

Corollary 8.6.11. An co-category has all absolute colimits if and only if it is idempotent-
complete.

Definition 8.6.12. For a small co-category C, let @idem denote the full subcat-
egory of PSh(C) spanned by the absolute presheaves, that is by the retracts of
idempotents in C.

Observation 8.6.13. It follows from Lemma 8.6.8 that €™ is closed under ab-

solute colimits in PSh(€), and so it is in particular idempotent-complete. More-

over, Cidem js 3 small oco-category, since the co-category Fun(ldem, €) of idem-

potents in C is small.

Proposition 8.6.14. Suppose D is an idempotent-complete co-category. Then any
ﬁmctor C — D admits a left Kan extension to Cidem gpd anyﬁmctor Eidem _, 9y s

left Kan extended from C. In particular, any functor @ — D factors uniquely through
Eidem

Proof. For ¢ € €9™ and F: € — D, the colimit of
Cy—oCHD

is equivalently the colimit of F weighted by ¢, which exists in D since ¢ is
absolute. Hence F has a left Kan extension to Cidem, Conversely, given a functor
G: @idem _, P the canonical map

colim‘é5 G — G(colimg y) = G(¢)

is an equivalence, since this is an absolute colimit. Thus G is left Kan extended
from C. O
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Definition 8.6.15. Proposition 8.6.14 gives for any functor f: € — D a unique
commutative square

e%@

| l

idem s idem
e fidem D '

We say that f is a Morita equivalence if fi9¢™ is an equivalence of co-categories.

Observation 8.6.16. Suppose F: € — D is left adjoint to G. If D admits small
colimits and G preserves these, then F preserves absolute objects, since for x € €
absolute we have

D(F(x), colim @) ~ C(x, colim G¢p) ~ colim D(F(x), ).

In particular, for any functor f: € — D, the left Kan extension (f°P);: PSh(€) —
PSh(D) preserves absolute objects, since its right adjoint (f°P)* preserves col-
imits. Since we moreover have a commutative square

c— I o

| l

PSh(€) 5 PSh(D)

from Proposition 8.4.4, it follows that f9*™ must (by uniqueness) be the restric-
tion of (f°P), to absolute presheaves.

Proposition 8.6.17. Suppose M is a cocomplete co-category and € is a small oo-
category. Then the unique colimit-preserving functor F: PSh(C) — M extending a
functor i:C—> Misan equivalence 1'fand only ifthefollowing conditions hold:

(1) i is fully faithful.
(2) The objects i(c) are absolute for all ¢ € €.
(3) Every object of M is the colimit of a small diagram in C.

Proof. 1t is clear that these conditions are necessary, so it remains to show that
they imply that F is an equivalence. The last assumption implies that F is es-
sentially surjective, so it remains to show that it is fully faithful. For this we
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compute

M(F($), F()) = M(F(colim? y), F(colim y))
~ lim?,, M, Colimg i)

cop
= lim%,, colim!, €(~-)

~ limgop colimg Mappsh(e) (y.y)
~ Mappgp e (colim‘é5 Y, colimg y)
= Mappgh ) (9. ¥),

using that i is fully faithful and takes values in absolute objects in M. m

Corollary 8.6.18. For any co-category C, the inclusion i: € < Cde™ jnudyces an
equivalence (i°P)*: PSh(Eidem) = pSh(Q).

Proof. The fully faithful inclusion gidem <, PSh(E) satisfies the assumptions
of Proposition 8.6.17 and so extends to an equivalence PSh(idem) =, pSh(E).
Its composition with (i°) is moreover the identity, since this is the unique a
colimit-preserving functor that extends the Yoneda embedding. It follows that
(i°P) is an equivalence, with inverse its right adjoint (i°P)*. ]

Corollary 8.6.19. A functor f: € — D is a Morita equivalence if and only if
(f°P)*: PSh(D) — PSh(C) is an equivalence.

Proof. Suppose f is a Morita equivalence. Then the commutative square from
Definition 8.6.15 induces a commutative square

. idem,op ) * .
psh(Didem) Y poy@idemy

Nl lN
PSh(D) — PSh(©).

It fidem jsan equivalence, it follows that so is (f°P)*. Conversely, if (f°P)* is an
equivalence, then so is its left adjoint (f°P);, and therefore so is its restriction to

the full subcategories of absolute objects, which is fi4¢™ by Observation 8.6.16.
O

Corollary 8.6.20. An co-category M is equivalent to a presheaf oo-category if and
only 1fM is cocomplete and there exists a smallfull subcategory ofabsolute objects that
generates M under colimils. O
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8.7 (x)Kan extensions and cofinality via weighted (co)limits

We can also use weighted colimits together with the desription of natural trans-
formations in terms of ends (§7.5) to prove the pointwise formula for Kan ex-
tensions:

Proposition 8.7.1. Given functors ¢: C — D and F: € — &, if the weighted
colimits Colim?(¢(_) D E exist in & Jor all d € D, then the functor

O F = colim?(¢(_)’_) F

is a left Kan extension of F along ¢. Dually, if the weighted limits limg D@D B oxisy
in & for all d € D, then the functor

$.F := lim, “?) F
is a right Kan extension of F along ¢.

Proof. Let G be a functor D — €. We prove the statement for left Kan extensions
by the computation’

D(-- . D(p(),
Mapn(p e ($1F, G) = lim (7 ;Dow &(colimg Y F,G(y))

= im () ) . 0y Mappsy o) (D($(2), ), E(F, G(y))

= Mapgyn (o psh(c)) (D (4. -), E(F, G))
= MapFun(C"P Fun(D, Spc))(D(¢ _) E(F G))

= im0 e MaPryn (0 spo (D($(0), =), E(F (), G))
~ im0

(c,c’)€CxEOP E(F(C )’G(¢(C)))
=~ Mapgynee) (F, G o ¢),

where the penultimate equivalence uses the Yoneda Lemma. O

We can also (independently of Proposition 8.7.1) use weighted colimits to
understand cofinality, as a special case of the following computation of (co)limits
weighted by a left Kan extension:

Proposition 8.7.2. Given ¢: € — D, W: € — Spc and F: D — &, we have a
natuml equil/ﬂlen[e

lim‘%w F ~lim{ Fod,

if either limit exists. Dually, for V: C°P — Spc we have

PPNV

colim;J F = colimg, F o ¢.

"We leave it as an exercise for the reader to check if we have actually shown that all of these
equivalences are sufficiently natural to justify the conclusion. ..
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Proof. We have

E(e,lim%" F) = Mapgop spe) ($1W, E(e, F)
= MapFun(G,Spc) (W’ 8(6, Fo ¢))
~ &(e,limy Fo ).

The case of colimits is proved similarly. i
Corollary 8.7.3. A functor ¢: € — D induces an equivalence on limits
limp F — lime F o ¢

Jor any functor F: D — & such that either limit exists, if and only if ¢ is coinitial in
the sense that ||C4l| =~ * for all d € D.

Proof. It sufhices to consider functors to Gpd,,, so we may assume all small limits
exist in D. For a functor F: D — &, Proposition 8.7.2 then gives an equivalence

lime Fo ¢ = limg™" Fo ¢ ~ lim%com* F,

where
¢ (const,)(d) = colimg,, const. = [|€/4l|.

If the right-hand side is contractible here we thus get
lime F o ¢ ~ limyp F,

as required. The converse follows as in the proof of Theorem 6.5.13. ]

8.8 (%) Full faithfulness via Kan extensions

In this section we’ll discuss a trick, due to [HRS25], for checking full faithfulness
using left Kan extensions and the Yoneda embedding:

Proposition 8.8.1 (Haine-Ramzi-Steinebrunner). A funcior F: € — D is fully
Jaithful if and only ifF!Op: PSh(C) — PSh(D) is fully faithful.

Proof. We know that if F is fully faithful then so is FP, and left Kan extension
along a fully faithful functor is fully faithful (Lemma 8.3.4). On the other hand,
we have a commutative square

ce—f v
Ye£ \J}D
PSh(€) —> PSh(D),

so if FIOp is fully faithful then so is F by the dual of Lemma 2.4.5. m]
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We'll discuss two applications of this: we’ll show that the maps K, L — K%L
into a join are fully faithful, and that fully faithful functors are closed under
cobase change. For the first result we need the following input:

Lemma 8.8.2. If p: & — B is a cartesian fibration with fibrewise initial objects, then

p has a fully faithful left adjoint, given by the inclusion of these in €.

Proof. Let & be the full subcategory of € on the fibrewise initial objects. We
know that p restricts to an equivalence po: & — B, and we claim that the

-1
. Py . .. . . .
composite s: B —> €y < & of is a left adjoint to p, with unit transformation
the equivalence ps ~ idg. Indeed, we have that

E(s(b),e) = B(ps(b), pe) = B(b, pe)
is an equivalence by Observation 5.5.2. ]

Corollary 8.8.3. For any co-categories A and B, the canonical functors A, B <
A x B are fully faithful.

Proof. 1t suffices to prove that one of the two inclusions is fully faithful, since
we have (A *x B)P ~ BP x AP, and fully faithful functors are preserved by
taking opposites. Now observe that, by definition of the join, we have for any
oco-categories £ and X a pullback square

Fun(X % £, ©C) > Fun(K x £, Ar(C))

Ji |

Fun(, €) x Fun(£, €) — Fun(X x £, €) x Fun(X x £, C),

where ¢ and r denote the canonical functors K, £ — K % £. Thus the left verti-
cal functor (£*,r*) is a bifibration, and in particular the restriction £*: Fun(X %
£,€) — Fun(X, @) is a cartesian fibration with fibre Fun(£,Cy,) at ¢. By
(the dual of) Corollary s.s.10 this has an initial object if ¢ has a colimit in C
(given by the constant functor that selects the colimit cone). We conclude from
Lemma 8.8.2 that ¢* has a fully faithful left adjoint if € has all colimits of shape
K. This applies in particular to € being Gpd,,,. Taking X = B°P and £ = A°P we
can then conclude from Proposition 8.8.1 that B — A % B is fully faithful. o

For our second application we need the following input:

Proposition 8.8.4. Suppose we have a pullback square of co-categories

e < v

0| %

e T) D
where G has afullyﬁithful left adjoint. Then G’ also has afullyfaithful left aa’joint.

167



Proof. Let F be the left adjoint to G; since F is fully faithful, the counit is a natural

equivalence idp =~ GF (Proposition 6.3.10). We therefore have a homotopy in
the outer square in

idpy
G’ D’
lq
— D

so that there is a unique filler F/. For x € D’ and y € €’ we then have a
commutative diagram

€' (F'x,y) — D'(G'F'x,G'y) —— D’'(x,G'y)
C(Fqx,py) —— D(GFgx,Gpy) —— D(gx, Gpy)

where the left square is a pullback since €’ is a pullback (Lemma 7.4.2). Thus
the top left morphism is also an equivalence, which shows that the equivalence
idp, =~ G’F is the counit of an adjunction F’ 4 G’ where F’ is hence fully faithful
(by Proposition 6.3.10 again). O

Corollary 8.8.5 (Haine—Ramzi-Steinebrunner). Suppose

AL 3

L

GT)TD

is a pushout square of co-categories such that f is fully faithful. Then g is also fully
Sfaithful

Proof. By Proposition 8.8.1 it suffices to show that (g°P);: PSh(C) — PSh(D) is

fully faithful. Taking presheaves on the pushout square we get a pullback square
(Proposition 7.4.3)

(g°P)*
PSh(D) -2y psh(e)

(q°F )*\L \L(p"” )"

PSh(B) 7t PSH(A).

Since f is fully faithful, the functor (f°P)* has a fully faithful left adjoint (Propo-
sition 8.8.1), and so the same is true of (¢g°P)*) by Proposition 8.8.4. Since left
adjoints are unique, this shows that (¢°P), is indeed fully faithful. ]
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Chapter 9

Finite and filtered co-categories

9.1 Interlude on set theory

Up to now we have been pretty cavalier about size issues for (co-)categories.
Since we’re about to talk about various finiteness conditions, this seems a good
point to try to make things a little more precise.

Notation 9.1.1. Recall that a cardinal is an isomorphism class of sets; for a set S
we denote its cardinal by [S].

