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Chapter 1

Introduction

In previous courses on algebra you have studied groups, and seen that group ac-
tions encode symmetries. For example, we might consider the symmetry group
of a square under orientation-preserving rigid motions; this is the cyclic group
𝐶4, which is a finite group with 4 elements (corresponding to rotations by
0, 𝜋/2, 𝜋 and 3𝜋/2 radians). On the other hand, if we consider orientation-
preserving rigid motions of a circle, we get rotations parametrized by an arbi-
trary angle 0 ≤ 𝜃 ≤ 2𝜋 , giving the group R/2𝜋 .1 There is an important differ-
ence between these two situations, however: while in the case of the square the
discrete set of 4 symmetries seems to completely encode what’s going on, for
the circle it is very natural to think of the rotations as depending continuously on
the angle 𝜃 we rotate by, or even smoothly (that is, differentiable infinitely many
times). We would therefore like to equip the latter group with a topological (or
smooth) structure, and say that it acts continuously (or smoothly) on the circle.

Such “smooth” groups are called Lie groups after the Norwegian mathemati-
cian Sophus Lie. Personally, I think there is a strong argument to be made that
Lie was the “greatest”, or at least most influential, Norwegian mathematician,
despite all the things named after Abel. That said, the nationality of the orig-
inator of a subject is hardly a good reason to be interested in it — and in any
case much of Lie’s work on Lie groups was in collaboration with the German
mathematician Friedrich Engel2, while the modern theory of Lie groups and
Lie algebras, as we will (partially) present it in this course, was substantially
developed by Wilhelm Killing (German) and Élie Cartan (French). A better
reason for learning about Lie groups, Lie algebras and their representations is
that it is not only a fascinating topic in its own right, but also a central topic
in modern mathematics with connections to many different fields (and many
applications in physics, too).

Lie’s original motivation for introducing Lie groups was to develop a “Galois
1Or equivalently the group SO2 (R) of 2 × 2 rotation matrices, or the group of unit-length

complex numbers under multiplication.
2Not, of course, to be confused with Friedrich Engels, the collaborator of Karl Marx.
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theory for differential equations”. Just as the Galois group of a polynomial per-
mutes its roots, Lie wanted a group that acted on the solutions to a differential
equation. However, while this idea has found some applications in analysis, it
seems not to have been as interesting as Lie had hoped. Instead, Lie groups have
turned out to be important in many areas of mathematics, including differential
geometry, algebraic topology, representation theory, harmonic analysis, and
even (through the closely related theory of algebraic groups) in algebraic ge-
ometry and number theory. Lie groups are also of great importance in physics,
since they are the kind of group that arises naturally as the symmetry groups of
a physical system or theory.

What will we do in this course?

Setting up the general theory of Lie groups unfortunately requires a substantial
background in differential geometry, as well as input from analysis and topol-
ogy. In this course we will therefore focus on the special case of matrix groups,
which are, roughly speaking, groups that consist of matrices under matrix mul-
tiplication. For this special class of groups we can do a lot using linear algebra
together with a bit of basic analysis and topology. This class of groups also
includes many, if not most, of the important examples of Lie groups.

In the first part of the course, our goal is to show that many aspects of a
matrix group 𝐺 are controlled by a seemingly much simpler structure: its Lie
algebra g. This is a finite-dimensional R-vector space together with a bilinear
operation

[–, –] : g × g→ g

with certain properties, which encodes the “infinitesimal behaviour” of multi-
plication in 𝐺 close to the identity.

In the second part, we will look at representations of matrix groups and their
Lie algebras. Roughly speaking, a representation of a Lie group 𝐺 is a con-
tinuous linear action of 𝐺 on a vector space 𝑉 (over R or more likely C). It is
not so easy to explain why these are so important, but one vague idea is that
linearization is often an important strategy in mathematics: if 𝐺 acts on some
object 𝑋 , we might be able to associate a vector space𝑉𝑋 to 𝑋 , which then typ-
ically inherits an action of 𝐺 and so gives us a representation. From this we can
derive (sometimes without losing any information) a representation of the Lie
algebra g of 𝐺 . If g is nice, there is a classification of its representations, and so
it is plausible that we can completely understand 𝑉𝑋 as a g-representation. If
we are lucky, we might then be able to learn something interesting about the
original object 𝑋 (with its 𝐺-action) from this.

Representations also play an important role in quantum physics: Roughly
speaking, if 𝐺 is the symmetry group of a physical system, the corresponding
C-vector space of quantum states will be a representation of 𝐺 (or of its Lie
algebra).
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We will focus on representations of complex semisimple Lie algebras, which
includes many of those that arise from matrix groups. Hopefully we will also
have time to take a look at the remarkable classification theorem for this class of
Lie algebras, which shows that all but 5 exceptional examples come from three
infinite families of matrix groups.

Sources and references

Much of the material here is drawn from Hall’s book [2], and these notes should
largely be viewed as a supplement to this textbook. Other sources that have been
useful include

• a number of articles from the blog [5] (in particular relating to quaternions),

• the books [1] by Fulton and Harris, [3] by Humphreys, and [4] by Stillwell,

• and of course Wikipedia. . .

6



Part I

Lie groups and Lie algebras
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Chapter 2

Matrix groups

2.1 Matrix groups — basic definitions

Definition 2.1.1. We write M𝑛 (R) for the set of 𝑛 × 𝑛 real matrices; this is
evidently isomorphic to R𝑛

2 as an R-vector space (by viewing an 𝑛×𝑛 matrix as
a list of its 𝑛2 entries). We view 𝑀𝑛 (R) as a topological space with the topology
induced by the usual metric on R𝑛

2 .

Definition 2.1.2. We write GL𝑛 (R) for the subset of M𝑛 (R) consisting of in-
vertible matrices; we regard this as a topological space with the subspace topol-
ogy inherited from M𝑛 (R).
Exercise 2.1. Check that GL𝑛 (R) is a group (the general linear group of R𝑛) under matrix
multiplication.

Lemma 2.1.3. GL𝑛 (R) is an open subset of M𝑛 (R).

Proof. The determinant of an 𝑛 × 𝑛 matrix is by definition a polynomial in the
matrix entries, and so det : M𝑛 (R) → R is a continuous function. We can regard
GL𝑛 (R) as the preimage det−1(R \ {0}), which is open in M𝑛 (R) since R \ {0}
is open in R. □

Slightly informally, we want to define a matrix group to be a closed subgroup
of GL𝑛 (R) for some 𝑛, i.e. a closed subset𝐺 ⊆ GL𝑛 (R) that contains the identity
matrix and is closed under matrix multiplication and taking inverses.

The reason this definition is informal is that we don’t really want to consider
the inclusion in GL𝑛 (R) as part of the data of a matrix group. For one thing,
the same group might have several reasonable descriptions in terms of matrices,
and we might not want to prefer one over the others. As another justification,
consider the following example:

Exercise 2.2.
(i) Show that if we regard a complex number 𝑧 = 𝑥 + 𝑖𝑦 as the 2 × 2 real matrix(

𝑥 𝑦

−𝑦 𝑥

)
then multiplication in C corresponds to matrix multiplication.
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(ii) (★) Show that the matrices in 𝑀 ∈ M2 (R) that are of the form above are exactly
those such that 𝑀𝑇𝑀 = 𝜆𝐼 for some 𝜆 ∈ R and det(𝑀) ≥ 0.

(iii) Let 𝐽 =

(
0 1
−1 0

)
. Show that the matrices in 𝑀 ∈ M2 (R) that are of the form

above are exactly those such that 𝐽𝑀 = 𝑀𝐽 . (Note that 𝐽 ∈ M2 (R) corresponds
to 𝑖 ∈ C, so in some sense this says that the matrices that represent complex
numbers are those that “commute with 𝑖”.)

(iv) Show that under this identification the group C× = C \ {0} of invertible com-
plex numbers (under complex multiplication) corresponds to a closed subgroup
of GL2 (R).

Here we would like to say that C× is a matrix group (rather than just iso-
morphic to one), and without having to specify this particular description in
terms of 2 × 2 matrices.

Before we get to the final definition, let’s first look at two aspects of the
informal one: First, why do we only consider closed subgroups of GL𝑛 (R)?

To motivate this, let’s consider an example of the kind of groups this ex-
cludes:

Example 2.1.4. For any 𝑛, the set GL𝑛 (Q) of 𝑛 × 𝑛 invertible matrices with
rational entries is a non-closed subgroup of GL𝑛 (R). (This is because the explicit
formula for the inverse of a matrix implies that the inverse of a rational matrix
is again rational.)

In particular, we see that a non-closed subgroup may well not be a manifold,
meaning that it does not have to look locally like an open subset of R𝑘 for some
𝑘. In this sense it is not really a “smooth” group. Another kind of bad behaviour
we exclude is “bad” embeddings of nice groups:

Example 2.1.5. Let 𝑈1 be the group of unit-length complex numbers under
multiplication. Then we can consider the subgroup

𝐺 =
{
(𝑒𝑖𝑡 , 𝑒𝑖𝑞𝑡 ) : 𝑡 ∈ R

}
⊆ 𝑈1 ×𝑈1

where 𝑞 ∈ R is fixed. (We will see in the next section that 𝑈1 ×𝑈1 is indeed a
matrix group.) Topologically, 𝑈1 is a circle, 𝑈1 ×𝑈1 is a torus, and 𝐺 describes
a “line of slope 𝑞” that winds around the torus. If 𝑞 is rational, then this line
will eventually end up back where it started, and 𝐺 is just a closed subgroup
isomorphic to 𝑈1 again. However, if 𝑞 is irrational then this line winds around
infinitely many times, and gets arbitrarily close to any point on the torus. Its
closure is therefore all of𝑈1 ×𝑈1. In particular,𝐺 is then not a closed subgroup,
though as a group it is actually isomorphic to R under addition.

Secondly, we might ask why we only look at real matrices, instead of com-
plex ones. The answer is that this doesn’t matter, because of the following de-
scription of complex matrices:
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Example 2.1.6. Let M𝑛 (C) � C𝑛
2
� R2𝑛2 be the set of 𝑛 × 𝑛 complex matri-

ces, and GL𝑛 (C) the subset of invertible complex matrices. By expanding each
complex number into a 2×2 real matrix as in Exercise 2.2 we get an embedding
𝜄 : M𝑛 (C) ↩→ M2𝑛 (R), which identifies M𝑛 (C) with a closed subset of M2𝑛 (R);
this embedding is moreover R-linear, and is compatible with (complex and real)
matrix multiplication (in the sense that 𝜄 (𝐴𝐵) = 𝜄 (𝐴)𝜄 (𝐵)). One can then prove
that GL𝑛 (C) corresponds to M𝑛 (C)∩GL2𝑛 (R) via this embedding (for example,
by computing that det 𝜄 (𝐴) = | det(𝐴)) |2, so that a matrix 𝐴 ∈ M𝑛 (C) is invert-
ible if and only if 𝜄 (𝐴) is invertible). We then see that GL𝑛 (C) is isomorphic to
a closed subgroup of GL2𝑛 (R).

Exercise 2.3.

(i) Fill in the details in Example 2.1.6.

(ii) Let 𝐽 ∈ M2 (R) be the matrix
(
0 1
−1 0

)
, and define 𝐽𝑛 ∈ M2𝑛 (R) as the matrix

©­­«
𝐽 0

. . .

0 𝐽

ª®®¬ .
Show that a matrix 𝑀 ∈ M2𝑛 (R) is in the image of M𝑛 (C) under 𝜄 if and only if
𝐽𝑀 = 𝑀𝐽 .

Any closed subgroup of GL𝑛 (C) is therefore isomorphic to a closed sub-
group of GL2𝑛 (R). Conversely, GL𝑛 (R) is evidently a closed subgroup of
GL𝑛 (C) via the inclusion R ↩→ C, so a closed subgroup of GL𝑛 (R) is also a
closed subgroup of GL𝑛 (C). Thus we can equivalently consider matrix groups
as either closed subgroups of GL𝑛 (R) or of GL𝑛 (C), and we will use whichever
description is more convenient in each case.

Now let’s turn to the precise definition of a matrix group. To give this we
first need to introduce some terminology:

Definition 2.1.7. A topological group is a group 𝐺 together with a topology on
the set 𝐺 such that group multiplication and inverses define continuous maps
𝐺 × 𝐺 → 𝐺 and 𝐺 → 𝐺 . A continuous homomorphism is a homomorphism
between topological groups that is also continuous.

Exercise 2.4. Show that GL𝑛 (R) is a topological group under matrix multiplication.
(Hint: Both matrix multiplication and inverses are given entrywise by polynomials in
the matrix entries or quotients thereof.)

Definition 2.1.8. We say that a topological group𝐺 is a matrix group if there ex-
ists a continuous isomorphism𝐺 � 𝐺 ′ where𝐺 ′ is a closed subgroup of GL𝑛 (R)
for some 𝑛.

Remark 2.1.9. Note that a particular choice of embedding is not part of the data
of a matrix group. In particular, the natural notion of a homomorphism of matrix
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groups is just that of a continuous homomorphism, which is not required to be
compatible with the embeddings of the two groups in general linear groups.
However, sometimes we do want to consider a matrix group 𝐺 together with a
chosen embedding in GL𝑛 (R):

Definition 2.1.10. An embedded matrix group is a pair (𝐺, 𝑗) consisting of a topo-
logical group 𝐺 and a continuous homomorphism 𝑗 : 𝐺 → GL𝑛 (R) that is a
homeomorphism onto its image and whose image is closed in GL𝑛 (R).

We will, however, try not to be too pedantic about choices of embeddings,
and will often just refer to “a matrix group 𝐺 ⊆ GL𝑛 (R) (or GL𝑛 (C))”.

2.2 Examples of matrix groups

Example 2.2.1 (General linear groups). The group GL𝑛 (R) is tautologically a
matrix group, and we saw above that so is GL𝑛 (C) for all 𝑛 ≥ 0.

Example 2.2.2 (Special linear groups). The special linear group SL𝑛 (R) is the
subgroup of GL𝑛 (R) consisting of matrices with determinant 1. Since the de-
terminant is continuous, this is a closed subgroup, being the preimage of the
closed subset {1} ⊆ R. Similarly, the group SL𝑛 (C) of complex 𝑛 × 𝑛 matrices
with determinant 1 is a closed subgroup of GL𝑛 (C).

Example 2.2.3 (Finite groups). The symmetric group 𝑆𝑛 (that is, the group of
permutations of 𝑛 letters) acts faithfully on R𝑛 by permuting the coordinates.
These symmetries are linear, so this gives an embedding of 𝑆𝑛 in GL𝑛 (R); since
𝑆𝑛 is finite the image is obviously closed. Thus 𝑆𝑛 is a matrix group. Moreover,
since an arbitrary finite group 𝐺 is always a subgroup of 𝑆 |𝐺 | , it follows that all
finite groups (with the discrete topology) are matrix groups.

Notation 2.2.4. For 𝑋 ∈ M𝑛 (C), we will write 𝑋𝑇 for the transpose of 𝑋 , i.e.
the matrix with entries

(𝑋𝑇 )𝑖 𝑗 = 𝑋 𝑗𝑖 .

Example 2.2.5 (Orthogonal groups). Recall that a matrix𝑋 ∈ M𝑛 (R) is orthog-
onal if 𝑋𝑇𝑋 = 𝐼 . Equivalently, 𝑋 is orthogonal if its rows (or its columns) are
orthogonal vectors in R𝑛, or if 𝑋 preserves the inner product on R𝑛 in the sense
that we have ⟨𝑋𝑣,𝑋𝑤⟩ = ⟨𝑣,𝑤⟩ for all 𝑣,𝑤 ∈ R𝑛. We write O𝑛 (R) for the set
of orthogonal matrices in M𝑛 (R). From the equation 𝑋𝑇𝑋 = 𝐼 it follows that
(det𝑋 )2 = 1, so that𝑋 is invertible with the inverse necessarily being𝑋𝑇 , which
is thus also orthogonal. Moreover, O𝑛 (R) is closed under matrix multiplication,
since for 𝑋,𝑌 ∈ O𝑛 (R) we have

(𝑋𝑌 )𝑇 (𝑋𝑌 ) = 𝑌𝑇𝑋𝑇𝑋𝑌 = 𝑌𝑇𝑌 = 𝐼 .

Thus O𝑛 (R) is a subgroup of GL𝑛 (R). Moreover, it is a closed subgroup since
the equation 𝑋𝑇𝑋 = 𝐼 is a set of polynomial equations in the entries of 𝑋 . We
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further have the subgroup SO𝑛 (R) ⊆ O𝑛 (R) consisting of orthogonal matrices
with determinant 1; this is again closed in GL𝑛 (R), since it is the intersection
of the closed subsets O𝑛 (R) and SL𝑛 (R). Similarly, we have a closed subgroup
O𝑛 (C) consisting of those matrices𝑋 ∈ M𝑛 (C) such that𝑋𝑇𝑋 = 𝐼 (but note that
these “orthogonal” matrices are not the ones that preserve the complex inner
product, which we will rather see in the next example), with a closed subgroup
SO𝑛 (C) ⊆ O𝑛 (C) comprising the matrices with determinant 1.

Notation 2.2.6. For 𝑋 ∈ M𝑛 (C), we will write 𝑋 † for the conjugate transpose of
𝑋 , i.e. the matrix 𝑋

𝑇
with entries

𝑋
†
𝑖 𝑗
= (𝑋𝑇 )𝑖 𝑗 = 𝑥 𝑗𝑖 .

Example 2.2.7 (Unitary groups). Recall that a matrix 𝑋 ∈ M𝑛 (C) is unitary if
𝑋 †𝑋 = 𝐼 . Equivalently, 𝑋 is unitary if its rows (or columns) are orthogonal with
respect to the complex (or Hermitian) inner product

⟨𝑣,𝑤⟩ =
𝑛∑︁
𝑖=1

𝑣𝑖𝑤𝑖

on C𝑛, or if 𝑋 preserves this inner product in the sense that ⟨𝑋𝑣,𝑋𝑤⟩ = ⟨𝑣,𝑤⟩
for all 𝑣,𝑤 ∈ C𝑛. We write U𝑛 for the set of unitary matrices in M𝑛 (C). If 𝑋
is unitary then (as det𝑋 † = det𝑋 ) we have | det𝑋 |2 = 1 so that 𝑋 is in par-
ticular invertible, with its inverse necessarily being 𝑋 †, which is again unitary.
Moreover, U𝑛 is closed under matrix multiplication, since for 𝑋,𝑌 ∈ U𝑛 we
have

(𝑋𝑌 )†(𝑋𝑌 ) = 𝑌 †𝑋 †𝑋𝑌 = 𝑌 †𝑌 = 𝐼 .

Thus U𝑛 is a subgroup of GL𝑛 (C). Moreover, it is a closed subgroup since the
equation 𝑋 †𝑋 = 𝐼 is a set of polynomial equations in the entries of 𝑋 and their
complex conjugates. We further have the subgroup SU𝑛 ⊆ U𝑛 consisting of
unitary matrices with determinant 1; this is again closed in GL𝑛 (C), since it is
the intersection of the closed subsets U𝑛 and SL𝑛 (C).

Exercise 2.5. Show that the group (R, +) of the real numbers under addition is a matrix
group. (Hint: Consider the 2 × 2-matrices of the form

(
1 𝜆
0 1

)
for 𝜆 ∈ R.)

Example 2.2.8. For 𝑝, 𝑞 ∈ N with 𝑝 +𝑞 = 𝑛, consider the bilinear form ⟨–, –⟩𝑝,𝑞
on R𝑛 given by

⟨𝑣,𝑤⟩𝑝,𝑞 =

𝑝∑︁
𝑖=1

𝑣𝑖𝑤𝑖 −
𝑞∑︁
𝑗=1

𝑣𝑝+𝑗𝑤𝑝+𝑗 .

The group O𝑝,𝑞 (R) consists of matrices 𝑋 that preserve this bilinear form in the
sense that we have

⟨𝑋𝑣,𝑊𝑤⟩𝑝,𝑞 = ⟨𝑣,𝑤⟩𝑝,𝑞 .
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If we write
𝐽𝑝,𝑞 =

(
𝐼𝑝 0
0 −𝐼𝑞,

)
then O𝑝,𝑞 (R) equivalently consists of those matrices 𝑋 such that 𝑋𝑇 𝐽𝑝,𝑞𝑋 = 𝐽𝑝,𝑞
or (since 𝐽 −1𝑝,𝑞 = 𝐽𝑝,𝑞)

𝑋 −1 = 𝐽𝑝,𝑞𝑋
𝑇 𝐽𝑝,𝑞 .

Its subgroup SO𝑝,𝑞 (R) consists of those matrices in O𝑝,𝑞 (R) that have deter-
minant 1. Note also that O𝑝,𝑞 (R) is isomorphic to O𝑞,𝑝 (R) since we have
𝑋𝑇 𝐽𝑝,𝑞𝑋 = 𝐽𝑝,𝑞 if and only if 𝑋𝑇 (−𝐽𝑝,𝑞)𝑋 = −𝐽𝑝,𝑞 and −𝐽𝑝,𝑞 corresponds to 𝐽𝑞,𝑝
under a reordering of coordinates.

Remark 2.2.9. The group O3,1(R) (or O1,3(R)) is relevant in physics: together
with translations its elements generate the Lorentz transformations, the symme-
tries of special relativity.

Remark 2.2.10. Given any non-degenerate symmetric bilinear form 𝛽 (–, –)
on R𝑛 we can similarly consider the group of matrices 𝑋 ∈ M𝑛 (R) such that
𝛽 (𝑋𝑣,𝑋𝑤) = 𝛽 (𝑣,𝑤) for all 𝑣,𝑤 ∈ R𝑛. However, the classification of non-
degenerate symmetric bilinear forms onR𝑛 implies that 𝛽 corresponds to ⟨–, –⟩𝑝,𝑞
for some uniquely determined 𝑝, 𝑞 (𝑝 + 𝑞 = 𝑛) under a suitable change of basis,
and this group is hence isomorphic to 𝑂𝑝,𝑞 (R).

Exercise 2.6. Show that if we analogously define O𝑝,𝑞 (C), then we have an isomor-
phism O𝑝,𝑞 (C) � O𝑛 (C) for all 𝑝, 𝑞.

Example 2.2.11. A symplectic form on a vector space 𝑉 is a bilinear form 𝜔 : 𝑉 ×
𝑉 → 𝑉 that is skew-symmetric (𝜔 (𝑣, 𝑣 ′) = −𝜔 (𝑣 ′, 𝑣)) and non-degenerate (if
𝜔 (𝑣,𝑤) = 0 for all 𝑤 then 𝑣 = 0). The standard symplectic form on R2𝑛 is
defined by

𝜔 (𝑣,𝑤) =
𝑛∑︁
𝑖=1
(𝑣𝑖𝑤𝑛+𝑖 − 𝑣𝑛+𝑖𝑤𝑖).

(It can be shown that any symplectic form is equivalent to the standard one
under an appropriate choice of basis.) The symplectic group Sp

𝑛
(R) ⊆ M2𝑛 (R)

consists of matrices 𝑋 that preserve the standard symplectic form, i.e.

𝜔 (𝑋𝑣,𝑋𝑤) = 𝜔 (𝑣,𝑤)

for all 𝑣,𝑤 ∈ 𝑉 . If we define

Ω :=
(
0 𝐼𝑛
−𝐼𝑛 0

)
then Sp

𝑛
(R) equivalently consists of matrices 𝑋 such that

𝑋𝑇Ω𝑋 = Ω,
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or equivalently (since Ω−1 = −Ω)

𝑋 −1 = −Ω𝑋𝑇Ω.

It can be shown that we have det𝑋 = 1 for any 𝑋 ∈ Sp
𝑛
(R). Similarly, we

define Sp
𝑛
(C) to be the group of matrices that preserve the standard symplectic

form on C2𝑛.

Example 2.2.12. The compact symplectic group Sp
𝑛

is defined as the intersection

USp
𝑛
:= Sp

𝑛
(C) ∩U2𝑛 .

This group thus consists of matrices that preserve both the standard symplectic
form and the Hermitian inner product on C2𝑛. (The compact symplectic groups
can also be described as the “unitary groups of the quaternions”, as we will see
in the next section.)

Let’s also look at a couple of examples of homomorphisms between matrix
groups:

Example 2.2.13. The determinant satisfies det(𝐴𝐵) = det(𝐴) det(𝐵) for 𝐴, 𝐵 ∈
M𝑛 (R) and so defines a homomorphism

det : GL𝑛 (R) → R×,

where R× is the group of non-zero real numbers under multiplication (i.e.
GL1(R)); it is continuous since the determinant of a matrix is given by a poly-
nomial in its entries. Similarly, we have a continuous homomorphism

det : GL𝑛 (C) → C×

where C× = GL1(C) is the group of non-zero complex numbers.

Exercise 2.7. Show that the function that sends 𝜃 ∈ R to the matrix
(
cos𝜃 sin𝜃
− sin𝜃 cos𝜃

)
(which encodes rotation by an angle 𝜃 ) defines a continuous homomorphism (R, +) →
SO2 (R).

Example 2.2.14 (Products). We can embed the product M𝑛 (R) ×M𝑚 (R) in
M𝑛+𝑚 (R) by taking a pair (𝐴, 𝐵) to the block matrix

𝜇 (𝐴, 𝐵) :=
(
𝐴 0
0 𝐵

)
.

The map 𝜇 is then R-linear and compatible with matrix multiplication. More-
over, it identifies M𝑛 (R) ×M𝑚 (R) with a closed subset of M𝑛+𝑚 (R), since the
image consists precisely of those matrices where certain entries are 0. A matrix
in the image of 𝜇 is invertible if and only if it is the image of a pair of invert-
ible matrices (for instance since we can compute det 𝜇 (𝐴, 𝐵) = (det𝐴) (det𝐵)).
We have therefore identified the product GL𝑛 (R) ×GL𝑚 (R) (with the product
topology) as a matrix group. Consequently, if𝐺 and 𝐻 are matrix groups, then
so is their product 𝐺 × 𝐻 .
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2.3 Quaternions

Let H be a 4-dimensional R-vector space with basis 1, 𝑖, 𝑗, 𝑘. The quaternions are
obtained by equipping H with an R-bilinear multiplication generated by the
relations

𝑖2 = 𝑗2 = 𝑘2 = 𝑖 𝑗𝑘 = −1. (2.1)

It is easy (but tedious) to check by hand that this multiplication is associative
(that is, we have 𝑎(𝑏𝑐) = (𝑎𝑏)𝑐 for 𝑎, 𝑏, 𝑐 ∈ H), but it is not commutative, since
we get

𝑖 𝑗 = −𝑖 𝑗𝑘2 = 𝑘,
𝑗𝑘 = −𝑖2 𝑗𝑘 = 𝑖,

𝑗𝑖 = − 𝑗𝑖 𝑗2 = − 𝑗𝑘 𝑗 = −𝑖 𝑗 = −𝑘.

The quaternions were first introduced by William Rowan Hamilton in 1843,
who used them to study geometry in 3 dimensions. Here we will see that sev-
eral of the matrix groups we’ve looked at earlier have interesting alternative
descriptions in terms of the quaternions.

The starting point will be to view the quaternions as certain 2 × 2 complex
matrices (just as we earlier viewed the complex numbers as certain 2 × 2 real
matrices).

We can give a concrete description of the quaternions as an algebra of ma-
trices (similar to the description of C we gave in Exercise 2.2):

Exercise 2.8. Show that if we identify the quaternion 𝑎 + 𝑏𝑖 + 𝑐 𝑗 + 𝑑𝑘 ∈ H with the
matrix (

𝑧 𝑤

−𝑤 𝑧

)
(2.2)

where 𝑧 = 𝑎 + 𝑏𝑖, 𝑤 = 𝑐 + 𝑑𝑖, then quaternion multiplication corresponds to matrix
multiplication in M2 (C).

Note that under this identification we have the following correspondence
of bases (over R):

1←→
(
1 0
0 1

)
𝑖 ←→

(
𝑖 0
0 −𝑖

)
𝑗 ←→

(
0 1
−1 0

)
𝑘 ←→

(
0 𝑖

𝑖 0

)
.

(2.3)
Here is one characterization of the matrices that correspond to quaternions:

Proposition 2.3.1. 𝑀 ∈ M2(C) is of the form (2.2) if and only if the following
conditions hold:

(1) 𝑀†𝑀 = 𝜆𝐼 for some 𝜆 ∈ R,

(2) det(𝑀) ∈ R≥0,
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Proof. We first check that a matrix of the form (2.2) satisfies the given conditions:(
𝑧 𝑤

−𝑤 𝑧

)† (
𝑧 𝑤

−𝑤 𝑧

)
=

(
𝑧 −𝑤
𝑤 𝑧

) (
𝑧 𝑤

−𝑤 𝑧

)
=

(
|𝑧 |2 + |𝑤 |2 0

0 |𝑧 |2 + |𝑤 |2,

)
= ( |𝑧 |2+|𝑤 |2)𝐼 ,

det
(
𝑧 𝑤

−𝑤 𝑧

)
= |𝑧 |2 + |𝑤 |2 ≥ 0.

Next, suppose 𝑀 =

(
𝛼 𝛽

𝛾 𝛿

)
∈ M2(C) satisfies the conditions. Then we have

𝑀†𝑀 =

(
𝛼 𝛾

𝛽 𝛿

) (
𝛼 𝛽

𝛾 𝛿

)
=

(
𝛼𝛼 + 𝛾𝛾 𝛼𝛽 + 𝛾𝛿
𝛽𝛼 + 𝛿𝛾 𝛽𝛽 + 𝛿𝛿

)
= 𝜆𝐼,

so that
|𝛼 |2 + |𝛾 |2 = |𝛽 |2 + |𝛿 |2, (2.4)

𝛼𝛽 + 𝛾𝛿 = 0, (2.5)

and in addition det𝑀 is real and

det𝑀 = 𝛼𝛿 − 𝛽𝛾 ≥ 0. (2.6)

If 𝛽 ≠ 0 then (2.5) gives

𝛼 = −𝛾𝛿
𝛽
, 𝛼 = −𝛾𝛿

𝛽
, (2.7)

and substituting both conjugates in (2.4) gives

|𝛾 |2 |𝛿 |2
|𝛽 |2

+ |𝛾 |2 = |𝛾 |
2

|𝛽 |2
( |𝛿 |2 + |𝛽 |2) = |𝛽 |2 + |𝛿 |2,

so that |𝛾 | = |𝛽 |. Putting this back in (2.4) we also get |𝛼 | = |𝛿 |.
Now substituting (2.7) in (2.6) we get

𝛼𝛿 − 𝛽𝛾 = −𝛾𝛿𝛿
𝛽
− 𝛽𝛾 = −𝛾

𝛽
( |𝛿 |2 + |𝛽 |2) ≥ 0,

which means that we must have 𝛾 = −𝜆𝛽 for some 𝜆 ∈ R≥0. But we know
|𝛾 | = |𝛽 |, which forces

𝛾 = −𝛽.