Definition 9.1.2. For a cardinal k, a set S is k-finite if |S| < k.
Definition 9.1.3. A cardinal « is regular if
» « is infinite,

» given a family of sets S;,i € I such that |I| < k and |S;| < & for all i, then
[1;cr Si also has cardinality < x.

Example 9.1.4. The countable cardinal w = Ny is regular. The w-finite sets are
just the finite ones.

Definition 9.1.5. A cardinal x is a strong limit if A < x implies 2* < .

Definition 9.1.6. A cardinal is inaccessible if it is uncountable, regular, and a
strong limit.

Definition 9.1.7. A (Grothendieck) universe is a set U such that
» forSeUand T € S, we have T € U,
» for S € U, we have P(S) € U (where P(S) is the power set 25),
» NeU,

» for I € Uand f: I — U, we have ;[ f(i) € U.
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Exercise 9.1. If U is a Grothendieck universe, then |U| is an inaccessible cardinal.

Definition 9.1.8. The von Neumann hierarchy is the family of sets V,, defined by

Vo = ) P(V),
p<a

starting with Vy = 0.

Observation 9.1.9. A cardinal k is inaccessible if and only if V. is a Grothendieck
universe — thus Grothendieck universes exist if and only if inaccessible cardi-
nals do.

Definition g.1.10. If U is a Grothendieck universe, then the elements of U are
called the U-small sets.

Remark g.1.11. If U is a universe, then the U-small sets give a model of the ZFC
axioms.

We have implicitly assumed the existence of at least one universe, so that
it makes sense to talk about a large (co-)category of (U-)small (co-)categories.
In category theory it is usually convenient to assume at least a weak version of
Grothendieck’s universe axiom, which says that for any set there exists a universe
that contains it.

For more background on set theory and categories we recommend the ex-
pository paper [Shuo8] by Shulman. There is also a nice series of blog posts by
Leinster on large cardinals, starting with [Leiz1].

9.2 Finite co-categories

For ordinary categories, it is common to say that a category € is (essentially)
finite if it contains finitely many isomorphism classes of objects and each set
of morphisms between these is finite. This notion of finiteness does not ex-
tend to co-categories, however. In fact, there is no intrinsic characterization of
finiteness for co-categories — instead, we have to define this notion indirectly:

Definition 9.2.1. For a regular cardinal k, we define the full subcategory
Cats™ c Cat,,

of k-finite co-categories to be spanned by the smallest collection of objects such
that

» 0,[0],[1] are x-finite,
» Cat is closed under pushouts,

» Cat is closed under coproducts indexed by x-finite sets.
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We will refer to w-finite co-categories as simply finite; in this case, the closure
under finite coproducts is automatic once we have 0 and pushouts.

Remark 9.2.2. We can similarly define the x-finite co-groupoids by omitting
[1] in this definition. In terms of topology, the finite co-groupoids then corre-
spond to the finite CW-complexes.

Remark 9.2.3. In terms of quasicategories, we can characterize the x-finite
oo-categories as those that can be modelled by a (non-fibrant) simplicial set that
has a k-finite set of non-degenerate simplices.

Proposition 9.2.4.

(1) An oco-category C has x-finite colimits if and only if it has an initial object,
pushouts, and (for k > ) coproducts indexed by x~finite sets.

(2) Suppose € is an oo-category with k-finite colimits. Then a functor F: € — D
preserves k~finite colimits if and only if F preserves the initial object, pushouts, and

(for K > a)) K—ﬁnite coproducts.

Proof. To prove (1), we let X C Cate be the full subcategory on those co-
categories X such that € has all X-indexed colimits. We want to show that
X contains Cat'fin, By assumption X contains @, and it also contains [0] and
[1] since these have a terminal object. It therefore suffices to show that X is
closed under pushouts and x-finite coproducts. This follows from the fact that
colimits over a colimit of co-categories decompose as in Corollary 7.4.5. Part
(2) is proved in the same way. m

Corollary 9.2.5. The co-category Cat ™ s closed under K-finite colimis. |
Proposition 9.2.6. Caty] fin i closed under products.

Proof. Let XX C Cato, be the full subcategory on those co-categories K such that
K x — preserves k-finite co-categories. (Then X C Cat’;" since K € X implies
&K x [0] ~ K is k-finite.) Clearly X contains @ and [0], and since — x — preserves
colimits in each variable we see that X is closed under pushouts and x-finite
coproducts. It therefore only remains to show that [1] € X. Let Y C Cate
therefore be the full subcategory of co-categories £ such that [1] x £ is k-finite.
Again we see that £ contains 0 and [0] and is closed under pushouts and «-
finite coproducts, so we only need to show that [1] x [1] is k-finite. But this
decomposes as a pushout [2] L[y [2] where [2] =~ [1] L[o; [1] is k-finite. O

Exercise 9.2. Assuming that for every small co-category there is some (small) regular
cardinal « such that it is k-finite, show that an co-category has all small colimits if and
only if it has an initial object, pushouts, and coproducts indexed by all small sets.

Exercise 9.3. Show that X is k-finite if and only if K°P is k-finite.
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9.3 Filtered co-categories

Definition 9.3.1. An co-category J is k-filtered for a regular cardinal « if for
every k-finite co-category X and functor ¢: X — I, the undercategory Iy, is
weakly contractible. We usually abbreviate w-filtered to filtered.

Example 9.3.2. If J has a terminal object, then J is x-filtered for any «, since
Jg, also has a terminal object for any ¢ (Proposition 5.6.8), and so is weakly
contractible (Observation 6.5.12).

Lemma 9.3.3. IfJ has K—ﬁnite colimits, then J is K—ﬁltered.

Proof. Given ¢: X — J with X k-finite, then the colimit of ¢ gives an ini-
tial object of Ty, so that this co-category is in particular weakly contractible
(Observation 6.5.12). O

Observation 9.3.4. If 1 < k then any k-filtered co-category is also A-filtered,
since a A-finite co-category as also k-finite. In particular a k-filtered co-category
is in particular filtered, for any regular cardinal «.

Observation 9.3.5. Taking ¢ to be the unique functor @ — J, we get Js; =~ 7,
so a k-filtered co-category is in particular weakly contractible.

Exercise 9.4. Suppose that J is a retract of J via f: I — Jand r: J — 7 such that
rf = idg. Show that for any diagram p: K — J, the co-category J,, is a retract of J¢,,.
Conclude that if J is x-filtered then so is J.

Lemma 9.3.6. If J is k-filtered, then for every functor ¢: X — I with K k-finite,
the undercategory J¢ /1S also K—ﬁltered.

Proof. A diagram ¢: £ — Jg; is the same thing as a diagram /': Lx X — J
that restricts to ¢ on X, and (J4/)y; =~ Jy; by Proposition 5.6.1. Here £ % X is
again k-finite since this is the pushout

L Ugxaexqoy £ X KX [1] Ugxaxqiy K,

where all the pieces are k-finite by Proposition 9.2.6. The co-category Ty, is
therefore weakly contractible, as required. O

Observation 9.3.7. J is x-filtered if and only if the diagonal functor I —
Fun(X, J) is cofinal for every x-finite X.

Lemma 9.3.8. Ifﬂ is K—ﬁltcred, then Jiy > Jis cofmalfor any i€ J.

Proof. For j € Jwe have J;) xgJ;; ~ Jy; j, by Corollary 7.4.4, and the latter is
weakly contractible since 7 is k-filtered. ]

To compare our definition of filtered co-categories to that used by Lurie
[Lurog, Ker], which is also useful to find examples thereof, we need the follow-
ing fact:
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Fact 9.3.9. Suppose an oo-category J has the property that any functor X — I from
a finite co-category XK extends to a cocone K= — IJ. Then J is weakly contractible.

Remark 9.3.10. The reason Fact 9.3.9 is true is that every morphism $" — ||J||
lifts to some functor X — J with X finite — the extension to X then provides
a nullhomotopy of the map from $”. If we model J by a quasicategory, then we
can see this by describing ||J]| using Kan’s Ex*-functor.

Proposition 9.3.11. Given Fact 9.3.9, an oo-category J is k-filtered if and only if ev-
ery diagram K — JwithX K—ﬁni[e extends to a cocone K= — 7, i.e. the undercalegory
Jg) is non-empty.

Proof. We must show that this apparently weaker condition implies that J is -
filtered. The argument from Lemma 9.3.6 also implies that this condition is
inherited by slices, so this reduces to showing that if the condition holds for J
then J must be weakly contractible — this follows from Fact 9.3.9. m]

Corollary 9.3.12. A partially ordered set (S, <) gives a k-filtered co-category if and
only if every x-finite set of elements in S has an upper bound.

Proof. 1If i: T — S is the inclusion of a k-finite set of elements, then an upper
bound for this subset is precisely an object of S;/, so this must exist of S is k-
filtered. Conversely, a diagram p: X — S with K a k-finite co-category factors
uniquely first through hX and then through the truncation of hX to a poset
P, which is necessarily k-finite (as the x-finite posets are closed under pushouts
and k-finite coproducts). An upper bound in S for the images of the elements
of P then provides an extension of p to X~ — S. This implies that S is filtered
by Proposition 9.3.11. ]

Example 9.3.13. The partially ordered sets N and Z are filtered.

Exercise 9.5. An ordinary category € is usually said to be filtered if
» C#£0,

» for any two objects x,y in € there exists an object z with morphisms x — z and
y — Z,

» forany two parallel morphisms f, g: x — y there exists a third morphism h: y — z
such that Af = hg.

Using Proposition 9.3.11, show that this is equivalent to € being filtered as an co-
category.

Theorem 9.3.14 (Lurie). An oo-category J is k~filtered if and only if I-indexed
colimits commute with x-finite limits in Gpd.,. That is, if K is k~finite then for every
functor F: X x I — Gpd,,, the canonical map

COlimkejK 1irni€g F(k,-) — limieg colimx F(=i)
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is an equivalence. Equivalently, the colimit functor
colimy: Fun(J,Gpd,,) — Gpd,,
preserves k-finite limits.
One direction is easy:

Lemma 9.3.15. If J-indexed colimits commute with x-filtered limits for some oco-
category J, then J is K-ﬁltered.

Proof. For ¢: X — J with X x-finite, we know from Corollary 7.1.7 that J4; —
J is the left fibration for the functor

x — limgc I(¢, x).
Therefore ||J4,|| is the colimit colimyeg limy I(¢, x). We can rewrite this as
limkejc colimg j((ﬁ(k),—) =~ limkefK ||J¢(k)/|| =~ limgg * o sk

where we have used that ), is weakly contractible (since it has an initial
object, Observation 6.5.12). Thus I, is weakly contractible, as required. O

The converse direction, that colimits over k-filtered co-categories commute
with k-finite limits in Gpd,,, is much more involved, and we defer the proof to

§9.9.

9.4 Compact objects

Definition 9.4.1. Let € be an co-category with x-filtered colimits. An object
¢ € Cis k-compact if the functor

C(c,-): € — Gpd,,

preserves k-filtered colimits. The full subcategory of € on its k-compact objects
will be denoted €. We refer to w-compact objects as just compact.

Proposition 9.4.2. k-compact objects of an co-category C are closed under x-finite
colimits and retracts in C.

Proof. First consider a diagram p: X — € with X x-finite. We then have
G(colimx P> —) = limg@p G(p, —)

This preserves k-filtered colimits by Theorem 9.3.14, since K is k-finite (Ex-
ercise 9.3). On the other hand, if ¢ is a retract of ¢’ and the latter is k-compact,
then C(c,-) is a retract of C(c’,-), and therefore preserves x-filtered colimits
since a retract of an equivalence is an equivalence. m]
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Remark 9.4.3. If k is uncountable, then Proposition 8.5.4 shows that splittings
of idempotents can be computed by a k-finite colimit, so that the closure under
retracts is actually redundant. This is not true for k = w, however.

Fact 9.4.4. [1] is a compact object ofCatoo.

Exercise 9.6. Show that if ¢ =~ colimg F is a filtered colimit in Cats,, then € =~
colimg F*, and mapping co-groupoids in C are filtered colimits of those in F(k).

Exercise 9.7. Use Fact 9.4.4 and the fact that [1] detects equivalences to show that
filtered colimits commute with finite limits in Cate..

Corollary 9.4.5. k-finite co-categories are k-compact objects in Cate.
Proof. Both sides contain 0, [0], [1] and are closed under x-finite colimits. O

We would like to characterize the x-compact objects in co-categories of
presheaves. For this we need to use the following:

Fact 9.4.6. Every small co-category is the colimit of a small x-filtered diagram of
K—ﬁnite co-categories.