Putting this back in (2.5) gives

𝛼𝛽 − 𝛽𝛿 = 𝛽 (𝛼 − 𝛿) = 0

and so 𝛼 = 𝛿 . Thus 𝑀 is of the form (2.2).
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On the other hand, if 𝛽 = 0 then (2.5) gives 𝛾𝛿 = 0 so that either 𝛾 = 0 or
𝛿 = 0. If 𝛿 = 0 then (2.4) forces 𝛼 = 𝛾 = 0 too, so that 𝑀 is the zero matrix,
while if 𝛾 = 0 then (2.4) gives |𝛼 | = |𝛿 |. We can then write 𝛼 = 𝜆𝑢 and 𝛿 = 𝜆𝑣

for some 𝜆 ≥ 0 with |𝑢 | = |𝑣 | = 1, so that (2.6) implies

𝛼𝛿 = 𝜆2𝑢𝑣 ≥ 0.

Then we must have 𝑢𝑣 = 1 and so 𝑢 = 𝑣 and 𝛼 = 𝛿 , which means 𝑀 is again of
the required form (2.2). □

If 𝑞 = 𝑎 +𝑏𝑖 + 𝑐 𝑗 +𝑑𝑘 (𝑎, 𝑏, 𝑐, 𝑑 ∈ R) is a quaternion, its conjugate is defined by

𝑞 = 𝑎 − 𝑏𝑖 − 𝑐 𝑗 − 𝑑𝑘.

Exercise 2.9. Check that for quaternions 𝑞, 𝑞′ we have 𝑞𝑞′ = 𝑞′ · 𝑞, and that

𝑞𝑞 = 𝑞𝑞 = |𝑞 |2 = 𝑎2 + 𝑏2 + 𝑐2 + 𝑑2, |𝑞𝑞′ | = |𝑞 | |𝑞′ |.

Conclude that the subset {𝑞 ∈ H : |𝑞 | = 1} is a group under quaternion multiplication.

Corollary 2.3.2. The group SU2 is isomorphic to the group of unit-length quater-
nions under quaternion multiplication.

Proof. If a quaternion 𝑞 corresponds to a matrix 𝑀 under the isomorphism of
Proposition 2.3.1, then our calculations above show that

𝑀†𝑀 = |𝑞 |2𝐼 , det𝑀 = |𝑞 |2.

The group of unit-length quaternions hence corresponds to the group of ma-
trices 𝑀 ∈ M2(C) such that

𝑀†𝑀 = 𝐼 , det𝑀 = 1,

which is precisely the group SU2 of unitary matrices with determinant 1. □

Corollary 2.3.3. As a topological space, SU2 is homeomorphic to the 3-dimensional
sphere

𝑆3 := {(𝑎, 𝑏, 𝑐, 𝑑) ∈ R4 : 𝑎2 + 𝑏2 + 𝑐2 + 𝑑2 = 1}.

We can use this quaternionic description of SU2 to define an important ho-
momorphism SU2 → SO3(R), which explains what the 4-dimensional quater-
nions have to do with rotations in 3 dimensions:

Construction 2.3.4. Let𝑉 be the 3-dimensional subspace (overR) ofH spanned
by the basis vectors 𝑖, 𝑗, 𝑘; then a quaternion 𝑥 lies in 𝑉 if and only if we have
𝑥 = −𝑥 . Now suppose 𝑞 is a unit-length quaternion. Then we have 𝑞−1 = 𝑞,
and it follows that the map 𝑟𝑞 : 𝑥 ↦→ 𝑞𝑥𝑞−1 = 𝑞𝑥𝑞 takes 𝑉 to itself, since we have

𝑟𝑞 (𝑥) = 𝑞𝑥𝑞−1 = 𝑞−1 𝑥 𝑞 = 𝑞(−𝑥)𝑞−1 = −𝑟𝑞 (𝑥) .
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𝑟𝑞 is also clearly an R-linear map, and we have 𝑟𝑞 ◦ 𝑟𝑞′ = 𝑟𝑞𝑞′ . In particular
𝑟𝑞 is invertible with inverse 𝑟𝑞−1 , so that we have defined a homomorphism
SU2 → GL(𝑉 ), where GL(𝑉 ) � GL3(R) is the group of invertible R-linear
endomorphisms of 𝑉 , which is moreover continuous (since the components
of the matrix for 𝑟𝑞 are the components of 𝑞𝑥𝑞−1 when 𝑥 = 𝑖, 𝑗, 𝑘, and these
certainly depend continuously on the components of 𝑞). Moreover, 𝑟𝑞 preserves
lengths, since we have

|𝑟𝑞 (𝑥) | = |𝑞𝑥𝑞−1 | = |𝑞 | |𝑥 | |𝑞 |−1 = |𝑥 |.

Thus we can view 𝑟 as a homomorphism SU2 → 𝑂3(R). In fact, we always
have det 𝑟𝑞 = 1 — one way to see this is to observe that SU3 is connected (since
topologically it is 𝑆3), and so the continuous function det ◦𝑟 : SU2 → {±1}must
be constant with value 1 (as that is the value at 𝐼 ). Thus 𝑟 gives a homomorphism
SU2 → SO3(R). Note, however, that this is not injective: we clearly have
𝑟𝑞 = 𝑟−𝑞 .

Exercise 2.10. Show that if 𝑟𝑞 = id then 𝑞 = ±1 by computing 𝑟𝑞 (𝑥) for 𝑥 = 𝑖, 𝑗, 𝑘.
Conclude that 𝑟 is a 2-to-1 homomorphism.

Remark 2.3.5. One can show that rotation in R3 by an angle 𝜃 about an axis
represented by the unit vector 𝑣 = (𝑥,𝑦, 𝑧) corresponds to 𝑟±𝑞 where

𝑞 = cos(𝜃/2) + sin(𝜃/2) (𝑥𝑖 + 𝑦 𝑗 + 𝑧𝑘) .

Note that this representation is much more straightforward than writing down
the corresponding 3 × 3 rotation matrix explicitly, and gives a way to find the
axis and angle for a composite of rotations by multiplying quaternions.

Exercise 2.11. Verify this in the case of rotations about the coordinate axes, i.e. show
that if 𝑞 = cos(𝜃/2) + sin(𝜃/2)𝑖 then 𝑟𝑞 is a rotation by 𝜃 about the 𝑥-axis (and the same
for 𝑗 and 𝑘).

Since it can be shown that any rotation in R3 can be expressed as a compo-
sition of rotations about the coordinate axes, it follows from this exercise that 𝑟
is surjective. We have therefore proved the following:

Proposition 2.3.6. 𝑟 is a 2-to-1 surjective continuous homomorphism SU2 → SO3(R).

Corollary 2.3.7. SO3(R) is homeomorphic to the 3-dimensional real projective space
RP3 (i.e. the space of lines through the origin in R4).

Proof. The kernel of 𝑟 is {±1}, so that 𝑟 defines a continuous bijection

SU2/{±𝐼 } → SO3(R) .

Both sides are compact Hausdorff spaces, so this is a homeomorphism. If we
identify SU2 with 𝑆3 then SU2/{±𝐼 } is the quotient of 𝑆3 where we identify
antipodal points on the sphere, which is precisely RP3. (This is because ev-
ery line through the origin in R4 intersects the unit sphere 𝑆3 in exactly two
antipodal points.) □
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Construction 2.3.8. Let M𝑛 (H) denote the 𝑛 × 𝑛 matrices with quaternion
entries. We can define addition and matrix multiplication by the usual formulas,
as well as scalar multiplication by H (but note that since H is not commutative,
we have to be careful about this!). Now, just as we embedded M𝑛 (C) in M2𝑛 (R)
earlier, we can use the matrix description Proposition 2.3.1 to embed M𝑛 (H) in
M2𝑛 (C) by expanding each quaternion entry into a 2 × 2 block. This gives an
embedding

𝜂𝑛 : M𝑛 (H) ↩→M2𝑛 (C),
which is R-linear and compatible with matrix multiplication.

Exercise 2.12. Show that 𝜂1 (𝑞) = 𝜂1 (𝑞)† for 𝑞 ∈ H, and that if we define the conjugate
transpose in M𝑛 (H) in the obvious way, then 𝜂𝑛 (𝑀†) = 𝜂𝑛 (𝑀)† for all 𝑛.

Exercise 2.13.

(i) Let 𝐽 =
(
0 1
−1 0

)
. Show that a matrix𝑀 ∈ 𝑀2 (C) is in the image of 𝜂1 if and only

if we have
𝐽𝑀 = 𝑀𝐽 .

(ii) Let 𝐽𝑛 ∈ M2𝑛 (C) be the matrix

©­­«
𝐽 0

. . .

0 𝐽

ª®®¬ .
Show that a matrix 𝑀 ∈ M2𝑛 (C) is in the image of 𝜂𝑛 if and only if we have

𝐽𝑛𝑀 = 𝑀𝐽𝑛 .

Proposition 2.3.9. The compact symplectic group USp
𝑛
⊆ GL2𝑛 (C) is the image

under 𝜂𝑛 of the group U𝑛 (H) of unitary 𝑛 × 𝑛 quaternion matrices, i.e. 𝑀 ∈ M𝑛 (H)
such that

𝑀†𝑀 = 𝐼 .

Proof. Under the embedding𝜂𝑛, the condition𝑀†𝑀 = 𝐼 translates into𝜂𝑛 (𝑀)†𝜂𝑛 (𝑀) =
𝐼 by Exercise 2.12. From Exercise 2.13 we therefore see that a matrix𝑋 ∈ M2𝑛 (C)
is the image under 𝜂𝑛 of a unitary quaternion matrix if and only if we have

𝑋 †𝑋 = 𝐼 , 𝐽𝑛𝑋 = 𝑋 𝐽𝑛 .

The first condition here says precisely that 𝑋 is unitary, so that we have 𝑋 −1 =
𝑋 †, and hence 𝑋 = (𝑋𝑇 )−1. Given that 𝑋 is unitary we can therefore rephrase
the second equation as

𝑋𝑇 𝐽𝑛𝑋 = 𝐽𝑛,

which says that 𝑋 preserves the symplectic form

𝜔 (𝑥,𝑦) =
𝑛∑︁
𝑖=1
(𝑥2𝑖−1𝑦2𝑖 − 𝑥2𝑖𝑦2𝑖−1).
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This corresponds to the standard sympletic form we considered above under a
reordering of the standard basis of C2𝑛. □

2.4 Topological properties

In this section we will look at three important topological properties that matrix
groups may (or may not) have, namely compactness, path-connectedness, and
simple connectedness.

Definition 2.4.1. Recall that a topological space is compact if every open cover
has a finite subcover. Since M𝑛 (R) is homeomorphic to R𝑛

2 , the Heine–Borel
theorem implies that a subset of M𝑛 (R) is compact if and only if it is closed and
bounded (with respect to the usual metric on R𝑛

2 .) Thus a matrix group 𝐺 is
compact if and only if it is closed in M𝑛 (R) and there exists a constant 𝐶 such
that if 𝐴 ∈ 𝐺 then we have |𝐴𝑖 𝑗 | ≤ 𝐶 for all the entries of 𝐴.

Examples 2.4.2.

(i) The group GL𝑛 (R) is not compact — indeed, it is a (non-empty and
proper) open subset of M𝑛 (R), and so cannot be closed.

(ii) The group SL𝑛 (R) is a closed subset of M𝑛 (R) (being the preimage of the
closed set {1} ⊆ R under the determinant map). However, it is not com-
pact for 𝑛 > 1, since the diagonal matrix with entries (𝑚, 1/𝑚, 1, . . . , 1) is
in SL𝑛 (R) for𝑚 = 1, 2, . . . and so it is not bounded.

(iii) The groups (S)O𝑛 (R), (S)O𝑛 (C), (S)U𝑛 and USp
𝑛

are all compact. For
example, if 𝐴 ∈ O𝑛 (R) then the columns of 𝐴 are required to be unit
vectors, and so we necessarily have |𝐴𝑖 𝑗 | ≤ 1 for all 𝑖, 𝑗 , which shows that
O𝑛 (R) is bounded; our argument that it is a matrix group actually showed
that it is closed in M𝑛 (R) and so it is compact.

Exercise 2.14. Check that U𝑛 and USp
𝑛

are compact.

Definition 2.4.3. A topological space is path-connected if any pair of points can
be connected by a continuous path.

Remark 2.4.4. We will later show that any matrix group 𝐺 is a topological
manifold. This implies that it is in particular locally path-connected, and from
this it follows that its connected components and path components coincide. In
particular, a matrix group is path-connected if and only if it is connected in the
sense that it cannot be written as the disjoint union of two open subsets. We
will therefore often use this shorter term when talking about matrix groups.

Proposition 2.4.5. Let 𝐺 be a topological group, and let 𝐺0 be the path component
of the identity. Then 𝐺0 is a normal subgroup of 𝐺 . If 𝐺 is a matrix group, then so is
𝐺0.
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Proof. We first check that 𝐺0 is a subgroup. Suppose 𝑋 and 𝑌 lie in 𝐺0 so
that there exist continuous paths 𝜉, 𝜂 : [0, 1] → 𝐺 with 𝜉 (0) = 𝜂 (0) = 𝐼 and
𝜉 (1) = 𝑋, 𝜉 (1) = 𝑌 . Since multiplication is continuous, 𝑡 ↦→ 𝜉 (𝑡)𝜂 (𝑡) is then
a continuous path from 𝐼 to 𝑋𝑌 , so that 𝑋𝑌 ∈ 𝐺0. Similarly, as inversion is
continuous we get that 𝜉 (𝑡)−1 is a continuous path from 𝐼 to 𝑋 −1, so 𝑋 −1 ∈ 𝐺0.
To see this subgroup is normal, observe that furthermore 𝑡 ↦→ 𝑌𝜉 (𝑡)𝑌 −1 gives
a continuous path from 𝐼 to 𝑌𝑋𝑌 −1 for any 𝑌 ∈ 𝐺 . By Remark 2.4.4, if 𝐺 is
a matrix group then the path-component 𝐺0 is also a connected component.
Then it is closed in 𝐺 , which implies that it is again a matrix group. □

Example 2.4.6. GL𝑛 (C) and SL𝑛 (C) are connected: For 𝐴, 𝐵 ∈ GL𝑛 (C) con-
sider the function 𝑧 ↦→ det(𝑧𝐵 + (1 − 𝑧)𝐴) from C to C. This is a non-zero
polynomial of degree 𝑛 in 𝑧, and so has at most 𝑛 zeros in C. We can then
choose a continuous path 𝜁 (𝑡) : [0, 1] → C with 𝜁 (0) = 0, 𝜁 (1) = 1, that avoids
these 𝑛 points. Then 𝑡 ↦→ 𝑃 (𝑡) := 𝜁 (𝑡)𝐵 + (1 − 𝜁 (𝑡))𝐴 is a path from 𝐴 to 𝐵 in
GL𝑛 (C). If 𝐴 and 𝐵 lie in SL𝑛 (C) we can instead consider

𝑡 ↦→
(
det 𝑃 (𝑡)

)−1/𝑛
𝑃 (𝑛)

to get a path in SL𝑛 (C) (provided we choose 𝜁 to not wind around 0 so that we
can define a continous branch of the 𝑛th root).

Example 2.4.7. GL𝑛 (R) is not connected: since the determinant is continuous
we can’t have a path that connects a matrix with determinant > 0 to one whose
determinant is < 0. For the same reason, O𝑛 (R) is not connected.

Remark 2.4.8. It can be shown that SL𝑛 (R) is connected, and that the con-
nected component of the identity in GL𝑛 (R) is the group GL+𝑛 (R) of matrices
with determinant > 0.

Exercise 2.15. Assuming SL𝑛 (R) is connected, show that so is GL+𝑛 (R).

Example 2.4.9. U𝑛 and SU𝑛 are connected: It can be shown that any unitary
matrix has a (complex-)orthonormal basis of eigenvectors (with all eigenvalues
necessarily having norm 1). If 𝑋 ∈ U𝑛 we can therefore write

𝑋 = 𝑌𝐷𝑌 −1

where 𝑌 is unitary and 𝐷 is diagonal with diagonal entries (𝜆1, . . . , 𝜆𝑛). If 𝜆 𝑗 =
𝑒𝑖𝜃 𝑗 then we can set 𝐷 (𝑡) to be diagonal with entries (𝑒𝑖𝑡𝜃1, . . . , 𝑒𝑖𝑡𝜃𝑛 ), so that

𝑡 ↦→ 𝑌𝐷 (𝑡)𝑌 −1

is a continuous path in 𝑈 (𝑛) from 𝐼 to 𝑋 . For SU𝑛 we use 1
det𝐷 (𝑡 )𝑌𝐷 (𝑡)𝑌

−1

instead.

Exercise 2.16. Show that SO𝑛 (R) is connected by induction on 𝑛; see [2, Chapter 2,
Exercise 13] or [4, Section 3.2] for more details on the argument.
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Definition 2.4.10. A topological space𝑋 is simply connected if it is path-connected
and in addition every loop is homotopic to a constant one, that is given 𝛾 : 𝑆1 →
𝑋 there exists ℎ : 𝑆1 × [0, 1] → 𝑋 such that ℎ(–, 0) = 𝛾 and ℎ(–, 1) is constant.

Example 2.4.11. By Corollary 2.3.2 the group SU2 is homeomorphic ot the
3-sphere 𝑆3 as a topological space. It is therefore simply connected. It can be
shown that SU𝑛 is simply connected for all 𝑛 ≥ 2.

Example 2.4.12. By Corollary 2.3.7 the group SO3(R) is homeomorphic to
RP3, which is not simply connected. (In fact, this means 𝜋1SO3(R) = Z/2, and
this is true for SO𝑛 (R) for all 𝑛 ≥ 3.)

2.5 Manifolds and Lie groups

We claimed earlier that Lie groups are supposed to be “smooth” groups, but
when we introduced matrix groups we only considered them as topological
groups. In this section we try to explain this discrepancy by looking briefly at
what precisely we mean by a smooth structure, and state some results (some
very hard and some easy enough that we will prove a version of them) that
justify our definitions above.

Definition 2.5.1. A topological space 𝑋 is a topological manifold if it has an open
cover {𝑈𝑖} such that each𝑈𝑖 is homeomorphic to an open subset of R𝑛 for some
𝑛. A smooth manifold is a topological manifold 𝑋 together with such a cover and
homeomorphisms 𝜙𝑖 : 𝑈𝑖

∼−→ 𝑉𝑖 ⊆ R𝑛, for which the transition functions

𝜙𝑖 (𝑈𝑖 ∩𝑈 𝑗 )
𝜙−1𝑖−−−→ 𝑈𝑖 ∩𝑈 𝑗

𝜙 𝑗−−→ 𝜙 𝑗 (𝑈𝑖 ∩𝑈 𝑗 )

are smooth, that is infinitely differentiable, functions between open subsets of
R𝑛. (More precisely, we should say that 𝑋 is equipped with an equivalence class
of this data, or with a maximal choice thereof, but we will not go into the details
here.)

If𝑀 and 𝑁 are smooth manifolds, then a map𝑀 → 𝑁 is smooth if it is locally
given by smooth maps between subsets of R𝑛 ’s. We won’t spell out the details,
but assuming this makes sense we can make the following definition:

Definition 2.5.2. A Lie group is a topological group 𝐺 together with a smooth
manifold structure on 𝐺 such that the multiplication 𝐺 × 𝐺 → 𝐺 and inverse
𝐺 → 𝐺 are smooth maps. The natural maps between Lie groups are then smooth
homomorphisms, i.e. group homomorphisms that are also smooth maps.

Remark 2.5.3. While being a topological manifold is a property of a topological
space, a smooth manifold is a topological space with extra structure. For example,
perhaps one of the most surprising theorems in mathematics is that while R𝑛

has a unique smooth structure for all 𝑛 ≠ 4, the topological manifold R4 can be
made into a smooth manifold in uncountably many distinct ways.
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For topological groups, however, it turns out that being a Lie group is ac-
tually a property:

Fact 2.5.4 (Hilbert’s Fifth Problem). Suppose 𝐺 is a topological group whose un-
derlying space is a topological manifold. Then 𝐺 can be promoted to a Lie group in a
unique way (in fact, 𝐺 can be uniquely promoted to a group in real analytic manifolds).

This is a theorem of von Neumann (1933) if 𝐺 is compact, and in general of
Gleason, Montgomery, and Zippin (1955). We will later prove the (far easier!)
claim that any matrix group is a Lie group; this was originally proved by von
Neumann (1929), and can be regarded as a special case of the following result
of Cartan (1930):

Fact 2.5.5 (Closed Subgroup Theorem). Any closed subgroup of a Lie group is
again a Lie group, with the smooth structure inherited from the larger group.

A consequence of this theorem is:

Fact 2.5.6. Any continuous homomorphism between Lie groups is smooth.

While we will not prove this in this course, we will see later that a contin-
uous homomorphism between matrix groups is smooth.

We end this section with an example of a Lie group that is not a matrix
group:

Example 2.5.7. Let T be the subspace of C consisting of complex numbers 𝑧
with |𝑧 | = 1. Consider the manifold R × R × T with the group structure given
by

(𝑥,𝑦,𝑢) · (𝑥 ′, 𝑦′, 𝑢′) = (𝑥 + 𝑥 ′, 𝑦 + 𝑦′, 𝑒𝑖𝑥𝑦′𝑢𝑢′).

It is easy to check that this is a Lie group, but it can be shown (see [2, Section
4.8]) that it is not a matrix group.

Remark 2.5.8. If𝐺 is a Lie group, then (as for any reasonable topological space)
there is a universal simply connected space 𝐺 with a map to 𝐺 , namely the
universal cover 𝐺 → 𝐺 . It can be shown that 𝐺 is again a Lie group, with the
canonical map𝐺 → 𝐺 a continuous (and so smooth) homomorphism. However,
it is possible that 𝐺 is a matrix group but 𝐺 is not. For example, S̃L2(R) is not a
matrix group.
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Chapter 3

The matrix exponential and Lie
algebras

3.1 The matrix exponential

If 𝑋 ∈ M𝑛 (C) is a square matrix, we want to define its exponential by the usual
power series

exp(𝑋 ) = 𝑒𝑋 :=
∞∑︁
𝑘=0

1
𝑘 !
𝑋𝑘 . (3.1)

We need to check that this is well-defined, in the sense that each matrix entry
in the partial sums converges in C. For this it is convenient to introduce a norm
on M𝑛 (C), which will correspond to the usual norm on C𝑛

2 :

Definition 3.1.1. The Hilbert–Schmidt norm of 𝑋 ∈ M𝑛 (C) is

∥𝑋 ∥ :=

√√√ 𝑛∑︁
𝑖, 𝑗=1
|𝑋𝑖 𝑗 |2 =

√︁
tr(𝑋 †𝑋 ) .

From the triangle inequality in C𝑛
2 we get

∥𝑋 + 𝑌 ∥ ≤ ∥𝑋 ∥ + ∥𝑌 ∥ .

Exercise 3.1. Use the Cauchy–Schwarz inequality to show that we have

∥𝑋𝑌 ∥ ≤ ∥𝑋 ∥∥𝑌 ∥.

Exercise 3.2. Show that for a sequence of matrices𝑋𝑚 in M𝑛 (C) we have that ∥𝑋 −𝑋𝑚 ∥
converges to 0 as 𝑚 goes to ∞ for some matrix 𝑋 if and only if for all 0 ≤ 𝑖, 𝑗 ≤ 𝑛 the
sequence (𝑋𝑚)𝑖 𝑗 converges to 𝑋𝑖 𝑗 in C.

Exercise 3.3. If 𝑢1, . . . , 𝑢𝑛 is an orthonormal basis of C𝑛, show that for 𝑋 ∈ M𝑛 (C) we
have

∥𝑋 ∥2 =
𝑛∑︁

𝑖, 𝑗=1

��〈𝑢𝑖 , 𝑋𝑢 𝑗 〉��2
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(where “orthonormal” and the inner product are in the complex (sesquilinear) sense).
Conclude that if 𝜆 is an eigenvalue of 𝑋 then |𝜆 | ≤ ∥𝑋 ∥.

Lemma 3.1.2. The exponential sequence (3.1) converges for any matrix 𝑋 ∈ M𝑛 (C).

Proof. We have 




 𝐾∑︁
𝑘=0

1
𝑘 !
𝑋𝑘






 ≤ 𝐾∑︁
𝑘=0

1
𝑘 !
∥𝑋 ∥𝑘 (3.2)

which converges, so the series converges absolutely. □

Remark 3.1.3. In this section we will work with complex matrices, since work-
ing over C will occasionally be useful later on. However, it is clear from the
definition that for𝑋 ∈ M𝑛 (R) ⊆ M𝑛 (C) the matrix 𝑒𝑋 also lies inM𝑛 (R). More-
over, since the embedding 𝜄 : M𝑛 (C) ↩→ M2𝑛 (R) is continuous and compatible
with multiplication, we have

𝜄𝑒𝑋 = 𝑒𝜄𝑋 .

Proposition 3.1.4. The function 𝑒 (–) : M𝑛 (C) →M𝑛 (C) is continuous.

Proof. We can use the bound (3.2) together with the “Weierstraß 𝑀-test” to
conclude that the exponential series converges uniformly on the set of 𝑋 with
∥𝑋 ∥ ≤ 𝑅 for any 𝑅 ≥ 0, which implies continuity on this set, and hence on all
of M𝑛 (C). □

Proposition 3.1.5. If 𝑋𝑌 = 𝑌𝑋 , then we have

𝑒𝑋+𝑌 = 𝑒𝑋𝑒𝑌 = 𝑒𝑌𝑒𝑋 (3.3)

Proof. Since 𝑋 and 𝑌 commute, we have the binomial formula

(𝑋 + 𝑌 )𝑚 =

𝑚∑︁
𝑘=0

(
𝑚

𝑘

)
𝑋𝑘𝑌𝑚−𝑘 ,

so that same computation as for exponentials in C goes through:

𝑒𝑋𝑒𝑌 =

∞∑︁
𝑚=0

𝑚∑︁
𝑘=0

𝑋𝑘

𝑘 !
𝑌𝑚−𝑘

(𝑚 − 𝑘)!

=

∞∑︁
𝑚=0

1
𝑚!

𝑚∑︁
𝑘=0

𝑚!
𝑘 !(𝑚 − 𝑘)!𝑋

𝑘𝑌𝑚−𝑘

=

∞∑︁
𝑚=0

1
𝑚!
(𝑋 + 𝑌 )𝑚

= 𝑒𝑋+𝑌 . □
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Corollary 3.1.6. For any matrix 𝑋 , we have

𝑒𝜆𝑋𝑒𝜇𝑋 = 𝑒 (𝜆+𝜇 )𝑋

for scalars 𝜆, 𝜇 ∈ C. In particular, the matrix 𝑒𝑋 is invertible with inverse 𝑒−𝑋 .

Proof. Since 𝜆𝑋 and 𝜇𝑋 commute, the first claim follows from Proposition 3.1.5.
In particular, we have

𝑒𝑋𝑒−𝑋 = 𝑒−𝑋𝑒𝑋 = 𝑒𝑋−𝑋 = 𝑒0 = 𝐼 ,

which shows that 𝑒−𝑋 is inverse to 𝑒𝑋 . □

Warning 3.1.7. When the matrices 𝑋 and 𝑌 fail to commute, we generally
do not have the expression (3.3). Instead, as we will discuss below we have a
rather more complicated expression for the product 𝑒𝑋𝑒𝑌 as an exponential, the
Baker–Campbell–Hausdorff formula, when 𝑋 and 𝑌 are sufficiently small.

Lemma 3.1.8. For any 𝐶 ∈ GL𝑛 (C) and 𝑋 ∈ M𝑛 (C), we have

𝐶𝑒𝑋𝐶−1 = 𝑒𝐶𝑋𝐶
−1
.

Proof. Immediate from the definition, since (𝐶𝑋𝐶−1)𝑚 = 𝐶𝑋𝑚𝐶−1. □

Remark 3.1.9. We also have (𝑒𝑋 )𝑇 = 𝑒𝑋
𝑇 and (𝑒𝑋 )† = 𝑒𝑋 † .

Exercise 3.4. Suppose𝑋 ∈ M𝑛 (C) is a diagonalizable matrix with eigenvalues 𝜆1, . . . , 𝜆𝑛.
Show that 𝑒𝑋 is diagonalizable with eigenvalues 𝑒𝜆1 , . . . , 𝑒𝜆𝑛 .

As we have seen already, we have to take care when trying to generalize
properties of the exponential to matrices. For example, the following is the
correct way to extend the formula for the derivative of the function 𝑒𝑎𝑡 :

Proposition 3.1.10. For any 𝑋 ∈ M𝑛 (C), the function R → M𝑛 (C) given by
𝑡 ↦→ 𝑒𝑡𝑋 is smooth, with derivative

d
d𝑡
𝑒𝑡𝑋 = 𝑋𝑒𝑡𝑋 .

In particular, the derivative at 0 is the matrix 𝑋 .

Proof. We can differentiate the power series termwise, since for each index the
component (𝑒𝑡𝑋 )𝑖 𝑗 is a well-behaved power series in 𝑡 . Hence we have as usual
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that

d
d𝑡
𝑒𝑡𝑋 =

d
d𝑡

( ∞∑︁
𝑛=0

(𝑡𝑋 )𝑛
𝑛!

)
=

∞∑︁
𝑛=0

𝑛𝑡𝑛−1𝑋𝑛

𝑛!

=

∞∑︁
𝑛=1

𝑋
(𝑡𝑋 )𝑛−1
(𝑛 − 1)!

=

∞∑︁
𝑛=0

𝑋
(𝑡𝑋 )𝑛
𝑛!

= 𝑋𝑒𝑡𝑋 . □

Observation 3.1.11. The matrix exponential gives an infinitely differentiable
map exp: M𝑛 (C) → M𝑛 (C): Since the power series defining it converges ev-
erywhere, we can differentiate it termwise arbitrarily many times.

Remark 3.1.12. We briefly mention another application of the matrix expo-
nential: consider the system of linear ordinary differential equations

dx
d𝑡

= 𝐴x(𝑡)

for a function x : R→ R𝑛 and 𝐴 ∈ M𝑛 (R). For a given initial condition x(0) =
c, this has the unique solution

x(𝑡) = 𝑒𝑡𝐴c.