Exercise 9.8. Show that an co-category is cocomplete if and only if it has x-filtered
colimits and k-finite colimits for some regular cardinal .

Proposition 9.4.7. A presheaf ¢ € PSh(C) is k-compact if and only if ¢ is a retract
of a k-finite colimit of representables.

Proof. We first suppose ¢ is k-compact. Let p: & — € be the right fibration for
¢, so that ¢ ~ colimgy o p. By Fact 9.4.6 we can write & as colimy F where
X is k-filtered and F: X — Cats, is a diagram of k-finite co-categories. By
Corollary 7.4.5 we then have

Mappsye) (9, ) = Mappsye) (¢, colimy: colimp -y yop) = colimy Mappgp, () (¢, colimp (- yop).

Arguing as in the proof of Proposition 8.6.9 it follows that there exists some
k € X such that ¢ is a retract of colimpk)y o p, which is a k-finite colimit of
representables.

For the converse, suppose that ¢ is a retract of a k-finite colimit of repre-
sentables. Representable presheaves are k-compact (since they are even abso-
lute, Example 8.6.6), and k-compact objects are closed under x-finite colimits
and retracts by Proposition 9.4.2, so ¢ is indeed k-compact. ]

9.5 Flat presheaves and filtered cocompletions

In this section we will show that any small co-category has a free cocompletion
under k-filtered colimits.
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Definition 9.5.1. A presheaf F: C°% — Gpd, is k-flat if for the associated right
fibration & — €, the co-category €& is k-filtered. We write Ind,(€) for the full
subcategory of PSh(€) spanned by the x-flat functors; for k = w we just write

Ind(C).

Exercise 9.9. Show that a presheaf W is x-flat if and only if W-weighted colimits
commute with x-finite limits in Gpd,.

Example 9.5.2. Representable presheaves are k-flat for any k by Example 9.3.2,
since the corresponding right fibration is of the form J,, — J, where J/, has a
terminal object. Moreover, any retract of a representable presheaf is k-flat since
x-filtered co-categories are closed under retracts (Exercise 9.4).

Observation 9.5.3. If 1 < « then Ind,(€) C Ind,(€), since every k-filtered
co-category is also A-filtered. On the other hand, by Example 9.5.2 we always
have @idem ¢ [nd, (@).

Our goal is to show that Ind,(C) is the free cocompletion of € under k-
filtered colimits.

Remark 9.5.4. The notation Ind(€) comes from the name ind-object of € for
a formal colimit of a filtered diagram in €. Here “ind-object” comes from the
somewhat old-fashioned term “inductive limit” for a filtered colimit. (Confus-
ingly, “inductive limit” is also an old name for “colimit”.)

Proposition 9.5.5. A k-filtered colimit of k-filtered oo-categories is again x-filtered.

Proof. Suppose J = colimjcjJ; where J and each J; is k-filtered. Using Theo-
rem 9.3.14, we must show that J-indexed colimits commute with x-finite col-
imits in Gpd,,. But we have colimj = colimy colimy; by Corollary 7.4.5, so this
is true as all of these colimits commute with x-finite limits. m]

Exercise 9.10. We can also prove Proposition 9.5.5 without using Theorem 9.3.14:
Consider ¢: K — J with K k-finite. Then X is a k-compact object of Cato, by Corol-
lary 9.4.5, so that

Map(X,J) = colim;cg Map(X,J;).

It follows (by taking 7o, as in the proof of Proposition 8.6.9) that ¢ factors through
¢’: K — J; for some index j. Since J;; — J is cofinal by Lemma 9.3.8, we can identify
J as colimjieg,, J;. Show that we then get an equivalence

Jg) = colimjreg, (Iy)g;,/

where ¢, is the composite K 2y ; — Jj, and conclude from this that J is filtered.

Exercise 9.11. Show that the full subcategory of right fibrations over € is closed under
filtered colimits in Cateo/c-

'In fact, if we make x sufficiently large relative to € then Ind,(€) reduces to just the
idempotent-completion gidem
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Corollary 9.5.6. Ind,(C) is closed under x-filtered colimits in PSh(C).

Proof. k-filtered colimits in PSh(€) are equivalently x-filtered colimits in RFib(€),
and these are computed in Cate, by Exercise 9.11 and (the dual of) Corol-
lary 5.6.11. It therefore follows from Proposition 9.5.5 that k-flat presheaves are
closed under x-filtered colimits. ]

Corollary 9.5.7. A presheaf is k-flat if and only if it is a k-filtered colimit of repre-

sentables.

Proof. Suppose F — € is the right fibration for a presheaf F. Then (Observa-
tion 7.3.6) F is the colimit of the composite

F - €L PsSh(C).

If F is k-flat this shows that it is a x-filtered colimit of representables. Con-
versely, representable presheaves are k-flat by Example 9.5.2, and k-flat presheaves
are closed under x-filtered colimits by Corollary 9.5.6. m]

Proposition 9.5.8. Suppose C has k-finite colimits. Then a presheaf F on € is k~flat
if and only if it preserves k-finite limits.

Proof. The representable presheaves preserve x-finite limits, and presheaves that
do so are closed under x-filtered colimits (since x-filtered colimits commute
with x-finite limits in Gpd,,). Corollary 9.5.7 therefore implies that all x-flat
presheaves preserve k-finite colimits. Conversely, if F preserves k-finite limits
then the total space of the corresponding right fibration admits k-finite colimits
by Corollary 7.6.8, and so is k-filtered by Lemma 9.3.3. |

Proposition 9.5.9. Suppose C is a small co-category and D is an co-category with
K—ﬁltered colimits.

(i) Every functor © — D admits a left Kan extension to a functor Ind, € — D,
and this preserves x-filtered colimits.

(ii) Every functor Ind, € — D that preserves k-filtered colimits is left Kan extended
from its restriction to C.

Proof. Let i denote the fully faithful inclusion € < Ind, €. The Kan extension
of a functor F: € — D along i exists if for every ¢ € Ind, € the colimit of the
composite

Cy—oCHD
exists in D. Here €4 — C s the right fibration for the presheaf ¢; as ¢ is k-fla,
this is a k-filtered colimit, and so by assumption this colimit indeed exists in

D. Now we check that iiF preserves x-filtered colimits: using Lemma 8.4.2 we
have

iiF (colimg ¢) =~ coliméOlimj  F ~ colimg colirn‘é5 F ~ colimy iiF(¢),
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since all of these colimits are k-filtered and so exist in D.

Now consider a functor G: Ind, € — D that preserves k-filtered colimits.
Then

(i"G)(¢) — G(4)
is the canonical map
colimg Goi— G(colimqé i(-)),
which is an equivalence since G preserves k-filtered colimits and ¢ is k-flat. O

Corollary 9.5.10. Suppose C is a small co-category and D is an co-category with
x-filtered colimits. Then the restriction

Fun(Ind, €, D) — Fun(C, D)

has a fully faithful left adjoint with image the functors that preserve x-filtered colimits.
O

Observation 9.5.11. For a functor of small co-categories f: € — D, Proposi-
tion 9.5.9 implies that there is a unique commutative square

ce—L o
i !
Ind, €@ m Ind, D

where Ind, f preserves k-filtered colimits. We claim that Ind, f is the restriction
of the left Kan extension functor f*. We have a commutative square

c— 1 o

| b

PSh(€) —> PSh(D).

from Proposition 8.4.4, which shows in particular that ﬁop preserves repre-
sentable presheaves. Since it also preserves k-filtered colimits (being a left ad-
joint) it follows from Corollary 9.5.7 that £°P restricts to a functor Ind, € —
Ind, D. Moreover, this restriction preserves. x-filtered colimits, since these are
computed in presheaves by Corollary 9.5.6. By uniqueness we must therefore
have

Ind, f =~ ﬁOphndK e

as claimed.
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9.6 Recognizing filtered cocompletions

In this section we will characterize the co-categories that are of the form Ind, €
for some small co-category € and regular cardinal «, and also show that the
functor Ind, f induced by a functor f of small co-categories is an equivalence if
and only if f is a Morita equivalence. The starting point for this is the following
variant of Proposition 8.6.17:

Proposition 9.6.1. Suppose M is an co-category with K—ﬁllered colimits and C is a
small co-category. Then the unique x-filtered-colimit-preserving functor F: Ind, € —
M extending a functor i: C — M is an equivalence if and only if the following condi-
tions hold:

(1) i is fully faithful.
(2) The objects i(c) are k-compact for all ¢ € €.
(3) Every object of M is the colimit of a small k-filtered diagram in C.

Proof. This follows by exactly the same argument as in the proof of Proposi-
tion 8.6.17. O

Variant 9.6.2. The same proof shows that F is fully faithful if and only if i is
fully faithful and takes values in k-compact objects.

Corollary 9.6.3. For any small oco-category C, the inclusion i: € — @idem jydyces
an equivalence ilop: Ind, € = Ind, Cidem,

Proof. The inclusion €i4e™ < Ind, € satisfies the conditions of Proposition 9.6.1
and so extends to an equivalence a: Ind, Eidem _, Ind, €. The composition
of o with i,op is moreover the identity, since this restricts to the composite

€ — @idem _; [nd, € whose unique k-filtered-colimit-preserving extension
is idpyg_e- Thus ¥ = Ind, i is also an equivalence. mi

Proposition 9.6.4. For any small co-category C, the full subcategory (Ind, €)* of
K-compact objects is an idempotent—completion of C.

Proof. We know Eidem  [nd, € from Example 9.5.2. Since x-filtered colimits
are computed in PSh(C) (Corollary 9.5.6), the objects of @idem are K-compact.
It remains to show that any k-compact object ¢ of Ind, € is a retract of a rep-
resentable presheaf. Let p: € — C be the right fibration for ¢; then we know
¢ = colimeg y o p, where € is a k-filtered co-category. It follows that

Mapyq, ) ($, ) = colime Mapy,g (¢ (.Y © p).

Arguing as in the proof of Proposition 8.6.9 it follows that id4 has to be the
image of some map ¢ — y o p(e), i.e. that ¢ is a retract of some y(p(e)), as
required. i
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Corollary 9.6.5. For a functor f: C — D of small co-categories, the induced functor
Ind, f: Ind, C — Ind, D is an equivalence if and only if f is a Morita equivalence.

Proof. Suppose Ind, f is an equivalence. Then it restricts to an equivalence on
the full subcategories of k-compact objects, and so is a Morita equivalence by
Proposition 9.6.4. Conversely, if f is a Morita equivalence we get a commuta-
tive square

Ind, C % Ind, D

IndK eidem — IndK Didem
Indk fldem

where the vertical maps are equivalences by Corollary 9.6.3. Thus if fi™ is an
equivalence, so is Ind, f. i

Corollary 9.6.6. The following are equivalent for an co-category M:
(1) There exists an equivalence M = Ind, € for some small co-category €.

(2) M has x-filtered colimits and there exists a small full subcategory of x-compact
objects that generates M under x-filtered colimits.

(3) M has k-filtered colimits, the full subcategory M* of k-compact objects is small,
and this generates M under x-filtered colimits.

Proof. The equivalence of (1) and (2) is immediate from Proposition 9.6.1, while
(3) immediately implies (2). It only remains to observe that (1) implies that M*
is small, since by Proposition 9.6.4 it is equivalent to @idem which is small (Ob-
servation 8.6.13). O

Observation 9.6.7. If M satisfies the equivalent conditions of Corollary 9.6.6,
then the inclusion M* < M extends to an equivalence

Ind, M* = M.

9.7 Accessible co-categories

Definition 9.7.1. An co-category C is k-accessible if it satisifies the equivalent
criteria of Corollary 9.6.6. We say that C is accessible if it is k-accessible for some
regular cardinal .

Definition 9.7.2. Suppose C is an accessible co-category. A functor F: € — D
is called accessible if it preserves k-filtered colimits for some x (and so also for all
A > K).
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Example 9.7.3. Cats is k-accessible for any regular cardinal «, since x-finite
oo-categories are compact (Corollary 9.4.5) and these generate Cato, under k-
filtered colimits by Fact 9.4.6.

Example 9.7.4. For any small co-category €, the presheaf co-category PSh(€)
is k-accessible for any k. Indeed, by Proposition 9.4.7 the full subcategory
PSh(C)* of k-compact objects consists of retracts of colimits of k-finite dia-
grams in C, and so is small as the set of equivalence classes of k-finite diagrams
in € is small. Moreover, this generates PSh(€) under k-filtered colimits, since
every presheaf is a small colimit of representables, and this can be rewritten as
a k-filtered colimit of k-finite colimits of representables using Fact 9.4.6.

Lemma 9.7.5. Any accessible co-category € is locally small.

Proof. Suppose € is k-accessible for some regular cardinal x; then C* is a small
co-category. Given objects x and y, we can write them as x-filtered colimits
x = colimyex Xg, y = colimge ¢ y, of k-compact objects. We then have

C(x,y) = limgegor C(xk, y) = limyegor colimpe g C* (xk, ye).

This is a small co-groupoid since € is small, and small co-groupoids are closed
under small limits and colimits. O

Somewhat surprisingly, we have:

Theorem 9.7.6. A small oo-category € is accessible if and only if € is idempotent-
complete.

We refer the reader to [Luroo, §s.4.3] for a proof (for now).

Warning 9.7.7. If € is a k-accessible co-category and A > «, then it is not
necessarily true that € is A-accessible. However, we can always increase the
index of accessiblity if we make A sufficiently large in the following technical
sense:

Definition 9.7.8. For regular cardinals x and A, we write k < A if for any
ko < k and Ao < A we have 1% < A.

Example 9.7.9. We have o < « for every regular cardinal x.

Observation 9.7.10. For any regular cardinal , there exist arbitrarily large
regular cardinals A with k < A. For example, we can take A to be the successor
of any cardinal of the form 7*.

Remark 9.7.11. The notation k < 4 is slightly confusing, as we for instance
have ® < w. If k is an uncountable regular cardinal, then k < « if and only if
k is inaccessible.
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Fact 9.7.12. Suppose A > k. Then any x~filtered oo-category is a A-filtered colimit
of A-finite k-filtered co-categories.

Proposition 9.7.13. Suppose C is a k-accessible co-category and A is a regular car-
dinal such that A > « and A > k. Then C is also A-accessible.

Proof. Let €’ C C be the full subcategory spanned by the colimits of all A-finite
x-filtered diagrams in C*. Since the set of equivalence classes of such diagrams
is small, € is a small co-category. Moreover, it consists of A-compact objects
(since k-compact objects are in particular A-compact and A-compact objects are
closed under A-finite colimits by Proposition 9.4.2). It remains to show that ¢’
generates € under A-filtered colimits. For an object x € €, we know there exists
a diagram F: K — C*, with X x-filtered, whose colimit is x. By Fact 9.7.12 we
can write X as a A-filtered colimit of A-finite x-filtered co-categories, say as
K =~ colimyes K. Then Corollary 7.4.5 implies that

x = colimg F = colimyeg colimy, Flx,.

Here colimy, Flx, is an object of €', so x is a A-filtered colimit of objects of €,
as required. i

The main point of accessibility is that this condition is preserved under many
categorical constructions (but possibly with a larger index of accessibility). We
end this section by stating some important results of this form — since the proofs
get rather technical, we will not discuss them (for now?) and refer the reader
to [Lurog, §s.4] for details.

Theorem 9.7.14. If C is an accessible co-category and X is a small co-category, then
Fun(X, @) is accessible.

Theorem 9.7.15. Given a diagram p: X — Cate, of(large) oo-categories where
p(k) is an accessible co-category for every k € K and p(f) is an accessible functor for
every morphism f in K, then:

(1) The co-category limy p is accessible.

(2) A functor € — limg p where C is accessible, is accessible if and only if the composite
€ — p(k) is accessible for every k € XK.

9.8 () Confluent co-categories

Everything in this section is due to Christian Sattler and David Wirn [SW2s].

Definition 9.8.1. An co-category J is confluent if and only if Iy, is weakly con-
tractible for any cospan ¢: A3 — J.
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Observation 9.8.2. Since AZ is the pushout {0 < 1} Loy {0 < 2}, for any
cospan ¢: Ag — J we get a decomposition
j<i5/ = Jg01/ XIp0)/ Jg0a1>

where ¢o; == $(0 — i). Here Js,,) — Jy(;)/ is an equivalence, so we can view

this as the pullback
Ig1 = Tg(1)) X340, Ip(2) /5

where the maps are given by composition with ¢o1 and ¢oo. Thus J is confluent
if and only if for all pairs of morphisms x — y, x — z in J, the induced pullback

Jyy Xa,, Iz
is weakly contractible.

Example 9.8.3. Any co-category with pushouts is confluent, since 4, then has
an initial object.

Lemma 9.8.4. J is conﬂuent ifand only iffor every fix — yinJ, thefnnctor
f*: 3y = Iy is cofinal.

Proof. f* is cofinal when for every g: x — z, the co-category

Ty)gs =Ty Xa,, g/

is weakly contractible. Here (J,)4; = J,/, so this gives precisely the pullbacks
that are required for J to be confluent in Observation 9.8.2. ]

The following is a key closure property of confluent co-categories:
Lemma 9.8.5. Suppose p: &€ — B is a left fibration and B is confluent. Then & is
also conﬂuent.

Proof. Given morphisms f: e — ¢’ and g: e — €” in €, we must show that
the pullback €. xe,, €./ is weakly contractible. But this is equivalent to

Bper) XB,,.; Bpery since p is a left fibration, and this is weakly contractible when
B is confluent. m|

Our main aim is to prove the following:

Theorem 9.8.6 (Sattler—Wirn). An co-category J is confluent if and only if J-
indexed colimits in Gpd,, commute with pullbacks.

Lemma 9.8.7. Suppose p: & — B is a left fibration and B is confluent. Then
Ly (p) = Feare(p)" is a Kan fibration.
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Proof. Here care(p) is the cartesian fibration for the functor b > & xg B, with
functoriality given by composition. We must show that for f: b — b, the
functor

f*: & XB Bb/ — & XB Bb//

localizes to an equivalence. But this is the pullback along the left fibration p of
the functor f*: B, — By, which is cofinal by Lemma 9.8.4. This functor
is therefore itself cofinal by Corollary 6.5.17 and so gives an equivalence on
localizations by Proposition 6.5.16. m]

Lemma 9.8.8. Suppose we have a pullback square of co-categories

0Ty ¢
p’l lp
F—15 B
where p and q are left fibrations and B is confluent. Then the commutative square of

co-groupoids
g’ 1l

191 —— 1€l
P’ lpll
l lql l
151 —— IIBII.

is also a pullback.

Proof. From Corollary 6.4.6 we get a pullback square

Li(q) — €

Lb

Lh(q9) — B.

Since contravariant equivalences give equivalences on localizations by Propo-
sition 6.4.7 it sufhices to show that this square gives a pullback on localizations.
But here the horizontal morphisms are Kan fibrations by Lemma 9.8.7, so this
follows from Corollary 7.7.7. ]

Proof of Theorem 9.8.6. 1f colimits over J commute with pullbacks, then for x —
y and x — z in J we have

17/ X3, Iz/1 = colimieg I(y, i) Xg(x,iy I (2, 1)
=~ (colimiey I(y, 1)) Xcolim,ey 9(xi) (cOlimycg I(z, 1))
= || Ty X, 1 1321l

2*,
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so that J is confluent. For the converse we want to show that the colimit functor
Fun(J,Gpd,,) — Gpd,, preserves pullbacks. In terms of fibrations, this means
that the functor
LFib(7) 22, Gpd._

preserves pullbacks. Since pullbacks in LFib(J) are computed in Cato, this fol-
lows from Lemma 9.8.8 as the source of any left fibration over J is confluent
by Lemma 9.8.5 and any morphism between left fibrations over J is itself a left
fibration (Observation 3.2.7). O

9.9 (%) Filtered colimits and finite limits

Our goal in this section is to prove Theorem 9.3.14 as a consequence of Theo-
rem 9.8.6. We start by relating filtered and confluent co-categories:

Proposition 9.9.1. An co-category is filtered if and only if it is confluent and weakly
contractible.

Proof. Suppose J is confluent and weakly contractible, and let X c Cats be
the full subcategory of co-categories K such that Iy, is weakly contractible for
every functor ¢: K — J. Since J is weakly contractible, we have 0 € X, and
we also have [0], [1] € X as any slice for these has an initial object. To show
that all finite co-categories lie in X it then suffices to show that X is closed under
pushouts. Given a pushout

Ko — Ky

L

XKy — X
and a functor ¢: K — J, let ¢; := @|x,; we have an equivalence
Tg1 = Igu/ X040 Iga)s
which gives an equivalence
1T/ 11 = T /1 Xy 11 1172 /11s

since J is confluent and the right-hand side can be viewed as a pullback of col-
imits over J. If K; is in X for i = 0,1, 2 it follows that J4, is weakly contractible,
so that K also lies in X as required. O

Combining this with Lemma 9.8.5, we get:
Corollary 9.9.2. SupposeJ isﬁltered and & — Jisa leﬁﬁbmtion. Then & isﬁllered

if and only if it is weakly contractible.
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We can now prove the finite case of Theorem 9.3.14:

Corollary 9.9.3. Suppose J is a filtered co-category. Then I-indexed colimits in
Gpd,,, commute with finite limits.

Proof. Let X C Cato, be the full subcategory of co-categories K such that J-
indexed colimits commute with K-indexed limits. Then X contains 0 as J is
weakly contractible; it also contains limits over [0] and [1] since these contain
an initial object. To see that X contains all finite co-categories it then suffices
to show that it is closed under pushouts. This holds because J-indexed colim-
its in Gpd,, commute with pullbacks by Theorem 9.8.6, since J is confluent,
and a limit over a pushout in Cat., decomposes as a pullback of limits over the
components of the pushout by the dual of Corollary 7.4.5. ]

Proposition 9.9.4. Suppose J is a K-ﬁltered oco-category and E; — J is a collection
of left fibrations indexed by a x-finite set S. If each & is filtered, then so is

J X119 I_] Es.

seSS

Proof. Let Q :=J xyq,9 [1; €. We use the criterion of Proposition 9.3.11. Given
¢: K — Q with X finite, we want to show there exists an extension to X”. By
assumption each & is filtered, so the composite X — &€ admits an extension to
K for every s. We obtain a diagram of shape [[, X~ — J. Here the source is
a k-finite co-category, so this extends over a right cone as J is k-filtered. Now
we use that Q — J is a left fibration to construct a compatible extension over K”
for every s. ]

Proposition 9.9.5. Suppose J is a K—ﬁltered co-category. Then J-indexed colimits
in Gpd,, commute with k-finite limits.

Proof. We want to show that the functor colimg: Fun(J,Gpd,,) — Gpd,, pre-
serves k-finite limits. Since J is in particular filtered, we know from Corol-
lary 9.9.3 that colimy preserves finite limits. By Proposition 9.2.4 it therefore
suffices to show that it also preserves k-finite products. We thus consider a col-
lection of functors ¢;: I — Gpd,, indexed by a k-finite set S; we need to show
that the canonical map

colimg 1_[ s — 1_[ COlimJ Ps

seS seS

is an equivalence. For this we apply the criterion of Corollary 7.7.4, which tells
us that it suffices to prove that given x; € colimg ¢ for each s, the colimit of
[Tses(Ps)x, is contractible. Translating this in terms of fibrations, we need to
show that given a collection of left fibrations €; — J indexed by s € S such that
each &; is weakly contractible, the co-category T Xpj,5 [Tses &5 is also weakly
contractible. This follows from Proposition 9.9.4 since each & is filtered by
Corollary 9.9.2. ]
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Chapter 10

Presentable co-categories

10.1 Presentable co-categories

Definition 10.L.I. An oo-category is (k-)presentable if it is (x-)accessible and
cocomplete.

Example 10.1.2. Cats and PSh(C) for any small co-category C are presentable.

We want to characterize the presentable co-categories as those of the form
Ind, € where € is a small co-category with x-finite colimits. For this we need
to know that co-categories of this form are always presentable, i.e. that they are
cocomplete. This requires some preliminary discussion.

Proposition 10.1.3. Suppose € is a small idempotent-complete co-category. Then
thefollowing are equivalentfor a regular cardinal x:

(1) C has x-finite colimis.