3.2 The Lie algebra of a matrix group

Definition 3.2.1. Let (𝐺, 𝑗 : 𝐺 ↩→ GL𝑛 (R)) be an embedded matrix group. We
define the Lie algebra L(𝐺, 𝑗) to be the subset of M𝑛 (R) consisting of matrices
𝑋 such that 𝑒𝑡𝑋 is in 𝑗 (𝐺) for all 𝑡 ∈ R.

Variant 3.2.2. If we think of𝐺 as a subgroup of GL𝑛 (C), then it is more natural
to think of L(𝐺) as a subset of M𝑛 (C). The compatibility of Remark 3.1.3 means
that this does not make a difference to the set of matrices that lie in the Lie
algebra.

Remark 3.2.3. Note that the Lie algebra a priori depends on the chosen em-
bedding in a general linear group. (This is a disadvantage of our low-tech
approach!) We will see later that the Lie algebras for different embeddings are
canonically isomorphic, and so we will often drop the embedding from the
notation when this does not cause confusion.
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Notation 3.2.4. It is conventional to denote the Lie algebra of a group by the
name of the group in lower-case fraktur letters, that is

g = L(𝐺), h = L(𝐻 ), gl𝑛 (R) = L(GL𝑛 (R)),

etc. Since students tend to dislike fraktur letters at first sight, we will make sure
to use them as much as possible.

Remark 3.2.5. We will eventually show that the Lie algebra g of 𝐺 is the tan-
gent space of 𝐺 at the identity. From Proposition 3.1.10 we know that 𝑡 ↦→ 𝑒𝑡𝑋

is a smooth curve in 𝐺 whose derivative at 0 is 𝑋 , which at least shows that the
elements of the Lie algebra can be thought of as tangent vectors at the identity.

Warning 3.2.6. Physicists like to define the Lie algebra of 𝐺 to consist of ma-
trices 𝑋 ∈ M𝑛 (C) such that 𝑒𝑖𝑡𝑋 ∈ 𝐺 for all 𝑡 . This means that the Lie algebras
we will associate to many groups will differ by a factor of 𝑖 from the description
you might find in a physics book. On the other hand physicists also tend not to
distinguish between a group and its Lie algebra at all, so this factor of 𝑖 might
well be the least of your troubles. . .

Remark 3.2.7. Suppose 𝐺 ⊆ GL𝑛 (R) is a matrix group with Lie algebra g.
Then g is also the Lie algebra of the identity component 𝐺0 ⊆ 𝐺 : By definition
the Lie algebra of 𝐺0 is contained in g, but conversely if 𝑋 ∈ g then 𝑒𝑡𝑋 must
lie entirely in 𝐺0 as it is a continuous path through 𝐼 = 𝑒0·𝑋 .

We want to show that the Lie algebra of a matrix group is a real vector
space. It is easy to see that it is closed under scalar multiplication by R:

Lemma 3.2.8. If 𝑋 ∈ g then so is 𝑟𝑋 for any 𝑟 ∈ R.

Proof. We want to show that 𝑒𝑡 (𝑟𝑋 ) = 𝑒 (𝑡𝑟 )𝑋 is in 𝐺 for all 𝑡 ∈ R. But by
assumption we know that 𝑒𝑠𝑋 is in 𝐺 for all 𝑠 ∈ R, and so in particular for
𝑠 = 𝑡𝑟 . □

Warning 3.2.9. Even if we think of 𝐺 as embedded in GL𝑛 (C) and the Lie al-
gebra g as a subset ofM𝑛 (C), the set g is typically not closed under multiplication
by complex scalars. If it is, then 𝐺 is a complex Lie group. This means that it has
a canonical structure of a complex manifold in the sense that it is locally homeo-
morphic to open subsets of C𝑛 with the transition functions being holomorphic,
and with respect to this the multiplication and inverse are holomorphic maps;
we will not make this more precise here, however.

It takes rather more work to show that g is closed under addition. The key
input is the following formula for the exponential of a sum:

Theorem 3.2.10 (Lie product formula). For all 𝑋,𝑌 ∈ M𝑛 (C), we have

𝑒𝑋+𝑌 = lim
𝑚→∞

(
𝑒

𝑋
𝑚 𝑒

𝑌
𝑚

)𝑚
.
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To prove this, we need to introduce the logarithm of a matrix, which we
postpone until Section 3.5. Here we will instead derive the consequence for Lie
algebras we are interested in:

Corollary 3.2.11. If 𝑋,𝑌 ∈ g, so is 𝑋 + 𝑌 .

Proof. We must show that 𝑒𝑡 (𝑋+𝑌 ) lies in𝐺 for all 𝑡 ∈ R. By Theorem 3.2.10, we
have

𝑒𝑡 (𝑋+𝑌 ) = lim
𝑘→∞

(
𝑒

𝑡
𝑚
𝑋𝑒

𝑡
𝑚
𝑌
)𝑚.

Here
(
𝑒

𝑡
𝑚
𝑋𝑒

𝑡
𝑚
𝑌
)𝑚

is in 𝐺 for all𝑚 since 𝑋 and 𝑌 lie in g and 𝐺 is closed under
multiplication. Since the sequence converges to 𝑒𝑡 (𝑋+𝑌 ) which lies in GL𝑛 (R),
and 𝐺 is a closed subspace of this, the limit must also lie in 𝐺 . □

We have seen that the Lie algebra g of 𝐺 ⊆ M𝑛 (R) is a real vector subspace
of M𝑛 (R). It is generally not closed under matrix multiplication, but we will
now see that it is closed under commutators, which gives the “Lie bracket” —
this is the operation that makes g deserve to be called an “algebra”.

Notation 3.2.12. We write

[𝑋,𝑌 ] := 𝑋𝑌 − 𝑌𝑋 .

Proposition 3.2.13. If 𝑋,𝑌 ∈ g, then [𝑋,𝑌 ] is also in g.

We need a few observations first:

Exercise 3.5. Prove the following product rule for matrix multiplication: given differ-
entiable functions 𝐴, 𝐵 : R→M𝑛 (R), we have

d
d𝑡
(𝐴(𝑡)𝐵(𝑡)) =

(
d
d𝑡
𝐴(𝑡)

)
𝐵(𝑡) +𝐴(𝑡)

(
d
d𝑡
𝐵(𝑡)

)
.

Lemma 3.2.14. If 𝑋 ∈ g, then we have 𝐴𝑋𝐴−1 ∈ g for any 𝐴 ∈ 𝐺 .

Proof. By Lemma 3.1.8 we have 𝑒𝑡𝐴𝑋𝐴−1 = 𝐴𝑒𝑡𝑋𝐴−1 which lies in𝐺 as 𝑋 ∈ g. □

Proof of Proposition 3.2.13. Using Exercise 3.5 and Proposition 3.1.10, we get

d
d𝑡
(𝑒𝑡𝑋𝑌𝑒−𝑡𝑋 ) = 𝑋𝑒𝑡𝑋𝑌𝑒−𝑡𝑋 + 𝑒𝑡𝑋𝑌 (−𝑋 )𝑒−𝑡𝑋 .

At 𝑡 = 0 the right-hand side is 𝑋𝑌 − 𝑌𝑋 , so we have

[𝑋,𝑌 ] = d
d𝑡

����
𝑡=0
(𝑒𝑡𝑋𝑌𝑒−𝑡𝑋 ) = lim

𝑡→0

𝑒𝑡𝑋𝑌𝑒−𝑡𝑋 − 𝑌
𝑡

. (3.4)

Here 1
𝑡
(𝑒𝑡𝑋𝑌𝑒−𝑡𝑋 − 𝑌 ) lies in g for all 𝑡 , by Corollary 3.2.11, Lemma 3.2.8 and

Lemma 3.2.14. Since we know g is a vector subspace of M𝑛 (C) it is topologically
a closed subset, and hence the limit [𝑋,𝑌 ] must also lie in g. □
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Observation 3.2.15. Let 𝐺 ⊆ GL𝑛 (R) be a matrix group with Lie algebra g.
For 𝐴 ∈ GL𝑛 (R), conjugation by 𝐴 determines a linear map M𝑛 (R) →M𝑛 (R)
given by 𝑋 ↦→ 𝐴𝑋𝐴−1, and by Lemma 3.2.14 this restricts to a linear map g→ g

for 𝐴 ∈ 𝐺 . Let GL(g) denote the group of invertible linear endomorphisms
of g, then it is easy to see that the conjugation maps determine a continuous
homomorphism

Ad𝐺 : 𝐺 → GL(g),

known as the adjoint homomorphism (or the adjoint action of𝐺 on its Lie algebra).

3.3 Examples of Lie algebras

Now we will describe the Lie algebras of the matrix groups we introduced
above.

Example 3.3.1 (General linear groups). The Lie algebra gl𝑛 (R) of GL𝑛 (R) is
all of M𝑛 (R), since the exponential of a matrix is always invertible. Similarly,
gl𝑛 (C) is M𝑛 (C).

Lemma 3.3.2. For 𝑋 ∈ M𝑛 (C), we have

det 𝑒𝑋 = 𝑒 tr𝑋 .

Proof. Suppose first that𝑋 is a diagonalizable matrix with eigenvalues 𝜆1, . . . , 𝜆𝑛.
Then by Exercise 3.4 we have

det 𝑒𝑋 =

𝑛∏
𝑖=1

𝑒𝜆𝑖 = 𝑒
∑𝑛

𝑖=1 𝜆𝑖 = 𝑒 tr𝑋 .

But both det 𝑒𝑋 and 𝑒 tr𝑋 are continuous functions of 𝑋 . Since diagonalizable
matrices form a dense subset of M𝑛 (C) the two functions must agree every-
where when they agree on this subset. □

Example 3.3.3 (Special linear groups). The Lie algebra sl𝑛 (R) of SL𝑛 (R) com-
prises all traceless matrices, that is all 𝑋 ∈ M𝑛 (R) with tr𝑋 = 0: Since det 𝑒𝑡𝑋 =

𝑒𝑡 tr𝑋 we have that det 𝑒𝑡𝑋 = 0 for all 𝑡 if and only if tr𝑋 = 0. Similarly, sl𝑛 (C)
consists of all traceless matrices in M𝑛 (C). (Note that here we need the con-
dition that det 𝑒𝑡𝑋 = 0 for all 𝑡 , since a matrix 𝑋 with tr𝑋 = 2𝜋𝑖 would satisfy
det 𝑒𝑋 = 1.)

Example 3.3.4 (Finite groups). The Lie algebra of any finite group is 0.

Example 3.3.5 (Orthogonal groups). The Lie algebra o𝑛 (R) comprises the
skew-symmetric matrices, that is 𝑋 ∈ M𝑛 (R) such that

𝑋𝑇 = −𝑋 .
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To see this, we use Remark 3.1.9 to conclude that 𝑋 is in o𝑛 (R) if and only if

𝑒𝑡𝑋
𝑇

= (𝑒𝑡𝑋 )𝑇 = (𝑒𝑡𝑋 )−1 = 𝑒−𝑡𝑋

for all 𝑡 ∈ R. This is certainly true if 𝑋 is skew-symmetric, but if, conversely,
this holds for all 𝑡 then we also have

𝑋𝑇 =
d
d𝑡

����
𝑡=0

𝑒𝑡𝑋
𝑇

=
d
d𝑡

����
𝑡=0

𝑒−𝑡𝑋 = −𝑋 .

Since a skew-symmetric matrix is also traceless (as tr𝑋 = tr𝑋𝑇 = − tr𝑋 ), we see
that so𝑛 (R) = o𝑛 (R) (as we must have since SO𝑛 (R) is the identity component
of O𝑛 (R)). Similarly, o𝑛 (C) = so𝑛 (C) comprises the skew-symmetric matrices
in M𝑛 (C).

Example 3.3.6 (Unitary groups). By the same argument as in the orthogonal
case, the Lie algebra u𝑛 of the unitary group U𝑛 consists of the skew-Hermitian
matrices, meaning those 𝑋 ∈ M𝑛 (C) such that

𝑋 † = −𝑋 .

Note that a skew-Hermitian matrix may not be traceless (since the trace just
has to satisfy tr𝑋 = − tr𝑋 † = −tr𝑋 ), and the Lie algebra su𝑛 of SU𝑛 consists of
the traceless skew-Hermitian matrices.

Example 3.3.7 (Symplectic groups). The Lie algebra sp𝑛 (R) comprises the
matrices 𝑋 ∈ M2𝑛 (R) such that

Ω𝑋 + 𝑋𝑇Ω = 0.

Indeed, for 𝑋 to lie in sp𝑛 (R) we must have

𝑒−𝑡𝑋 = (𝑒𝑡𝑋 )−1 = −Ω(𝑒𝑡𝑋 )𝑇Ω = 𝑒−𝑡Ω𝑋
𝑇 Ω

since −Ω = Ω−1. Differentiating, we see that this holds if and only if −𝑋 =

−Ω𝑋𝑇Ω. Similarly, sp𝑛 (C) consists of the matrices 𝑋 ∈ M2𝑛 (C) such that Ω𝑋 +
𝑋𝑇Ω = 0, while the Lie algebra usp𝑛 of the compact symplectic group USp

𝑛
=

Sp
𝑛
(C)∩U2𝑛 is sp𝑛 (C)∩u𝑛 and so consists of matrices𝑋 such that Ω𝑋+𝑋𝑇Ω = 0

and 𝑋 † = −𝑋 .

Exercise 3.6. Show that the matrices in sp𝑛 (K) (K = R or C) are precisely the 2𝑛 × 2𝑛
matrices in 𝑀2𝑛 (K) of the form (

𝐴 𝐵

𝐶 −𝐴𝑇
)

where 𝐴, 𝐵,𝐶 are 𝑛 × 𝑛 blocks such that

𝐵𝑇 = 𝐵, 𝐶𝑇 = 𝐶.
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Exercise 3.7. Find the dimensions of the Lie algebras sl𝑛 (R), (s)o𝑛 (R), sp𝑛 (R) and
(s)u𝑛.

Exercise 3.8. Show that the Lie algebra o𝑝,𝑞 (R) of O𝑝,𝑞 (R) comprises the matrices
𝑋 ∈ M𝑛 (R) such that 𝐽𝑝,𝑞𝑋 + 𝑋𝑇 𝐽𝑝,𝑞 = 0. Check that these matrices are all traceless, so
that moreover so𝑝,𝑞 (R) = o𝑝,𝑞 (R).

Exercise 3.9. Check that gl𝑛 (C), sl𝑛 (C), so𝑛 (C), and sp𝑛 (C) are complex vector
spaces, so that GL𝑛 (C), SL𝑛 (C), (S)O𝑛 (C), and Sp

𝑛
(C) are complex Lie groups, while

(s)u𝑛 and usp𝑛 are not complex. (Indeed, (S)U𝑛 andUSp
𝑛

are not complex Lie groups.)

3.4 Abstract Lie algebras

We can formalize the structure we have seen on the Lie algebra of a matrix
group into the abstract notion of a Lie algebra. Since we want to consider Lie
algebras over both R and C, let us just say that K is some field of characteristic
0.

Definition 3.4.1. A Lie algebra over K is a vector space g over K together with
a bilinear map [–, –] : g × g→ g (called the Lie bracket) such that

• the Lie bracket is antisymmetric: for 𝑥,𝑦 ∈ g we have

[𝑥,𝑦] = −[𝑦, 𝑥],

• the Lie bracket satisifies the Jacobi identity

[𝑥, [𝑦, 𝑧]] = [[𝑥,𝑦], 𝑧] + [𝑦, [𝑥, 𝑧]]

Exercise 3.10. Show that if [–, –] : g × g → g is an antisymmetric bilinear map, then
the Jacobi identity for 𝑥,𝑦, 𝑧 ∈ g as stated above is equivalent to the identity

[𝑥, [𝑦, 𝑧]] + [𝑦, [𝑧, 𝑥]] + [𝑧, [𝑥,𝑦]] = 0.