(2) The inclusion € — PSh(C)* has a left adjoint.

Observation 10.1.4. Suppose i: € — D is a fully faithful functor with left
adjoint L. Given a diagram p: K — Csuch thatiop has a colimit in D, we claim
that p also has a colimit in €, namely L(colimy ip). Indeed, this is the colimit
of the diagram Lip since the left adjoint L preserves colimits, but Li ~ ide since
i is fully faithful (Corollary 6.3.11), so Lip = p.

Proof of Proposition 10.13. Suppose first that € has k-finite colimits. We must
show that the copresheaf Mappgy, () (¢, y(-)) on € is corepresentable for every
¢ € PSh(C)*. By Proposition 9.4.7, there exists a functor p: X — € with K
x-finite so that ¢ is a retract of / := colimy o p. We first observe that

Mappshe) (¥, Y(=)) = limgor €(p,-)

is corepresented by the colimit colim p in €. Since € is by assumption idempotent-
complete, it then follows that the original copresheaf is corepresented by a re-
tract of colim p.
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Now suppose (2) holds, so that the inclusion i: € < PSh(C)* has a left
adjoint L. For a diagram p: X — € with X x-finite, we know that i o p has a
colimit in PSh(C)*, and so Observation 10.1.4 shows that p has a colimit in C,
namely L(colimip). m|

Observation 10.1.5. Suppose we have an adjunction f 4 g for functors
f:€2D:g

among small co-categories. Then we get an adjunction g°P + f°P on opposite
oco-categories (Exercise 6.3) and so an adjunction f°P* 4 g°P* on presheaves by
Lemma 6.3.8. Since adjoints are unique, this means that f°P* is equivalent to
g!op’ so that we also have

£ g

Here both functors restrict to Ind, (=), and so we have an adjunction

Ind, f : Indc € 2 Ind, D : Ind, g
on k-filtered cocompletions.
Corollary 10.1.6. Suppose C is a small co-category with x-finite colimits. Then:
(1) The inclusion Ind, € < PSh(C) has a left adjoint.
(2) Ind, C is cocomplete.
(3) Ind, C is a k-presentable oo-category.

Proof. By Proposition 10.1.3 the inclusion i: € < PSh(€)* has a left adjoint L.
From Observation 10.1.5 we get an induced adjunction

Ind, L : PSh(C) 2 Ind, C: Ind, i,

since PSh(C) = Ind, PSh(C)* by Example 9.7.4 and Observation 9.6.7. Here we
need to identify Ind, i with the fully faithful inclusion of Ind, € in PSh(€). To
do so we observe that Ind, i is the unique x-filtered-colimit-preserving functor
extending the composite

@5 PSh(@)* < PSh(C),

which is the Yoneda embedding. The cocompleteness of Ind, € now follows
from Observation 10.1.4; since we know Ind, C is accessible, it is therefore pre-
sentable. O

Proposition 10.1.7. The following are equivalent for an co-category C:

(1) Cis presentable.
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(2) Cis accessible, and for every regular cardinal x the full subcategory C* has x~finite
colimits.

(3) There exists a regular cardinal x such that C is k-accessible and C* admits x~finite
colimits.

(1) C is equivalent to Ind, D where D is a small oo-category with x-finite colimits.

(5) Cis cocomplete and there exists a small full subcategory of x-compact objects for
some regular cardinal x that generates € under small colimits.

Proof. (1) implies (2) since k-compact objects are always closed under any k-
finite colimits that exist by Proposition 9.4.2, while (2) clearly implies (3) and
this in turn implies (4) by Observation 9.6.7. If (4) holds, we know that € is
presentable by Corollary 10.1.6, so the first four conditions are equivalent. To
see they are also equivalent to (s), we first observe that this clearly holds when
€ is k-presentable for some given «, since then every object is a small k-filtered
colimit of k-compact objects. Conversely, suppose (s) holds, with €, € € the
full subcategory of k-compact objects in question. Let €’ be the full subcategory
of € spanned by the colimits of k-finite diagrams in €y. Then €’ is a small co-
category and also consists of k-compact objects (Proposition 9.4.2). Moreover,
any object of € is the colimit of a small diagram in €y and so of a k-filtered
diagram in €', so that C is k-accessible by Corollary 9.6.6. m]

Remark 10.1.8. We will see another important characterization of presentable
co-categories, as the accessible localizations of presheaf co-categories, below in

§ro.4.
Corollary 10.1.9. If € is a presentable co-category, then C admits small limits.

Proof. By Proposition 10.1.7 we have an equivalence € =~ Ind, D, where D is a
small co-category with x-finite colimits. We can therefore identify Ind, D c
PSh(D) as the full subcategory of presheaves that preserve k-finite limits by
Proposition 9.5.8. But this full subcategory is closed under limits in PSh(D),
since these are computed pointwise (Corollary s.5.10) and limits commute. O

Observation 10.1.10. Suppose C is a k-presentable co-category and 1 > « is
another regular cardinal. Then € is also A-presentable, since it is generated
under small colimits by x-compact objects, which are also A-compact (as ev-
ery A-filtered co-category is also x-filtered). Note that this contrasts with the
situation for k-accessible co-categories (Proposition 9.7.13) where we needed a
strong set-theoretic assumption on A for a k-accessible co-category to also be
A-accessbile.

Lemma 10.1.11. Suppose C is a presentable oo-category. Then for every object x € €
there exists some regular cardinal A such that x is A-compact.
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Proof. Let k be a regular cardinal such that € is k-presentable. Then there is a
x-filtered diagram p: K — €* whose colimit in € is x. We can choose a regular
cardinal A > k such that K is A-finite. Since k-compact objects are in particular
A-compact, and A-compact objects are closed under A-finite colimits, it follows
that x is A-compact. ]

Proposition 10.1.12. Suppose C is a k-presentable co-category and D is a cocomplete
oo-category. Then a functor F: € — D preserves colimits if and only if F preserves
x-filtered colimits and F|ex: C* — D preserves k-finite colimits.

Proof. First suppose F preserves colimits. Since €* is closed under x-finite col-
imits in € (Proposition 9.4.2), it follows that F|ex preserves k-finite colimits.

Now we consider the less trivial direction. Since € is k-presentable, we have
€ ~ Ind, €%, and the inclusion i: Ind, €% <> PSh(C*) has a left adjoint L by
Corollary 10.1.6. Let f := Flex; since F preserves k-filtered colimits, Propo-
sition 9.5.9 implies that F is the left Kan extension of f along the inclusion
C* — Ind, C*. Let

G := iiF: PSh(C*) —» D

be the further left Kan extension of F; then G is also the left Kan extension
of f along the Yoneda embedding, and so G is colimit-preserving by Proposi-
tion 8.4.1. Since i* 4 L* we get a canonical natural transformation f: G — FoL
adjoint to the inverse of the counit F — i*G. We claim that if § is an equiv-
alence, then F preserves colimits: To see this, consider a diagram p: X — €,
let g: K> — PSh(C*) be a colimit cone for i o p; then we know that L(g) is a
colimit cone for p. Since G preserves colimits, it follows that G(g) ~ FL(g) is a
colimit cone in D, so that F indeed preserves the colimit of p.

It remains to show that § is in fact an equivalence. Let & C PSh(C*) denote
the full subcategory of presheaves ¢ such that p;: G(¢) — F(L¢) is an equiv-
alence in D; we want to show that & is all of PSh(€¥). First observe that since
F preserves k-filtered colimits, € is closed under these. It therefore suffices to
show that € contains PSh(C*)¥, as this generates PSh(C*) under such colimits.

By Proposition 10.1.3, the inclusion j: €¥ < PSh(€*)* has a left adjoint ¢,
so that L = Ind, ¢ by the proof of Corollary 10.1.6. From the construction of
this adjoint, we also see that § restricts on PSh(C*)* to the transformation

viaf = fot

similarly adjoint to the inverse of the unit f — j*jif. It thus suffices to check
that this is an equivalence. Let &’ € PSh(C*)* be the full subcategory of objects
¢ such that yy4 is an equivalence. We first observe that y is an equivalence on
objects in €%, so C* C &’. Moreover, the functor jif preserves k-finite colimit as
it is the restriction of the colimit-preserving functor G to the full subcategory
PSh(C*)*, which is closed under such colimits. Since f by assumption preserves
x-finite colimits, as does the left adjoint ¢, it follows that &’ is closed under x-
finite colimits. It is also obviously closed under retracts. Therefore, as we know
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from Proposition 9.4.7 that every object in PSh(C¥)* is a retract of the colimit
of a k-finite diagram in €*, we can conclude that €’ is all of PSh(C¥)*. This
completes the proof. |

The condition of presentability is closed under many categorical construc-
tions. In particular, we have:

Proposition 10.1.13. If C is presentable and K is a small co-category, then Fun(X, €)
is presentable.

Proof. Combine Theorem 9.7.14 with (the dual of ) Corollary s.s.10. ]

Proposition 10.1.14. Given a diagram p: X — Cat., of (large) co-categories where
p(k) is a presentable co-category for every k € K and p(f) is a colimit-preserving
functor for every morphism f in XK, then:

(1) The co-category limy p is presentable.

(2) A functor € — limx p where € is presentable, is colimit-preserving if and only if
the composite € — p(k) preserves colimits for every k € K.

Proof. Combine Theorem 9.7.15 with (the dual of) Corollary s.5.15. o

10.2 The adjoint functor theorem

Our goal in this section is to prove the adjoint functor theorem for presentable
oco-categories, which gives very useful characterizations of when functors be-
tween presentable co-categories are left or right adjoints. This boils down to
identifying the representable presheaves (which is easy) and the corepresentable
copresheaves (which is hard) on a presentable co-category. We start with the
easy direction:

Proposition 10.2.1. If € is a presentable oo-category, then a presheaf ®: C°P —
Gpd,, is representable if and only if ® preserves small limits.

Observation 10.2.2. For a small co-category € and a presheaf ¢: €°P — Gpd,,,
the right Kan extension (y°P).¢: PSh(€)°P — Gpd,, is given by

(yP)$(¢) =~ lim!, ¢ = Mappgn e, (¥: §).

In other words, y, ¢ is the presheaf on PSh(€) represented by ¢.

Proof of Proposition 10.2.1. Any representable presheaf preserves limits, so it suf-
fices to prove the converse. Choose k so that € is k-presentable; then ®°P is left
Kan extended from a functor ¢°P: €< — Gpdg} that preserves k-finite colimits
by Proposition 10.1.12. Let @ : PSh(C*)°P — Gpd,, be the right Kan extension
of @ along the inclusion (Ind, €¥)°P < PSh(€¥)°P; then @’ is also the right Kan
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extension of ¢ along y°P and ® =~ @[,y ex. By Observation 10.2.2 we know
that @’ is the presheaf on PSh(C*) represented by ¢. But we also know from
Proposition 9.5.8 that ¢ lies in the full subcategory Ind, ¥, since it preserves
x-finite limits. Hence the restriction @ of @’ is indeed the presheaf represented

by ¢. O

Corollary 10.2.3 (Adjoint Functor Theorem, easy half). Suppose € is a pre-
sentable co-category and D is a locally small co-category. Then aﬁmctor F:C—D
is a left adjoint if and only if it preserves small colimits.

Proof. We know from Corollary 6.3.7 that F is a left adjoint if and only if the
presheaf D(F(-), d) on € is representable for every d € D. By Proposition 10.2.1
this is equivalent to these presheaves preserving small limits, which happens for
all d precisely if F preserves colimits. i

The other half of the presentable adjoint functor theorem will follow from
the following characterization of corepresentable copresheaves:

Proposition 10.2.4. Suppose C is a presentable co-category. Then a copresheaf
®: € — Gpd,, is corepresentable if and only if ® is accessible and preserves small
limits.

For the proof we need an indirect criterion for the existence of initial ob-
jects'. To prove this we will in turn make use of the following somewhat non-
obvious criterion for initial objects:

Proposition 10.2.5. An object x of an co-category € is inital if and only if x is the
limit oflheﬁmctor ide: € > C.

Proof. Using Proposition 5.6.6, we see that it suffices to show thata cone €* — €
that restricts to ide is terminal in C ;4 if and only if it takes —co — x to id,.