Example 3.4.2. Suppose 𝐴 is an associative K-algebra. Then the commutator
bracket [𝑥,𝑦] := 𝑥𝑦 − 𝑦𝑥 makes 𝐴 a Lie algebra. The bracket is clearly antisym-
metric, while the Jacobi identity follows from the calculation

[[𝑥,𝑦], 𝑧] + [𝑦, [𝑥, 𝑧]] = [(𝑥𝑦 − 𝑦𝑥), 𝑧] + [𝑦, (𝑥𝑧 − 𝑧𝑥)]
= (𝑥𝑦 − 𝑦𝑥)𝑧 − 𝑧 (𝑥𝑦 − 𝑦𝑥) + 𝑦 (𝑥𝑧 − 𝑧𝑥) − (𝑥𝑧 − 𝑧𝑥)𝑦
= 𝑥𝑦𝑧 − 𝑦𝑥𝑧 − 𝑧𝑥𝑦 + 𝑧𝑦𝑥 + 𝑦𝑥𝑧 − 𝑦𝑧𝑥 − 𝑥𝑧𝑦 + 𝑧𝑥𝑦
= 𝑥𝑦𝑧 + 𝑧𝑦𝑥 − 𝑦𝑧𝑥 − 𝑥𝑧𝑦
= 𝑥 (𝑦𝑧 − 𝑧𝑦) − (𝑦𝑧 − 𝑧𝑦)𝑥
= [𝑥, [𝑦, 𝑧]] .

Example 3.4.3. The same calculation shows that the Jacobi identity holds for
the Lie algebra of any matrix group, since this was defined using the commu-
tator bracket for matrix multiplication.
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Exercise 3.11. Show that the cross product (or vector product) gives a Lie algebra struc-
ture on R3. Prove that this Lie algebra is isomorphic to so3 (R).

Definition 3.4.4. If g and h are Lie algebras over K, then a homomorphism
𝜙 : g→ h is a K-linear map such that [𝜙 (𝑥), 𝜙 (𝑦)] = 𝜙 ( [𝑥,𝑦]) for all 𝑥,𝑦 ∈ g.

Example 3.4.5. For any K-vector space 𝑉 , the vector space End(𝑉 ) of linear
endomorphisms of 𝑉 is an associative K-algebra with composition of endo-
morphisms as multiplication. As in Example 3.4.2 this also gives it a Lie algebra
structure; we denote this Lie algebra by gl(𝑉 ). If g is a Lie algebra, consider
the linear map adg : g→ gl(g) defined by adg (𝑥) = [𝑥, –]. We claim that this is
a Lie algebra homomorphism; to see this, we compute

[adg (𝑥), adg (𝑦)] = adg (𝑥) ◦ adg (𝑦) − adg (𝑦) ◦ adg (𝑥)
= [𝑥, [𝑦, –]] − [𝑦, [𝑥, –]],

adg ( [𝑥,𝑦]) = [[𝑥,𝑦], –] .

That these agree for all 𝑥,𝑦 ∈ g is precisely the Jacobi identity, so that this
is in fact equivalent to adg being a Lie algebra homomorphism. This is one
motivation for including the Jacobi identity in the definition of a Lie algebra.
(The homomorphism adg is known as the adjoint representation of g, and this will
play an important role later on.)

Definition 3.4.6. Suppose𝑉 is an R-vector space. Its complexification1 𝑉 ⊗C or
𝑉 ⊕ 𝑖𝑉 consists of formal sums 𝑣 + 𝑖𝑤 with 𝑣,𝑤 ∈ 𝑉 ; it is a C-vector space where
the operations are defined in the obvious way. We think of𝑉 as the R-subspace
of 𝑉 ⊗ C where the coefficient of 𝑖 is 0.

The complexification has the following universal property:

Lemma 3.4.7. Let 𝑉 be an R-vector space. If𝑊 is a C-vector space and 𝜙 : 𝑉 →𝑊

is an R-linear map, then 𝜙 extends uniquely to a C-linear map 𝜙C : 𝑉 ⊗ C→𝑊 .

Proof. We must have 𝜙C (𝑣 + 𝑖𝑤) = 𝜙C (𝑣) + 𝑖𝜙C (𝑤) = 𝜙 (𝑣) + 𝑖𝜙 (𝑤), which proves
uniqueness. This equation also clearly does define a C-linear map. □

Proposition 3.4.8. Suppose g is a Lie algebra over R. Then g ⊗ C has a unique
C-Lie algebra structure such that a C-linear map g ⊗ C → h is a C-Lie algebra
homomorphism if and only if the restriction g→ h is an R-Lie algebra homomorphism.

Proof. The property requires in particular that the inclusion g→ g ⊗C must be
an R-Lie algebra homomorphism (since this extends to the identity homomor-
phism of g ⊗ C). Together with C-bilinearity this forces the bracket on g ⊗ C

to be given by

[𝑣 + 𝑖𝑤, 𝑣 ′ + 𝑖𝑤 ′] = ( [𝑣, 𝑣 ′] − [𝑤,𝑤 ′]) + 𝑖 ( [𝑤, 𝑣 ′] + [𝑣,𝑤 ′]) .
1As the notation suggests, this is an example of a tensor product, which we will consider in

more detail later on, but in this simple case we may just as well give a more concrete definition.
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It is easy to check that this does indeed define a C-Lie algebra, and that it satisfies
the required property. □

Corollary 3.4.9. Suppose g ⊆ gl𝑛 (C) is an R-Lie subalgebra with the property that
if 𝑋 ≠ 0 is in g, then 𝑖𝑋 is not in g. Then g ⊗C is isomorphic to the C-Lie subalgebra
of gl𝑛 (C) consisting of matrices of the form 𝑋 + 𝑖𝑌 with 𝑋,𝑌 ∈ g.
Proof. The inclusion of g extends uniquely to a C-Lie algebra homomorphism
g ⊗ C → gl𝑛 (C). This takes the formal linear combination 𝑋 + 𝑖𝑌 with 𝑋,𝑌 ∈
g to the corresponding linear combination of matrices. To see that g ⊗ C is
isomorphic to the C-Lie algebra of matrices of this form, we need only prove
that this homomorphism if injective. But if𝑋 +𝑖𝑌 = 0 for𝑋,𝑌 ∈ g then 𝑖𝑌 = −𝑋
lies in g, which is impossible unless 𝑋 = 𝑌 = 0. □

We can use Corollary 3.4.9 to describe the complexifications of the Lie al-
gebras we have considered above.

Example 3.4.10. Corollary 3.4.9 applies to u𝑛: if 𝑋 † = −𝑋 then (𝑖𝑋 )† = 𝑖𝑋 , so
𝑖𝑋 does not lie inu𝑛 if𝑋 ≠ 0. Henceu𝑛⊗C can be identified with the Lie algebra
of matrices on gl𝑛 (C) that can be written as 𝑋 + 𝑖𝑌 with 𝑋,𝑌 ∈ u𝑛. But for any
matrix 𝑀 we can write 𝑀 = 𝑋 + 𝑖𝑌 with 𝑋 = 1

2 (𝑀 −𝑀
†) and 𝑌 = 1

2𝑖 (𝑀 +𝑀
†),

which are both skew-Hermitian. Thus we get an isomorphism

u𝑛 ⊗ C � gl𝑛 (C) .

of C-Lie algebras.

We have further identifications as follows:
gl𝑛 (R) ⊗ C � gl𝑛 (C),

su𝑛 ⊗ C � sl𝑛 (C),
sl𝑛 (R) ⊗ C � sl𝑛 (C),
(s)o𝑛 (R) ⊗ C � (s)o𝑛 (C),
sp𝑛 (R) ⊗ C � sp𝑛 (C),
usp𝑛 ⊗ C � sp𝑛 (C) .

Exercise 3.12. Check as many of these isomorphisms as you can be bothered to.

3.5 Matrix logarithms and the Lie product formula

Our goal in this section is to define a “logarithm” that gives an inverse to the
matrix exponential in a neighbourhood of the identity, and use this to prove
the Lie product formula. Recall that the Taylor series for the real logarithm at
1 is given by

log𝑥 =

∞∑︁
𝑚=1
(−1)𝑚+1 (𝑥 − 1)

𝑚

𝑚
,

and the same formula defines a complex logarithm in a neighbourhood of 1:
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Lemma 3.5.1. The power series

log 𝑧 =
∞∑︁
𝑚=1
(−1)𝑚+1 (𝑧 − 1)

𝑚

𝑚
(3.5)

converges to a holomorphic function on the open disc of radius 1 around 1 ∈ C. For all
𝑧 ∈ C with |𝑧 − 1| < 1 we have 𝑒 log𝑧 = 𝑧, and for all 𝑧 ∈ C with |𝑧 | < log 2 we have
|𝑒𝑧 − 1| < 1 and log 𝑒𝑧 = 𝑧.

Proof. The series has radius of convergence 1 and defines a holomorphic func-
tion on 𝐷 := {𝑧 ∈ C : |𝑧−1| < 1} that agrees with the real logarithm for real 𝑧 in
the interval 0 < 𝑧 < 2. Thus exp(log 𝑧) = 𝑧 for 𝑧 in this real interval, but then as
both sides are holomorphic functions they must agree on the whole open disc
𝐷. On the other hand, if |𝑢 | < log 2, then

|𝑒𝑢 − 1| =
����� ∞∑︁
𝑛=1

𝑢𝑛

𝑛!

����� ≤ ∞∑︁
𝑛=1

|𝑢 |𝑛
𝑛!

= 𝑒 |𝑢 | − 1 < 1,

so that log 𝑒𝑢 is defined. Now since log 𝑒𝑢 = 𝑢 for real 𝑢 and both sides are
holomorphic on the disc {𝑢 ∈ C : |𝑢 | < log 2}, we again conclude that they
must agree on the entire disc. □

We can extend the same definition to matrices:

Definition 3.5.2. For 𝐴 ∈ M𝑛 (C), we define log𝐴 by

log𝐴 :=
∞∑︁
𝑚=1
(−1)𝑚+1 (𝐴 − 𝐼 )

𝑚

𝑚
(3.6)

whenever this series converges. (Note that for𝐴 ∈ M𝑛 (R) we must clearly have
log𝐴 ∈ M𝑛 (R) if it exists.)

Theorem 3.5.3. If 𝐴 ∈ M𝑛 (C) satisfies ∥𝐴 − 𝐼 ∥ < 1 then log𝐴 exists and satisfies
𝑒 log𝐴 = 𝐴, and log(–) defines a continuous function on this open set. Moreover, if
𝐴 ∈ M𝑛 (C) satisfies ∥𝐴∥ < log 2, then ∥𝑒𝐴 − 𝐼 ∥ < 1 and log 𝑒𝐴 = 𝐴.

Proof. Since ∥(𝐴 − 𝐼 )𝑚 ∥ ≤ ∥𝐴 − 𝐼 ∥𝑚, we have




 𝑁∑︁
𝑚=1
(−1)𝑚+1 (𝐴 − 𝐼 )

𝑚

𝑚






 ≤ 𝑁∑︁
𝑚=1





(−1)𝑚+1 (𝐴 − 𝐼 )𝑚𝑚





 ≤ 𝑁∑︁
𝑚=1

∥𝐴 − 𝐼 ∥𝑚
𝑚

.

Since the series (3.5) converges absolutely in the disc of radius 1 around 1, we
see that the series (3.6) converges absolutely if ∥𝐴 − 𝐼 ∥ < 1. It is continuous by
the same argument as in the proof of Proposition 3.1.4.

35



Suppose 𝐴 is diagonalizable with eigenvalues 𝜆1, . . . , 𝜆𝑛, so that

𝐴 = 𝐶−1
©­­«
𝜆1 0

. . .

0 𝜆𝑛

ª®®¬𝐶
for some invertible matrix 𝐶. If ∥𝐴 − 𝐼 ∥ < 1, then by Exercise 3.3 we have
|𝜆𝑖 − 1| < 1 for all 𝑖. Then the definition gives

log𝐴 = 𝐶−1
©­­«
log 𝜆1 0

. . .

0 log 𝜆𝑛

ª®®¬𝐶
and so by Lemma 3.1.8 and Lemma 3.5.1 we have

𝑒 log𝐴 = 𝐶−1
©­­«
𝑒 log𝜆1 0

. . .

0 𝑒 log𝜆𝑛

ª®®¬𝐶 = 𝐴.

Since both sides are continuous in 𝐴 and diagonalizable matrices are dense, we
must have that the equation 𝑒 log𝐴 = 𝐴 holds for all 𝐴 with ∥𝐴 − 𝐼 ∥ < 1.

If ∥𝐴∥ < log 2, then we have

∥𝑒𝐴 − 𝐼 ∥ =





 ∞∑︁
𝑛=1

𝐴𝑛

𝑛!






 ≤ ∞∑︁
𝑛=1

∥𝐴∥𝑛
𝑛!

= 𝑒 ∥𝐴∥ − 1 < 1.

To show that log 𝑒𝐴 = 𝐴we may again assume that𝐴 is diagonalizable, in which
case the eigenvalues must have absolute value smaller than log 2 by Exercise 3.3,
and so the equation follows as above by applying Lemma 3.5.1 to the eigenvalues.

□

Warning 3.5.4. It is perfectly possible to have log 𝑒𝑋 ≠ 𝑋 — indeed, this hap-
pens already in C, since log 𝑒2𝜋𝑖 = log 1 = 0 ≠ 2𝜋𝑖.

Lemma 3.5.5. There exists 𝑐 > 0 such that for all 𝐵 ∈ M𝑛 (C) with ∥𝐵∥ < 1/2, we
have

∥ log(𝐼 + 𝐵) − 𝐵∥ ≤ 𝑐 ∥𝐵∥2.
Proof. We have by definition

log(𝐼 + 𝐵) − 𝐵 =

∞∑︁
𝑚=2
(−1)𝑚+1𝐵

𝑚

𝑚
= 𝐵2

∞∑︁
𝑚=0
(−1)𝑚+1 𝐵𝑚

𝑚 + 2 ,

so that ∥𝐵∥ < 1/2 implies

∥ log(𝐼 + 𝐵) − 𝐵∥ ≤ ∥𝐵∥2
∞∑︁
𝑚=0

(1/2)𝑚
𝑚 + 2 .

□
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Notation 3.5.6. In the next proof it is convenient to use the “big-O” nota-
tion, where we say that 𝑓 (𝑋 ) = 𝑂 (𝑔(∥𝑋 ∥)) if there exists a constant 𝑀 such
that ∥ 𝑓 (𝑋 )∥ ≤ 𝑀𝑔(∥𝑋 ∥) for 𝑋 sufficiently close to some limiting value. In this
notation, Lemma 3.5.5 says that

log(𝐼 + 𝐵) = 𝐵 +𝑂 (∥𝐵∥2)

as ∥𝐵∥ → 0.

We are now ready to prove the Lie product formula:

Proof of Theorem 3.2.10. We want to show that 𝑒𝑋+𝑌 = lim𝑚→∞
(
𝑒𝑋/𝑚𝑒𝑌/𝑚

)𝑚.
From the power series for the matrix exponential we have

𝑒𝑋/𝑚𝑒𝑌/𝑚 = 𝐼 + 𝑋
𝑚
+ 𝑌
𝑚
+𝑂 (1/𝑚2)

as 𝑚 → ∞. Since the exponential is continuous, 𝑒𝑋/𝑚𝑒𝑌/𝑚 converges to 𝐼 as
𝑚 → ∞. Thus it is in the domain of the matrix logarithm for all sufficiently
large𝑚. In this case, Lemma 3.5.5 implies that we have

log
(
𝑒𝑋/𝑚𝑒𝑌/𝑚

)
= log

(
𝐼 + 𝑋

𝑚
+ 𝑌
𝑚
+𝑂 (1/𝑚2)

)
=
𝑋

𝑚
+ 𝑌
𝑚
+𝑂 (1/𝑚2).

Exponentiating this gives

𝑒𝑋/𝑚𝑒𝑌/𝑚 = 𝑒
𝑋
𝑚
+ 𝑌
𝑚
+𝑂 (1/𝑚2 ) ,

and so
(𝑒𝑋/𝑚𝑒𝑌/𝑚)𝑚 = 𝑒𝑋+𝑌+𝑂 (1/𝑚) .

Since the exponential is continuous we get

lim
𝑚→∞

(𝑒𝑋/𝑚𝑒𝑌/𝑚)𝑚 = lim
𝑚→∞

𝑒𝑋+𝑌+𝑂 (1/𝑚) = 𝑒𝑋+𝑌 ,

which is what we want to prove. □

3.6 Functoriality of Lie algebras

Our next goal is to show that a homomorphism of Lie groups induces a homo-
morphism between their Lie algebras. More precisely, we will show:

Theorem 3.6.1. Let (𝐺, 𝑗) and (𝐻, 𝑗 ′) be embedded matrix groups with g = L(𝐺, 𝑗)
and h = L(𝐻, 𝑗 ′) the corresponding Lie algebras, and let Φ : 𝐺 → 𝐻 be a continuous
homomorphism. Then there exists a unique R-linear map L(Φ) : g→ h such that

𝑗 ′Φ( 𝑗−1𝑒𝑋 ) = 𝑒L(Φ) (𝑋 )
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for all 𝑋 ∈ g. (We will usually drop the embeddings from the notation and so from now
on we write

Φ(𝑒𝑋 ) = 𝑒L(Φ) (𝑋 ) ,

and so on.) Moreover, this map satisfies the following:

(1) L(Φ) (𝑋 ) = d
d𝑡

���
𝑡=0

Φ(𝑒𝑡𝑋 ) for all 𝑋 ∈ g,

(2) L(Φ) (𝐴𝑋𝐴−1) = Φ(𝐴)L(Φ) (𝑋 )Φ(𝐴)−1 for all 𝐴 ∈ 𝐺 , 𝑋 ∈ g,

(3) L(Φ) ( [𝑋,𝑌 ]) = [L(Φ) (𝑋 ),L(Φ) (𝑌 )] (i.e. L(Φ) is a Lie algebra homomor-
phism).

Warning 3.6.2. Strictly speaking, the linear map L(Φ) here depends on the
chosen embeddings 𝑗, 𝑗 ′, in that its source and target depend on them. We will
occasionally write

L(Φ, 𝑗, 𝑗 ′) : L(𝐺, 𝑗) → L(𝐻, 𝑗 ′)

when we want to emphasize this.

A key part in the proof is the classification of one-parameter subgroups of
a matrix group:

Definition 3.6.3. A one-parameter subgroup of a topological group𝐺 𝐺 is a con-
tinuous homomorphism 𝐴 : (R, +) → 𝐺 , i.e. 𝐴 is a continuous function such
that 𝐴(0) = 𝐼 and 𝐴(𝑠 + 𝑡) = 𝐴(𝑠)𝐴(𝑡). (Note that it is the image of 𝐴 that is a
subgroup, we don’t require the parametrization 𝐴 to be injective!)

Proposition 3.6.4 (Classification of one-parameter subgroups). If 𝐴 is a one-
parameter subgroup of GL𝑛 (C), then there exists a unique 𝑋 ∈ M𝑛 (C) such that
𝐴(𝑡) = 𝑒𝑡𝑋 . Moreover, 𝐴 is differentiable and 𝑋 = d

d𝑡

���
𝑡=0

𝐴(𝑡).

We note the following immediate consequence:

Corollary 3.6.5. Let𝐺 ⊆ GL𝑛 (C) be a matrix group with Lie algebra g. If𝐴 : R→
𝐺 is a one-parameter subgroup, then there exists a unique 𝑋 ∈ g such that 𝐴(𝑡) = 𝑒𝑡𝑋 .
Moreover, 𝐴 is differentiable and 𝑋 = d

d𝑡

���
𝑡=0

𝐴(𝑡).

For the proof we need the following observations:

Lemma 3.6.6. Let 𝐵𝑟 be the open ball of radius 𝑟 around 0 in M𝑛 (C). For 0 < 𝜖 ≤
log 2, set 𝑈𝜖 = exp(𝐵𝜖 ). Then 𝑈𝜖 is open in M𝑛 (C).

Proof. If 𝑋 ∈ 𝑈𝜖 then by definition 𝑋 = exp(𝑌 ) for some 𝑌 ∈ 𝐵𝜖 . As 𝜖 ≤ log 2
we have ∥𝑋 − 𝐼 ∥ < 1 and 𝑌 = log(𝑋 ) by Theorem 3.5.3. Then there exists an
open neighbourhood 𝑉 around 𝑋 on which log is defined, and by continuity
if we choose this small enough then its image must lie in 𝐵𝜖 . In this case 𝑉 ⊆
𝑈𝜖 = exp(𝐵𝜖 ), which shows that 𝑈𝜖 is open. □
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Lemma 3.6.7. If 0 < 𝜖 ≤ 1
2 log 2 then every 𝑋 ∈ 𝑈𝜖 has a unique square root in

𝑈𝜖 , given by exp( 12 log𝑋 ).

Proof. Suppose 𝑋 is in 𝑈𝜖 . If 𝑌 := exp( 12 log𝑋 ) then 𝑌 2 = 𝑋 so this is a square
root. If 𝑍 is another square root in 𝑈𝜖 , then

exp(2 log𝑍 ) = 𝑍 2 = 𝑋 = exp(log𝑋 ).

Here we have 2 log𝑍 ∈ 𝐵2𝜖 and log𝑋 ∈ 𝐵𝜖 ; since exp is injective on 𝐵log 2 we
get 2 log𝑍 = log𝑋 and so 𝑍 = exp( 12 log𝑋 ) = 𝑌 . □

Proof of Proposition 3.6.4. If there exists such an 𝑋 then we know from Propo-
sition 3.1.10 that 𝐴(𝑡) = 𝑒𝑡𝑋 is differentiable and that we can recover 𝑋 as
d
d𝑡

���
𝑡=0

𝐴(𝑡); this proves uniqueness.
Since 𝐴 is continuous and 𝑈 1

2 log 2
is open, we can choose 𝑡0 > 0 such that

𝐴(𝑡) ∈ 𝑈 1
2 log 2

for all t with |𝑡 | ≤ 𝑡0. Then we can define

𝑋 :=
1
𝑡0
log𝐴(𝑡0),

and this satisfies 𝑒𝑡0𝑋 = 𝐴(𝑡0). Now observe that 𝐴(𝑡0/2) also lies in 𝑈 1
2 log 2

and
this satisfies

𝐴(𝑡0/2)2 = 𝐴(𝑡0) .

Hence Lemma 3.6.7 implies that 𝐴(𝑡0/2) = 𝑒
𝑡0
2 𝑋 . Iterating this argument, we

get that 𝐴(𝑡0/2𝑘 ) = 𝑒
𝑡0
2𝑘
𝑋 for all 𝑘 ∈ N. Moreover, for any𝑚 ∈ Z we have

𝐴(𝑚𝑡0/2𝑘 ) = 𝐴(𝑡0/2𝑘 )𝑚 =

(
𝑒

𝑡0
2𝑘
𝑋

)
= 𝑒

𝑚𝑡0
2𝑘
𝑋

The continuous functions 𝐴(𝑡) and 𝑒𝑡𝑋 thus agree on all real numbers of the
form 𝑚𝑡0

2𝑘 for 𝑘 ∈ N,𝑚 ∈ Z. But such numbers are dense in R, so the functions
must agree everywhere. □

Proof of Theorem 3.6.1. For any 𝑋 ∈ g, the map 𝑡 ↦→ Φ(𝑒𝑡𝑋 ) is a one-parameter
subgroup of 𝐻 . By Proposition 3.6.4 there is then a unique matrix 𝜙 (𝑋 ) such
that Φ(𝑒𝑡𝑋 ) = 𝑒𝑡𝜙 (𝑋 ) — in particular, Φ(𝑒𝑋 ) = 𝑒𝜙 (𝑋 ) . Moreover, 𝜙 (𝑋 ) =

d
d𝑡

���
𝑡=0

Φ(𝑒𝑡𝑋 ). Next we check that 𝜙 is R-linear: 𝜙 (𝑠𝑋 ) satisfies

𝑒𝑡𝜙 (𝑠𝑋 ) = Φ(𝑒𝑡𝑠𝑋 ) = 𝑒𝑡𝑠𝜙 (𝑋 )

for all 𝑡 , so that 𝜙 (𝑠𝑋 ) = 𝑠𝜙 (𝑋 ). For 𝑋,𝑌 ∈ g we have from the Lie product
formula (Theorem 3.2.10) and the assumption that Φ is a continuous homo-
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morphism that

𝑒𝑡𝜙 (𝑋+𝑌 ) = Φ(𝑒𝑡𝑋+𝑡𝑌 )
= Φ( lim

𝑚→∞
(𝑒𝑡𝑋/𝑚𝑒𝑡𝑌/𝑚)𝑚)

= lim
𝑚→∞

(Φ(𝑒𝑡𝑋/𝑚)Φ(𝑒𝑡𝑌/𝑚))𝑚

= lim
𝑚→∞

(𝑒𝑡𝜙 (𝑋 )/𝑚𝑒𝑡𝜙 (𝑌 )/𝑚)𝑚

= 𝑒𝑡 (𝜙 (𝑋 )+𝜙 (𝑌 ) ) ,

which implies that 𝜙 (𝑋 + 𝑌 ) = 𝜙 (𝑋 ) + 𝜙 (𝑌 ).
This proves existence. To prove uniqueness, suppose 𝜓 is an R-linear map

such that Φ(𝑒𝑋 ) = 𝑒𝜓 (𝑋 ) for 𝑋 ∈ g. Since 𝑡𝑋 is also in g for 𝑡 ∈ R we then have
Φ(𝑒𝑡𝑋 ) = 𝑒𝑡𝜓 (𝑋 ) for all 𝑡 by linearity. Hence Proposition 3.6.4 implies that

𝜓 (𝑋 ) = d
d𝑡

����
𝑡=0

Φ(𝑒𝑡𝑋 ) = 𝜙 (𝑋 ),

as required.
It remains to verify the two remaining properties. For conjugation, we have

𝑒𝑡𝜙 (𝐴𝑋𝐴
−1 ) = Φ(𝑒𝑡𝐴𝑋𝐴−1)

= Φ(𝐴𝑒𝑡𝑋𝐴−1)
= Φ(𝐴)Φ(𝑒𝑡𝑋 )Φ(𝐴)−1

= Φ(𝐴)𝑒𝑡𝜙 (𝑋 )Φ(𝐴)−1

= 𝑒𝑡Φ(𝐴)𝜙 (𝑋 )Φ(𝐴)
−1
,

and so 𝜙 (𝐴𝑋𝐴−1) = Φ(𝐴)𝜙 (𝑋 )Φ(𝐴)−1. For commutators, we have (as in the
proof of Proposition 3.2.13) that [𝑋,𝑌 ] = d

d𝑡

���
𝑡=0

𝑒𝑡𝑋𝑌𝑒−𝑡𝑋 . Since the derivative
commutes with the linear map 𝜙 , we get

𝜙 ( [𝑋,𝑌 ]) = 𝜙
(
d
d𝑡

����
𝑡=0

𝑒𝑡𝑋𝑌𝑒−𝑡𝑋
)

=
d
d𝑡

����
𝑡=0

𝜙 (𝑒𝑡𝑋𝑌𝑒−𝑡𝑋 )

=
d
d𝑡

����
𝑡=0

Φ(𝑒𝑡𝑋 )𝜙 (𝑌 )Φ(𝑒−𝑡𝑋 )

=
d
d𝑡

����
𝑡=0

𝑒𝑡𝜙 (𝑋 )𝜙 (𝑌 )𝑒−𝑡𝜙 (𝑋 )

= [𝜙 (𝑋 ), 𝜙 (𝑌 )],

applying at the end the same formula for commutators in h. □
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Example 3.6.8. Recall the adjoint homomorphism Ad𝐺 : 𝐺 → GL(g) from
Observation 3.2.15. We claim L(Ad𝐺 ) is the Lie algebra homomorphism adg
from Example 3.4.5. This follows from the computation

adg (𝑋 ) (𝑌 ) = [𝑋,𝑌 ] =
d
d𝑡

����
𝑡=0

𝑒𝑡𝑋𝑌𝑒−𝑡𝑋 =
d
d𝑡

����
𝑡=0

Ad𝐺 (𝑒𝑡𝑋 ) (𝑌 )

using equation (3.4) from the proof of Proposition 3.2.13.

Next, let’s look at the map of Lie algebras induced by the 2-to-1 homo-
morphism from SU2 to SO3; we will see that this map of Lie algebras is an
isomorphism. For this we need a generators and relations description of su2,
which we leave as an exercise:

Exercise 3.13. Show that the following is a basis for the Lie algebra su2:

𝐸1 =
1
2

(
𝑖 0
0 −𝑖

)
, 𝐸2 =

1
2

(
0 −1
1 0

)
, 𝐸3 =

1
2

(
0 𝑖

𝑖 0

)
,

and check that the Lie bracket is given by the relations

[𝐸1, 𝐸2] = 𝐸3, [𝐸2, 𝐸3] = 𝐸1, [𝐸3, 𝐸1] = 𝐸2.

Example 3.6.9. Consider the 2-to-1 surjective homomorphism 𝑟 : SU2 → SO3(R)
we defined in Construction 2.3.4 and Proposition 2.3.6. We defined this by
𝑟 (𝑞) (𝑥) = 𝑞𝑥𝑞−1 where 𝑞 is a unit-length quaternion and 𝑥 is a purely imaginary
quaternion. Thinking of quaternion multiplication as matrix multiplication as
in Exercise 2.8, we can express this as the matrix product

𝑟 (𝑄) (𝑀) = 𝑄𝑀𝑄−1,

for 𝑄 ∈ SU2 and 𝑀 in the 3-dimensional R-vector space 𝑉 of matrices(
𝑏𝑖 𝑐 + 𝑑𝑖
−𝑐 + 𝑑𝑖 −𝑏𝑖,

)
𝑏, 𝑐, 𝑑 ∈ R.

We then have

d
d𝑡

����
𝑡=0

𝑟 (𝑒𝑡𝑋 ) (𝑀) = d
d𝑡

����
𝑡=0

𝑒𝑡𝑋𝑀𝑒−𝑡𝑋 = 𝑋𝑀 −𝑀𝑋 = [𝑋,𝑀] .