We first check that this condition must hold for a terminal cone. Observe
that given two cones a, f: €* — € on ide, we get a morphism of cones a — f
by taking the composite

idjoj*p a
[1]*C=[0]*xC" —— C" > C;

on the cone points, the morphism a(—o0) — f(—0) is the component of « at
the object f(—o0) € €. In particular, from a cone a we get a canonical endomor-
phism of cones @ — a, given on the cone point by the image of —co — a(-o)
under a. If « is a limit cone, then this endomorphism must be equivalent to idg,
since a limit cone is precisely a terminal object in the co-category of cones. In
particular its component at —co is an identity map, which means that o takes
—00 — (—00) t0 idy(—c0)-

'T learned this from the paper [NRS20] of Nguyen, Raptis and Schrade on adjoint functor
theorems.
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Conversely, suppose y is a cone such that y(-co — x) = idy; we want to
prove that it is a terminal cone. Given a map of cones ¢: f — y, we have a
natural commutative triangle

Blmoo) — =

N A

so that ¢_o =~ B.. More precisely, if we define o: €4 — Cx to take § to
Bx: f(—o0) — x, then we have a commutative diagram

eV_wo

(e/id)/y

Since €,y — € is a right fibration, the top horizontal functor here is an equiva-
lence by Lemma 3.3.10. Inverting it, o thus provides a section s of the forgetful
functor (€4)/y = €q- Now (the dual of) Proposition 5.6.6 implies that this
exhibits y as a terminal object precisely if s takes y to id,. But under the equiva-
lence ev_, this corresponds to the condition that o takes y to id,, which is true
by assumption. m

Corollary 10.2.6. Let C be a locally small co-category with small limits. Suppose
there exists a full subcategory i: Co < € such that Cy is small and for every object
x € C there exists an object y € Cy such that C(y,x) is non-empty. Then C has an
initial object.

Proof. We want to use Proposition 10.2.5 to conclude that € has an initial object.
Since Cq is small, the inclusion i has a limit, so it suffices to show that i is coinitial,
since then its limit is also the limit of ide by (the dual of ) Theorem 6.5.13.

We thus need to show that for every x € €, the co-category €y, is weakly
contractible. Consider a functor F: X — €/, where X is small. The composite

Fix5 Co/x — €/x admits a limit cone F/: K — €, since C is complete. By
assumption, there exists a map y — F’(—c0) with y € Cy. Composing F’ with
this, we therefore obtain a cone F: X* — €y, extending F. This implies that
Co/x is weakly contractible by Fact 9.3.9. ]

Proof of Proposition 10.2.4. Since C is presentable, all corepresentable copresheaves
on € preserve limits and are accessible, since we know from Lemma ro.1.11 that
for every object there is some x for which it is k-compact. It remains to prove
the converse, for which we consider the left fibration p: € — € corresponding
to ®; we want to prove that € has an initial object.
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The co-category € is locally small, and it has small limits by the dual of
Corollary 7.6.8. Choose « so that C is k-presentable and @ is k-accessible, and
define the full subcategory &~ C € by the pullback

ex I ¢

L

ek—l.)&

we will apply the criterion of Corollary 10.2.6 to € to conclude that & has an
initial object.

Given an object e € &, we must show that there exists a morphism from
some object of €¥ to e. We can write the image ¢ = p(e) as a k-filtered colimit

¢ =~ colim;ey c;
of k-compact objects c;. Since ® is k-accessible, it follows that the object
e €& ~d(c) = colimjeg B(c;)

must lie in the image of ®(c;) for some i. In terms of the fibration €, this means
that there exists a morphism ¢/ — e lying over ¢; — ¢ where ¢; is k-compact;
thus e’ lies in €X, as required. O

Corollary 10.2.7 (Adjoint Functor Theorem, second half). Suppose € and D
are presentable co-categories. Then aﬁmctor G:C—>Disa right adjoint ifand only
if it is accessible and preserves small limits.

Proof. We know G is a right adjoint if and only if the copresheaf D(d, G(-)) is
corepresentable for every d € D. By Proposition 10.2.4 this is true if and only
if this copresheaf is accessible and preserves limits for every d € D. The latter
condition holds if and only if G preserves limits, so it remains to relate the two
accessibility conditions.

Suppose first that G is accessible and preserves small limits. Then for a
given d € D we can find a regular cardinal « so that d is k-compact and G
is k-accessible; then D(d, G(-)) is again k-accessible. Conversely, if these co-
presheaves are accessible for every d, first choose k so that D is k-presentable.
Since D¥ is small, we can choose A > « so that D(d, G(-)) is A-accessible for all
d € D*. Since the functors D(d,-) with d € D* then jointly detect equivalences
in D, it follows that G must be a A-accessible functor. |

10.3 Factorization systems

Definition 10.3.1. A factorization system on an co-category C consists of a pair
of wide subcategories (£, R) of € such that
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» £ L R, ie. every morphism in £ is left orthogonal to every morphism in
R,

» every morphism f in € admits a factorization f ~ r¢ with r in R and ¢ in
L.

Remark 10.3.2. Sometimes factorization systems are called orthogonal factor-
ization systems. This is probably Bourbaki’s fault.

Observation 10.3.3. If (£, R) is a factorization system on C, then (R°P, L°P) is
a factorization system on C°P.

Exercise 10.1. Show that for any co-category €, we have factorization systems (€=, C)

and (G, C™).

Example 10.3.4. Epimorphisms and monomorphisms form a factorization sys-
tem on Gpd,, by Lemma 2.4.3 and Observation 2.2.8.

Example 10.3.5. Essentially surjective and fully faithful functors form a factor-
ization system on Cato, by Lemma 2.8.3 and Observation 2.8.5.

Example 10.3.6. Cofinal functors and right fibrations form a factorization sys-
tem on Cat, by Observation 6.5.5 and Corollary 6.5.6. Dually, coinitial functors
and left fibrations also form a factorization system.

Notation 10.3.7. Given an co-groupoid S C €[1] of morphisms in an co-
category C, we write

» LO(S) for the co-groupoid of morphisms that are left orthogonal to S,
» RO(S) for the co-groupoid of morphisms that are right orthogonal to S.

Proposition 10.3.8. Suppose (£, R) is a factorization system on an co-category C.
Then £ = LO(R) and R = RO(L).

Proof. By assumption £ € LO(R), so it remains to show that any morphism

f: X — Zin LO(R) lies in £. We can factor f as X 5 v L Z where ¢ is
in £ and r is in R. But then r is also in LO(R) by Lemma 2.4.5 and so is left
orthogonal to itself. This means that r is an equivalence by Exercise 2.11. m]

Corollary 10.3.9. If (£,R) is a factorization system on C, then the morphisms in
both £ and R are closed under retracts.

Proof. This follows from Proposition 10.3.8 together with Lemma 2.4.9 and its
dual. ]

Remark 10.3.10. This definition of factorization systems is taken from [ABF]22].
Note that it is a bit different from that given in [Lurog], which does not a pri-
ori ask for the classes of morphisms in a factorization system to be closed under
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composition (or to contain all equivalences), but instead demands closure un-
der retracts. These definitions agree since our definition also implies closure
under retracts (Corollary 10.3.9) while Lurie’s definition implies closure under
composition and equivalences by [Lurog, Corollary s.2.8.13].

Proposition 10.3.11. Suppose (£, R) is a factorization system on an co-category €,
and consider a functor p: € — C.

(i) Suppose & admits p-cocartesian lifts of morphismsin L. Let L' be the subcategory
of € containing the cocartesian morphisms over £, and let R’ be the subcategory
containing all morphisms that lie over R. Then (L', R') is a factorization system
on &.

(ii) Suppose & admits p-cartesian lifts of morphisms in R. Let R” be the subcategory
of & containing the cartesian morphisms over R, and let L be the subcategory
containing all morphisms that lie over L. Then (L”,R") is a factorization
system on &.

Proof. We prove (i); part (ii) is dual. To start, we show any morphism f: x —> y

in & admits the required factorization: We can factor p(f) as p(x) Ll p(y)
with £in £ and r in R and choose a p-cocartesian lift £: x — fix of £ at x. Then

f factors uniquely as x 4 fx —> y where p(7) ~ r and so 7 lies in R, as required.

Now we show that if £: x — y is a cocartesian lift of £: @ — b in £ and
7:z > wisaliftof r: ¢ — din R, then ¢ is left orthogonal to 7. Consider the
commutative cube

E(y,z) —— > E(y,w)

l ~ |
C(b,c) ——— > C(b,d)

J—) E(x,w) J
N et
C(a,c) ——— > C(a,d)

E(x,2)

Here the left and right faces are pullbacks since ¢ is p-cocartesian and the front
face is a pullback since ¢ is left orthogonal to r. It follows that the back face is
also a pullback, as required. O

Example 10.3.12. Suppose p: &€ — B is a cocartesian fibration. Then € has a
factorization system with left class the cocartesian morphisms and right class the
morphisms that lie over equivalences in B. Dually, if p is a cartesian fibration,
then € has a factorization system with left class the morphisms that lie over
equivalences and right class the cartesian morphisms.

Proposition 10.3.13. Suppose (L, R) is a factorization system on an co-category
C, and let Arg(C) and Arg(C) denote the full subcategories of Ar(C) spanned by the
morphisms in £ and R, respectively.
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(1) evi: Arg(C) — C is a cocartesian fibration; the cocartesian morphisms are those
whose image under evy lies in £.

(2) The inclusion Arg(C) < Ar(C) has a left adjoint (which takes an object of Ar(C)
to the R-part of its factorization).

(3) evo: Arg(C) — € is a cartesian fibration; the cartesian morphisms are those whose
image under evy lies in R.

(1) The inclusion Arg(C) < Ar(C) has a right adjoint (which takes an object of Ar(C)
to the L-part of its factorization).

Proof. We prove the first two points; the last two are dual. Consider a morphism
a in Ar(@), given by a commutative square

¢
x — x’

|k

nyy’

where ¢ lies in £. We claim that for any morphism r: z — w in R, the com-
mutative square

Ar(C) (1) —2— Ar(C)(s, )

l !

Cy',w) T> Cly,w)
is a pullback. Indeed, we have a commutative cube

Ar(@)(t,7) > Ar(C)(s,7)

l ~ | T
C(x", 2) > C(x,2)

1
C(y', w) > C(y,w)
™~ ™~

C(x’, w) > C(x,w),

where the left and right faces are pullbacks by Proposition 3.6.1. Moreover, the
front face is a pullback since ¢ is left orthogonal to r, hence so is the back face.

If s and t lie in R, then this implies that « is an evy-cocartesian morphism in
Arg(€). To prove (1) it then remains to check that givens: x —» yand f: y > v/,
there exists a cocartesian lift of f at s. But we know that the composite fs factors
as r£ with r in R and ¢ in £, and the commutative square



is then evy-cocartesian.

To prove (2) we must show that for s: x — y in Ar(C), the copresheaf
Ar(C)(s,-) is corepresentable when restricted to Arg(C). Choose a factorization
of s as r£ with ¢ in £ and t in R; we have a commutative square

t N

t

=
=

1]

B
N~

bl

and composition with this, viewed as a morphism in Ar(C), gives a pullback
square

Arg(C)(t,r) —— Ar(C)(s,r)

! !

e(y, w) _ G(y’ w),
so that Arg(€)(t,-) =~ Ar(€)(s,—) on Arg(C), as required. i

Proposition 10.3.14. The following are equivalent for a pair (£, R) of wide subcat-
egories of C:

(1) (L,R) is a factorization system on C.

(2) If Fung =([2], €) denotes the full subcategory of Fun([2],€) on the composable
pairs X Sy L Zwithe in £ and r in R, then

di: Fung2([2],€) — Ar(C)
is an equivalence.
G) If C[2] & denotes the core of Fung 2 ([2], C), then
di: C[2] g — C[1]
is an equivalence.

(1) For any morphism f: X — Y, the co-groupoid of factorizations f =~ re, with € in
L and r in R, is contractible.

Warning 10.3.15. The statement of Proposition 10.3.14 is not quite the same
as that of [Lurog, Proposition 5.2.8.17], as we assume from the start that the
morphisms in £ and R are closed under composition. As Lurie shows, this is in
fact a consequence of assumption (2), but it is unlikely to be implied by (3).
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Proof of Proposition 10.3.14. We first prove that (1) implies (2). Using Proposi-
tion 10.3.13 we can identify Fung 2([2], €) with the full subcategory of the co-
category Arcoce(Arg(€)) spanned by commutative squares of the form

.L).

s

o —> o;

under this equivalence the composition functor to Ar(€) corresponds to com-
position with evy: Arg(C) — €. We also know from Proposition 3.6.4 that we
have a pullback square

Arcoce (ArR ( (‘3)) — Ar(e)

l l

Arz(C) ——— €,

where our full subcategory corresponds to the pullback of the full subcategory
Areq(C) € Arg(C). Since this is equivalent to €, the composite

Fung 2([2], C) = Arcoct(Arg(C)) — Ar(C)

is an equivalence, as required.

(3) is immediate from (2), and (4) is equivalent to (3) since a morphism of
oco-groupoids is an equivalence if and only if its fibres are contractible. We are
therefore left with proving that (3) implies (1); for this we are required to show
that morphisms in £ are left orthogonal to ones in R. Let us write C[2] . for
the sub-co-groupoid €[2] consisting of composable pairs whose first component
lies in £, etc. We can then consider the sub-co-groupoid Sq,; 5(€) of Map([1] x
[1], €) consisting of squares of the form

o —> o

4 b

o — > o
where ¢ lies in £ and r in R. Using the pushout decomposition of [1] x [1], this
decomposes as

Sq; x(€) = C[2]z.e Xe[1] C[2] 0%
We then need to prove that the map
6[3]6,0,92 - ng,y(e)

induced by the commutative square

ClBlean —3 C[2]uxn



is an equivalence.
We have a commutative diagram

Using assumption (3) and the Segal decompositions this restricts on sub-co-
groupoids to

Cl3leer — C[2]c.

d1l d1

Cl2]gx —=— C[1]

g

Cl3lerr — C[2]ex.

xu

We therefore get an equivalence

Cl4lcmmr — Sq.5(C€)
after taking pullbacks, which moreover factors as

d
Cl4]c.crm — C[3]c.ex — Sqp 5(C),

where the first map is an equivalence by assumption (3) and the second is the map
we are interested in. It follows that this is indeed an equivalence, as required. O

Corollary 10.3.16. Suppose (£, R) is a factorization system on C. For an co-category
K, let Ly denote the wide subcategory of Fun(XK, €) containing the natural transfor-
mations whose components lie in £, and define Ry similarly. Then (Lo, Rx) is a
Jactorization system on Fun(X, C).

Proof. We use characterization (2) in Proposition 10.3.14. The composition func-
tor
Fung, z, ([2], €F) — Ar(€%)

is equivalent to the functor
Fun(X, Funz 2([2], €)) — Fun(XK, Ar(C))

given by composition in €, which is an equivalence by assumption. O
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10.4 Bousfield localizations

Definition 10.4.1. A Bousfield localization is a functor L: € — €’ such that L
has a fully faithful right adjoint.

Remark 10.4.2. We saw in Corollary 6.3.11 that a Bousfield localization is in
particular a localization. Note that in [Lurog] what we call a Bousfield localiza-
tion is just called a localization.

Definition 10.4.3. A reflective subcategory of an co-category € is a fully faithful
functor €’ < C that has a left adjoint.

We can characterize Bousfield localizations L 4 i in terms of the endofunctor
A :=iL:

Proposition 10.4.4. Consider an endofunctor A: € — € of an co-category €, and
let

chele
be its unique factoriza[ion as an essentially surjective functor L and afully faithful
functor i (Example 103.5). Then the following are equivalent:

(1) There exists an adjunction
F:C2D:G

where G isfullyﬂzilhful, and an equivalence A ~ GF.
(2) L is left adjoint 1o i.

(3) There exists a natural transformation a: ide — A such that for every object x € €,
the morphisms A(ay) and apy are equivalences.

Proof. Clearly (2) implies (1). Conversely, given the adjunction F 4 G in (1), to
identify F and G with L and i it suffices, since the factorization of A is unique, to
observe that F is essentially surjective as the counit FGx — x is an equivalence
for all x € D.

To see that (2) implies (3), we take a to be the unit of the adjunction L A i.
Then the composites

Lay . €Lx . Gy . iey .
Lx — LiLx — Lx, iy — iLiy — iy

are identities for x € €,y € €, where e: Li — id is the counit of the adjunction.
Since € is an equivalence by Proposition 6.3.10, we conclude that Lo, and a;y
are equivalences for all x € €, y € €. This applies in particular to y = Lx, giving
(3)-

Finally, we show that (3) implies that « is the unit of an adjunction L  i.
We must show that the composite

' (Lx, y) — C(Ax, iy) —> C(x, iy)
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is an equivalence. Since L is by assumption essentially surjective, we may assume
y ~ Lz, so that we want to show that

C(Ax, Az) =55 C(x, Az)

is an equivalence for all x,z € €. We claim that this map has both a left and
a right inverse: On the one hand, we have from Exercise 6.2 a commutative
square

C(x,Az) —— C(x,Az)

(A)\L \La/\z,*

C(Ax, A%2) a—) C(x, A%z),

and so a commutative diagram

C(Ax, Az) —227 ©(Ax, A22) 2 C(x, Az)

* 0(*
.| e =

C(x, Az) ﬁ C(x, A%2).

Since ax; is an equivalence, it follows that the composite

(0(—;)* ay
C(x,Az) ﬁ) C(Ax, A%z) —=5 C(Ax, Az) = C(x, Az)

is the identity.For the other direction, consider the commutative diagram

C(Ax, Az) L} C(x,Az)

(A)\L \L(A)

anzr | C(A%x, A°z) ﬁ C(Ax, A%z)

*
\Lan

C(Ax, A%z)
Since Aa, and a,, are equivalences, the composite

(Aax A (O‘X;)*

ak —1,% o
C(Ax, AZ) 5 €(x, Az) 2 €(Ax, A22) 290, 0(A2x, A22) 25 @(Ax, A22) —22 ©(Ax, Az)

is again the identity. This provides the other inverse to &, as required.” m

2A posteriori, the two maps ax, and Aay are actually the same, since by naturality we have
apx © Ax = A(ax) © ax.
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Definition 10.4.5. Let S be a collection of morphisms in an co-category C. We
say an object x € € is S-local if for every morphism f: ¢ — d in S, the map

f*:C(d,x) = C(c,x)

is an equivalence of co-groupoids. Furthermore, we say that a morphism f: ¢ —
d is an S-equivalence if for every S-local object x, the map

f*:C(d,x) - C(c, x)
is an equivalence.

Proposition 10.4.6. Suppose L: C — €’ is a Bousfield localization with fully faith-
ful right aa’joint i, and let S be the collection ofall morphisms in C that are taken to
equivalences by L. Then:

(1) An object of € is S-local if and only if it is in the image of i.
(2) Every S-equivalence belongs to S.

Proof. We first observe that every object in the image of i is S-local, since for
f:c—din S and x € €’ we have a commutative square

C(d,ix) —— C'(Ld,x)

rl Jarr

C(c, ix) ——> €' (Le, x)

and Lf is an equivalence. To prove (2), suppose f: ¢ — d is an S-equivalence.
Then the same commutative square shows that (Lf)*: ¢'(Ld,x) — €'(Lc,x) is
an equivalence for all x € €’. Thus Lf is an equivalence in €, i.e. fisin S, as
required.

It remains to show that the converse direction of (1). For any objecty € C
we know from Proposition 10.4.4 that the unit map n,: y — Ay lies in S, where
A :=iL. If y is S-local, composition with n, thus gives an equivalence

C(Ay,y) = C(y,y).

Hence there exists a map ¢: Ay — y so that ¢ o ny = idy; note that then L(¢)
must be an equivalence, so ¢ € S. We also have a naturality square

Ay#y

nA H\L \LW y

2
Ay — A,
which tells us that ryxi(Aqﬁ)‘lryy o ¢ ~ id, so that ¢ has inverses on both sides.

Then ¢ is an equivalence (as is 17y), and in particular y is in the image of A, as
required. mi
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Observation 10.4.7. This proof shows that in the above situation the following
are equivalent for an object x € C:

(1) xis S-local.

(2) x is in the image of i.

(3) The unit map n,: x — iLx is an equivalence.
)

(4) The map
Ny: C(ilx,x) — C(x,x)

is an equivalence.

(s) x is local with respect to the collection of all unit maps ¢ — iLc with ¢ € €.

10.5 Presentable factorization systems

Definition 10.5.1. A collection of morphisms S in a cocomplete co-category €
is saturated if

» S is closed under colimits in Ar(C),
» S contains all equivalences,
» S is closed under composition.
Observation 10.5.2. Suppose S is a saturated class. Then

» S is closed under cobase change, since given a pushout

A—— B

Lol

Al —> B
with A — A’ in S, the map B — B’ is also the pushout of

AL— A —3 B

RN

Al¢+—A——B
in Ar(€). (This observation is taken from [ABFJ22].)

» S is closed under retracts, since these are colimits of diagrams Idem —
Ar(C).

Proposition 10.5.3. For any collection of morphisms S, LO(S) is saturated.

204



Proof. We know from Lemma 2.4.7 that LO(S) is closed under cobase change
and from Lemma 2.4.5 that it is closed under composition, while it is obvious
that it contains all equivalences. Consider a diagram p: K — Ar(C) that takes
values in € and has colimit f: colimgey Ay — colimgeg Bg. If s: X — Y isin
S and each map Ay — By is in LO(S), we want to show that the commutative
square

C’(colimk Bk,X) — G(colimkAk,X)

l l

@(colimk Bk, Y) — G(Colimk Ak, Y)

is a pullback. But this square is equivalent to

limk G(Bk,X) — 11mk G(Ak,X)

! !

limg C(By, Y) —— limy C(Ag, Y),
which is a pullback since limits commute. O

Corollary10.5.4. If (£, R) is a factorization system on C, then the class of morphisms
in £ is saturated. |

Definition 10.5.5. The saturation S of a collection of morphisms S is the smallest
saturated class of morphisms that contains it. The saturation always exists (as-
suming the Axiom of Choice) since an arbitrary intersection of saturated classes
is again saturated. We say that a saturated class S is of small generation if there is
a small set Sy such that S = S,.

Exercise 10.2. Show that object X € €is S-local ifand only if X — x is right orthogonal
to S.

Theorem 10.5.6. Let C be a presentable oo-category and S a small collection of
morphisms in C. Then (S,RO(S)) is a factorization system on C.

Corollary 10.5.7. Let C be a presentable co-category and suppose S is a saturated
class of small generation. Then S satisfies the 3-for-2 property: if gf and f lie in S
then g lies in S. i

Corollary 10.5.8. Let C be a presentable co-category and S a small collection of
morphisms in C. Then LO(RO(S)) is the saturation of S.

Proof. We know that LO(RO(S)) is a saturated class that contains S. Hence
S € LO(RO(S)). On the other hand, if f: X — Z is a morphism in LO(RO(S))

then it factors as X 2 Y 5 Z where g isin S and h is in RO(S). But by
Lemma 2.4.5 the map h is also in LO(RO(S)). Thus h is left orthogonal to
itself, and so is an equivalence (Exercise 2.11). Hence f lies in S, as required. O
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Exercise 10.3. Use Proposition 3.6.1 to show that if f: x — y is a morphism in an
oco-category € such that x and y are both x-compact, then f is k-compact as an object
of Ar(C).

Proposition 10.5.9. Suppose S is a saturated class of morphisms in a presentable
oco-category C, and let Arg(C) denote the full subcategory of Ar(C) spanned by the
morphisms in S. Then S is of small generation if and only if Ars(C) is presentable.

Proof. We first observe that, since S is saturated, the full subcategory Arg(C) is
closed under colimits in Ar(C), so Ars(C) is cocomplete and colimits therein are
computed in Ar(C).

Now suppose Ars(C) is presentable, so that there exists a small set Sy of ob-
jects that generates Arg(€) under small colimits. Since colimits are computed
in Ar(C), this means that every morphism in S is a small colimit in Ar(€) of
elements of Sy. Hence S must clearly be the saturation of S.

Now suppose S is the saturation of a small subset So. Choose a regular car-
dinal x such that € is k-presentable and Sy consists of morphisms between k-
compact objects. Let & C Arg(C) be the full subcategory spanned by morphisms
between k-compact objects. Then & consists of k-compact objects of Ar(€) (Ex-
ercise 10.3) and so of k-compact objects in Ars(€). It then suffices to show that
every object of Arg(C) is a k-filtered colimit of objects in €. To see this, we take
T to be the collection of morphisms in € that arise as such x-filtered colimits.
By assumption we have Sy C T C S, so it suffices to show that T is saturated.

We note that € is closed under x-finite colimits in Ar(C), so that it follows
from Proposition 10.1.12 that T is closed under colimits in Ar(C). We see as in
Observation 10.5.2 that T is then closed under cobase change. Moreover, if 0
is the initial object of €, then idy is contained in €, and hence T contains all
equivalences, as they are obtained from idy by cobase change.

It thus only remains to show that T is closed under composition. By Vari-
ant 9.6.2 the unique extension of the inclusion & < Ar(€) to Ind, (&) — Ar(C)
is fully faithful, and its image is precisely Arz(€). Consider the full subcategory
Funr([2], €) of Fun([2], €) spanned by the composable pairs of morphisms in T.
Then

Funt([2], C) = Arr(€) xe Arr(C),

which implies that this is a presentable co-category. We claim that every object
of Funz([2],C) is a k-filtered colimit of composable pairs of morphisms in €
— this follows from the proof that accessible co-categories are closed under
pullbacks in [Lurog, Proposition 5.4.6.6] (which we will not go into for now),
since the source and target functors to € take € to C*. Now the morphisms in &
are closed under composition since S is, so since T is closed under colimits this
implies that it is indeed closed under composition. ]

Proposition 10.5.10. Let x be an object of a cocomplete co-category C and consider
a diagram p: KX — Cy,. Let q be the composite of p with the forgetful functor to €.
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Then the colimit f of p in Cy; fits in a pushout square

colimy x — x

5

colimy g — v.

Proof. Let f be defined by the given pushout; we want to show that this is the
colimit of p. For g: x — z in €, we have a commutative diagram

Cx/(f.9) — C(y,z) —— C(colimyk q,z) ——> limgor C(q, 2)

l lr l l

{g} —— C(x,z2) —— C(colimy x,z) — limgor C(x, 2),

where all three squares are pullbacks. Since limits commute, this identifies
Cy/(f.9) as limgop Cy/(p, g), as required. o

Corollary 10.5.11. Let S be a saturated class of morphisms in a cocomplete co-category
C, and let GS) denote the full subcategory of Cy; spanned by morphisms in S. Then

GS) is closed under colimits in Cy, and so is in particular cocomplete.

Proof. Given a diagram in ij), its colimit in €y, is by Proposition 10.5.10 a
cobase change of its colimit in Ar(€). Since S is saturated, it is by definition
closed under colimits in Ar(€), and it is also closed under cobase change by
Observation 10.5.2. =]

Proposition 10.5.12. Suppose S is a saturated class of morphisms in a presentable
oo-category C such that S is of small generation. Then for every x € € there exists a
morphism f: x — x’ such that f isin S and x’ is S-local.

Proof. Let Gi‘j) denote the full subcategory of €, spanned by morphisms in S;
this fits in a pullback square

el — Ars(e)

{x} —— €.

Here Ars (@) is accessible by Proposition 10.5.9, and the two functors to € are
accessible. Hence the pullback GS) is also an accessible co-category by The-
orem 9.7.15. Moreover, ij) is cocomplete by Corollary 10.5.11, so it is a pre-

sentable co-category. It therefore has limits by Corollary 10.1.9, and so in par-
ticular has a terminal object f: x — x’. We claim that then x’ is S-local.
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For s: ¢ — d in S, we must show that
s": C(d, x") = C(c,x)

is an equivalence. This holds if and only if for g: ¢ — x/, the fibre C.,(s, g) at g
is contractible. Now define s” := gis by the pushout

g
c —— x’

17l

d —y;

then C./(s, g) =~ €,/ (s",idy), so it suffices to show that this is contractible. Since
we have an equivalence Cy; = (€/) s/, we can identify this as the pullback

ex’/(s/’ idx’) — C‘Bx/ s"f.f)

l |

{id} —— C/(f. 1),

which is contractible by our assumption that f is terminal in GS) since s’ f also
lies in S. o

Proposition 10.5.13. Suppose S is a saturated class in a presentable co-category €.
For x € C, let Sy be the class of morphisms in €, whose underlying morphism in €
lies in S. Then Sy is a saturated class in C/x. Moreover, g'fS is ofsmall generation, so
s Sy.

Proof. It is clear that S, is saturated, since colimits in €/, are computed in C by
the dual of Corollary 5.6.11, and closure under composition and equivalences is
obvious. Moreover, Ars_(C/y) is the pullback

Ars, (C/x) — Ars(€)

l l

Ar(Crx) — Ar(C),

where Arg(C) is presentable by Proposition 10.5.9. Hence this is a pullback of
presentable co-category along functors that preserve colimits, so that Ars (C/y)
is also presentable by Proposition 10.1.14. Appealing to Proposition 10.5.9 again,
it follows that Sy is of small generation. ]

Corollary 10.5.14. Suppose S is a saturated class of morphisms in a presentable oo-
category C such that S is of small generation. Then for every morphism f: x — y there

. o g . o
exists a factorization of f as x => x’ = y such that s is in S and g is right orthogonal
fo S.
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Proof. We can view f as an object in €;,. Combining Proposition 10.5.13 and

Proposition 10.5.12, we see that there exists a morphism f = g in €/, with s in
Sy and g S,-local. This gives us a factorization f ~ gs with s in S, so it remains to
check that g is right orthogonal to S, i.e. that for s: ¢ — d in S, the commutative
square

C(d,x") —— C(d,y)

l |

Cle,x’) —— C(c,y)

is a pullback. This is true if and only if the morphism on fibres ateach h: d — y
is an equivalence, and we can identify this as the map

C/y(p.9) = C/y(ps.g)

given by composition with s. But since g is S,-local, this is indeed an equiva-
lence. m

Proof of Theorem 10.5.6. We know from Proposition 10.5.3 that the class of maps
that are left orthogonal to RO(S) is saturated. Since it contains S, it must also
contain the saturation S, so this is left orthogonal to RO(S). It only remains
to show that any morphism of € has the required factorization into these two
classes, which we did in Corollary 10.5.14. ]

10.6 Accessible localizations

Proposition 10.6.1. Suppose C is a presentable’ co-category and L: € — €’ is

a Bousfield localization with fully faithful right adjoint i; let S be the collection of

morphisms inverted by L. Then the following are equivalent:

(1) € is an accessible co-category.

(2) Cisa presentable oo-category.

(3) i is an accessible functor.

(4) There exists a small set Sy € S such that every So-local object is S-local.
)

(s) There exists a small set Sy such that €' is the full subcategory of So-local objects
in C.

3The statement also holds more generally for an accessible co-category, but for the proof
we then need to know that a right adjoint functor between accessible co-categories is always
accessible, which we have not proved.
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Exercise 10.4. Suppose we have an adjunction
F:C—->D:G

where € and D have k-filtered colimits and G preserves these. Show that then F pre-
serves k-compact objects.

Proof. We know from Observation 10.1.4 that in this situation €’ is automatically
cocomplete (with colimits computed by applying L to colimits in €), so that ¢’
is accessible if and only if it is presentable. Moreover, if € is presentable, then
Corollary 10.2.7 implies that the right adjoint i is accessible. Conversely, if i
is accessible then we can choose a regular cardinal « so that € is k-presentable
and i is k-accessible. It then follows that L preserves k-compact objects. Given
x € €', we can write ix as a colimit of a k-filtered diagram p of k-compact
objects in €. Then Lp is a x-filtered diagram of k-compact objects in €’ whose
colimit is Lix =~ x, and so €’ is also k-accessible. Moreover, if we let Sy be the set
of unit morphisms ¢ — iLc with ¢ k-compact, then an object x that is local with
respect to Sy is local with respect to the unit maps ¢ — iLc for every ¢ € €, since
these are colimits of those for ¢ k-compact. By Observation 10.4.7 this implies
that x is S-local.

Next, if there exists a small set Sy that detects the local objects, then we can
choose a regular cardinal x such that the source and target of every morphism
in Sy is k-compact. It follows that the full subcategory of € spanned by the Sy-
local objects is closed under k-filtered colimits, i.e. that i is k-accessible. Finally,
the last two points are equivalent by Proposition 10.4.6. |

Definition 10.6.2. If Cisa presentable co-categoryand L: € — €’ is a Bousfield
localization that satisfies the equivalent conditions of Proposition 10.6.1, we say
that L is an accessible localization.

Corollary 10.6.3. An oco-category C is presentable ifand only ifthere exists a small
oo-category D and an accessible localization PSh(D) — €.

Proof. We know that PSh(D) is presentable (Example 10.1.2), so if such an ac-
cessible localization exists, then Proposition 10.6.1 implies that € is presentable.
Conversely, if € is presentable then Proposition 10.1.7 implies that € is equiv-
alent to Ind, D where D is a small co-category with x-finite colimits, and we
furthermore know from Corollary 10.1.6 that Ind, D is an accessible localization
of PSh(D). o

Definition 10.6.4. A class S of morphisms in an co-category € is strongly satu-

rated if
(1) S is saturated.

(2) S has the 2-of-3 property: if any two of the three morphisms gf, f and g
lies in S, then so does the third.
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Exercise 10.5. Check that the class of all equivalences in € is strongly saturated.

Definition 10.6.5. If S is a collection of morphisms in a cocomplete co-category
€, then the strong saturation S of S is the smallest strongly saturated class that
contains S; this exists (assuming the Axiom of Choice) since any intersection
of strongly saturated classes is again strongly saturated. We say that a strongly
saturated class T is of small generation if there exists a small set S such that T = .

Observation 10.6.6. Suppose F: € — D isa colimit-preserving functor, where
€ is cocomplete. Then the class of morphisms in € that are sent to equivalences
by F is strongly saturated. More generally, if S is any strongly saturated class of
morphisms in D, then its preimage F~'S is also strongly saturated.

Observation 10.6.7. Let Sy be a class of morphisms in €, and let S be the class of
So-equivalences. Then S is strongly saturated, since it is the intersection of the
strongly saturated classes of morphisms taken to equivalences by the colimit-
preserving functors C(,x): € — Gpd.Y, for x € € Sp-local.

We can now prove an existence result for accessible localizations: For any
strongly saturated class of small generation in an presentable co-category, there
exists an accessible localization that inverts precisely this class of maps.

Proposition 10.6.8. Suppose S is a small set of morphisms in a presentable co-
category C, and let €' C € be the full subcategory of S-local objects. Then:

(1) For every x € C there exists a morphism f: x — x’ such that x’ is S-local and f
is an S-equivalence.

(2) The inclusion i: €’ — C has a left adjoint L.

3) The Bousfield localization L 4 i is accessible; in particular, the co-category €’ is
P Lory
presentable.

4) The following are equivalent for a morphism f: x — y in C:
(4) g are eg P y

(i) f isin the strong saturation S.
(ii) f is an S-equivalence.
(iii) Lf is an equivalence.
Proof. The first point follows from Proposition 10.5.12, since the S-equivalences
are a (strongly) saturated class that contains S, and hence contains the saturation

S. Then the map
C'(x',=) = C(x,i(-))

given by composition with f is an equivalence, so that the copresheaf C(x, i(-))
is corepresentable. Since this is true for all x € €, we conclude that i has a
left adjoint L, giving (2). That this is an accessible Bousfield localization now
follows from Proposition 10.6.1.
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We know from Observation 10.6.7 that the class of S-equivalences is a strongly
saturated class that contains S, hence it contains S, so that (i) implies (ii). Sim-
ilarly, the class of morphisms sent to equivalences by L is strongly saturated by
Observation 10.6.6, and contains S since for g: ¢ — d in S and x € €/, we have
a commutative square

C(d,ix) —— C’(Ld,x)

9*\L l(Ly)*

C(e,ix) —— €' (Le, x).

Here the left vertical map is an equivalence since ix is S-local, hence Lf must be
an equivalence in €’; thus (i) also implies (iii). Now consider the commutative
square

x—1 5y

o

Lx L—f> Ly.

Here we know from (1) that 7, and 7, lie in the (strong) saturation of S. We
conclude that if Lf is an equivalence, then f must lie in the strong saturation S
and be an S-equivalence, since the 3-for-2 property holds for both. This proves
(4)- O
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