Note that here 𝑉 consists precisely of the traceless skew-Hermitian matrices;
this means we can actually identify 𝑟 with the adjoint action of SU2 on its Lie
algebra, and so this computation agrees with Example 3.6.8. Using the com-
mutation relations from Exercise 3.13, we can now immediately write down the
3 × 3 matrices 𝐹𝑖 that represent L(𝑟 ) (𝐸𝑖) with respect to the basis 𝐸1, 𝐸2, 𝐸3:

𝐹1 =
©­«
0 0 0
0 0 −1
0 1 0

ª®¬ , 𝐹2 =
©­«
0 0 1
0 0 0
−1 0 0

ª®¬ , 𝐹3 =
©­«
0 −1 0
1 0 0
0 0 0

ª®¬ .
41



Since these 3 matrices clearly form a basis for the vector space so3(R) of skew-
symmetric matrices in M3(R), we see that L(𝑟 ) must be a Lie algebra isomor-
phism.
Exercise 3.14. Verify directly that in terms of the basis 𝐹𝑖 , the Lie bracket on so3 (R)
is given by the relations:

[𝐹1, 𝐹2] = 𝐹3, [𝐹2, 𝐹3] = 𝐹1, [𝐹3, 𝐹1] = 𝐹2,
and so so3 (R) is abstractly isomorphic to su2 since it has the same generators-and-
relations description.

Proposition 3.6.10. Suppose Φ : 𝐺 → 𝐻 is a continuous homomorphism of matrix
groups. Then kerΦ is a closed, normal subgroup of𝐺 (and so in particular also a matrix
group), and

L(kerΦ) = kerL(Φ) .
Proof. kerΦ is a normal subgroup by elementary group theory, and since it is
the continuous preimage of the closed set {𝐼 } ⊆ 𝐻 it is also closed. If 𝐺 is
isomorphic to a closed subgroup of GL𝑛 (R), then so is kerΦ by restriction, so
kerΦ is a matrix group. Let 𝜙 := L(Φ), then if 𝑋 ∈ ker𝜙 , we have

Φ(𝑒𝑡𝑋 ) = 𝑒𝑡𝜙 (𝑋 ) = 𝐼 ,
so that 𝑋 ∈ L(kerΦ). Conversely, if 𝑒𝑡𝑋 is in kerΦ for all 𝑡 then 𝑒𝑡𝜙 (𝑋 ) =

Φ(𝑒𝑡𝑋 ) = 𝐼 , and differentiating gives 𝜙 (𝑋 ) = 0. Thus ker𝜙 = L(kerΦ). □

Proposition 3.6.11. Suppose (𝐺, 𝑗), (𝐻, 𝑗 ′), (𝐾, 𝑗 ′′) are embedded matrix groups, and
Φ : 𝐺 → 𝐻 and Ψ : 𝐻 → 𝐾 are continuous homomorphisms. Then we have

L(Ψ ◦ Φ, 𝑗, 𝑗 ′′) = L(Ψ, 𝑗 ′, 𝑗 ′′) ◦ L(Φ, 𝑗, 𝑗 ′) .
Moreover, L(id𝐺 , 𝑗, 𝑗) = idL(𝐺,𝑗 ) .
Proof. Let 𝜓 = L(Ψ) and 𝜙 = L(Φ). Then for 𝑋 ∈ g, we have

𝑒𝑡L(ΨΦ) (𝑋 ) = (ΨΦ) (𝑒𝑡𝑋 ) = Ψ(𝑒𝑡𝜙 (𝑋 ) ) = 𝑒𝑡𝜓 (𝜙 (𝑋 ) ) ,
and hence L(ΨΦ) (𝑋 ) = 𝜓 (𝜙 (𝑋 )). Moreover,

𝑒𝑡L(id𝐺 ) (𝑋 ) = id𝐺 (𝑒𝑡𝑋 ) = 𝑒𝑡𝑋 ,
so that L(id𝐺 ) (𝑋 ) = 𝑋 . □

As a formal consequence of this, we see that the Lie algebra of a matrix
group is well-defined up to a canonical isomorphism:
Corollary 3.6.12. Let 𝐺 be a topological group, and let 𝑗 : 𝐺 → GL𝑛 (R) and
𝑗 ′ : 𝐺 → GL𝑚 (R) be two continuous homomorphisms that identify 𝐺 as a closed
subgroup of the two general linear groups. Then L(id𝐺 , 𝑗, 𝑗 ′) : L(𝐺, 𝑗) → L(𝐺, 𝑗 ′) is
a Lie algebra isomorphism with inverse L(id𝐺 , 𝑗 ′, 𝑗).
Proof. From Proposition 3.6.11 we have

L(id𝐺 , 𝑗 ′, 𝑗) ◦ L(id𝐺 , 𝑗, 𝑗 ′) = L(id𝐺 , 𝑗, 𝑗) = idL(𝐺,𝑗 ) ,

and similarly for the composite in the other order. □
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3.7 The exponential map for matrix groups

Suppose 𝐺 ⊆ GL𝑛 (C) is a matrix group with Lie algebra g. Then by definition
the matrix exponential exp = 𝑒 (–) : M𝑛 (C) → GL𝑛 (C) restricts to a map

exp: g→ 𝐺,

which we call the exponential map for 𝐺 .

Remark 3.7.1. It can be shown that every invertible matrix can be written as
an exponential, i.e. exp is surjective onto GL𝑛 (R). However, this need not be
the case for the exponential of an arbitrary Lie group. (See [2, Example 3.41].)

Theorem 3.7.2. Suppose 𝐺 ⊆ GL𝑛 (C) is a matrix group with Lie algebra g. For
𝜖 > 0 let

𝑈𝜖 := {𝑋 ∈ M𝑛 (C) : ∥𝑋 ∥ < 𝜖}, 𝑉𝜖 = exp(𝑈𝜖 ) .

Then there exists 0 < 𝜖 < log 2 such that 𝐴 ∈ 𝑉𝜖 lies in 𝐺 if and only if log(𝐴) lies
in g. In particular, exp restricts to a homeomorphism

𝑈𝜖 ∩ g � 𝑉𝜖 ∩𝐺.

Proof. We know that if 𝑋 is in g, then 𝑒𝑋 is in𝐺 . If 𝜖 < log 2 then log(𝑒𝑋 ) exists
and equals 𝑋 for all 𝑋 ∈ 𝑈𝜖 , so what we need to prove is that if 𝐴 ∈ 𝑉𝜖 ∩𝐺 then
log𝐴 ∈ g, provided 𝜖 is sufficiently small.

We know that g is a real vector subspace of M𝑛 (C) � R2𝑛2 ; let g⊥ denote
its orthogonal complement with respect to the standard inner product on R2𝑛2 .
Then we can write any 𝑍 ∈ M𝑛 (C) uniquely as 𝑍g+𝑍 ′ with 𝑍g ∈ g and 𝑍 ′ ∈ g⊥.
Define a map Φ : M𝑛 (C) → M𝑛 (C) by Φ(𝑍 ) = 𝑒𝑍g𝑒𝑍

′ . Since the exponential is
infinitely differentiable (Observation 3.1.11), so is Φ, and if either𝑍 ∈ g or𝑍 ∈ g⊥
we have

d
d𝑡

����
𝑡=0

Φ(𝑡𝑍 ) = d
d𝑡

����
𝑡=0

𝑒𝑡𝑍 = 𝑍 .

From this we conclude that the derivative of Φ at the origin is the identity. As
this is invertible, we can apply the inverse function theorem to conclude that Φ
has a continuous local inverse defined in some neighbourhood of 𝐼 .

We now argue by contradiction. Suppose then that for every 0 < 𝜖 < log 2
there exists 𝐴 ∈ 𝑉𝜖 ∩ 𝐺 such that log𝐴 ∉ g. This means that there exists a
sequence of 𝐴𝑚 ∈ 𝐺 such that 𝐴𝑚 → 𝐼 as 𝑚 → ∞, but log𝐴𝑚 ∉ g for all 𝑚.
Using the local inverse of Φ, for𝑚 sufficiently large we can write 𝐴𝑚 as 𝑒𝑋𝑚𝑒𝑌𝑚

where 𝑋𝑚 ∈ g, 𝑌𝑚 ∈ g⊥, both converge to 0 as 𝑚 → ∞, and 𝑌𝑚 ≠ 0 for all 𝑚.
Then since 𝐴𝑚 and 𝑒𝑋𝑚 are both in 𝐺 , we have that 𝑒𝑌𝑚 = 𝑒−𝑋𝑚𝐴𝑚 ∈ 𝐺 .

Now consider the sequence𝑌𝑚/∥𝑌𝑚 ∥; since the unit sphere in g⊥ is compact,
there exists some convergent subsequence 𝑌𝑚′/∥𝑌𝑚′ ∥ → 𝑌 with 𝑌 ∈ g⊥ and
∥𝑌 ∥ = 1. We will show that 𝑌 lies in g, which gives a contradiction since by
definition g⊥ is the orthogonal complement of g.
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We need to show that 𝑒𝑡𝑌 is in 𝐺 for all 𝑡 ∈ R. Note that if 𝐵𝑚′ := 𝑒𝑌𝑚′ then
𝑌𝑚′ = log𝐵𝑚′ (as 𝜖 < log 2). Since 𝐵𝑚′ → 𝐼 we have ∥𝑌𝑚′ ∥ → 0. For any 𝑡 we
can therefore find integers 𝑘𝑚′ such that 𝑘𝑚′ ∥𝑌𝑚′ ∥ → 𝑡 . Then we have

𝑒𝑘𝑚′𝑌𝑚′ = 𝑒 (𝑘𝑚′ ∥𝑌𝑚′ ∥ ) (𝑌𝑚′/∥𝑌𝑚′ ∥ ) → 𝑒𝑡𝑌 .

But here 𝑒𝑘𝑚′𝑌𝑚′ = (𝐵𝑚′)𝑘𝑚′ which lies in𝐺 . Since𝐺 is closed it follows that the
limit 𝑒𝑡𝑌 also lies in 𝐺 , as required. □

We can restate Theorem 3.7.2 less precisely as:

Corollary 3.7.3. Let 𝐺 be a matrix group with Lie algebra g. Then there exists a
neighbourhood𝑈 of 0 ∈ g such that the exponential g→ 𝐺 maps𝑈 homeomorphically
onto a neighbourhood of 𝐼 in 𝐺 .

Theorem 3.7.2 has a number of pleasant consequences:

Corollary 3.7.4. If 𝐺 is a matrix group with Lie algebra g, then 𝐺 is a smooth
manifold of dimension dim g.

Proof. Let 𝑘 := dim g. By Corollary 3.7.3 the identity of 𝐺 has an open neigh-
bourhood 𝑉 that is homeomorphic to an open subset 𝑈 of g � R𝑘 . Then for
any point 𝐴 ∈ 𝐺 the open neighbourhood 𝐴 · 𝑉 is also homeomorphic to 𝑈 ,
so that 𝐺 is a topological manifold. Moreover, the transition function 𝑈 → 𝑈

between 𝑉 and 𝐴 · 𝑉 is given by 𝑋 ↦→ log(𝐴−1 exp(𝑋 )), which is smooth, and
so 𝐺 is a smooth 𝑘-manifold. □

Corollary 3.7.5. Suppose𝐺 ⊆ GL𝑛 (R) is a matrix group with Lie algebra g. Then a
matrix 𝑋 ∈ M𝑛 (R) lies in g if and only if there exists a smooth curve 𝛾 : R→M𝑛 (R)
that lies in 𝐺 and such that 𝛾 (0) = 𝐼 and

d
d𝑡

����
𝑡=0

𝛾 (𝑡) = 𝑋 .

In other words, g is the tangent space of 𝐺 at 𝐼 .

Proof. If 𝑋 lies in g then 𝑒𝑡𝑋 is a smooth curve that lies in 𝐺 by definition and
whose derivative at 0 is𝑋 . Conversely, if 𝛾 is a smooth curve in𝐺 with 𝛾 (0) = 𝐼 ,
then Theorem 3.7.2 implies that for sufficiently small 𝑡 if we define 𝛿 (𝑡) :=
log𝛾 (𝑡) then 𝛿 (𝑡) lies in g and 𝛾 (𝑡) = 𝑒𝛿 (𝑡 ) . Moreover, 𝛿 (𝑡) = 𝑡𝛿 ′(0) +𝑂 (𝑡2) so
that

𝛾 ′(0) = d
d𝑡

����
𝑡=0

𝑒𝛿 (𝑡 ) =
d
d𝑡

����
𝑡=0

𝑒𝑡𝛿
′ (0) = 𝛿 ′(0).

Since 𝛿 (𝑡) lies in g for 𝑡 sufficiently small, so does the limit 𝛿 ′(0) = limℎ→0
𝛿 (ℎ)
ℎ

.
□

Corollary 3.7.6. Every continuous homomorphism between matrix groups is smooth.
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Proof. Suppose Φ : 𝐺 → 𝐻 is a continuous homomorphism between matrix
groups 𝐺,𝐻 with Lie algebras g and h, respectively. Let 𝜙 := L(Φ). From
Theorem 3.7.2 it follows that we can parametrize a neighbourhood of any el-
ement 𝐴 ∈ 𝐺 as 𝐴𝑒𝑋 for 𝑋 in some neighbourhood of 0 in g. Then in this
neighbourhood Φ as given by

Φ(𝐴𝑒𝑋 ) = Φ(𝐴)𝑒𝜙 (𝑋 ) ,

which is clearly smooth since the exponential and matrix multiplication are
smooth, and 𝜙 is smooth (since it is a linear map between finite-dimensional
vector spaces). □

Corollary 3.7.7. Suppose 𝐺 is a connected matrix group with Lie algebra g. Then
any element 𝐴 ∈ 𝐺 can be expressed as

𝐴 = 𝑒𝑋1 . . . 𝑒𝑋𝑛

for finitely many 𝑋1, . . . , 𝑋𝑛 ∈ g.

Proof. Choose 0 < 𝜖 < log 2 as in Theorem 3.7.2, and take 𝑈𝜖 and 𝑉𝜖 as defined
there. Given 𝐴 ∈ 𝐺 , choose a continuous path 𝛾 : [0, 1] → 𝐺 with 𝛾 (0) =

𝐼 , 𝛾 (1) = 𝐴. We claim that there then exists some 𝛿 > 0 such that if |𝑡 − 𝑡 ′ | < 𝛿 ,
then we have 𝛾 (𝑡)−1𝛾 (𝑡 ′) ∈ 𝑉𝜖 . Assuming this, choose a positive integer 𝑚
such that 1/𝑚 < 𝛿 ; then for 𝑗 = 1, . . . ,𝑚 𝛾 (( 𝑗 − 1)/𝑚)−1𝛾 ( 𝑗/𝑚) ∈ 𝑉𝜖 so that
𝛾 (( 𝑗 − 1)/𝑚)−1𝛾 ( 𝑗/𝑚) = 𝑒𝑋 𝑗 for some 𝑋 𝑗 ∈ g. But then we have 𝛾 ( 𝑗/𝑚) =
𝛾 (( 𝑗 − 1)/𝑚)𝑒𝑋 𝑗 for all 𝑗 , and hence 𝛾 ( 𝑗/𝑚) = 𝛾 (0)𝑒𝑋1 · · · 𝑒𝑋 𝑗 = 𝑒𝑋1 · · · 𝑒𝑋 𝑗 . In
particular,

𝐴 = 𝛾 (1) = 𝑒𝑋1 · · · 𝑒𝑋𝑚 ,

as required.
We now prove the deferred claim. First recall that𝑉𝜖 is an open neighbour-

hood of 𝐼 in M𝑛 (C), so we can choose 𝜖′ > 0 so that the open ball of radius
𝜖′ is contained in 𝑉𝜖 . It then suffices to show that we can choose 𝛿 > 0 so that
∥𝛾 (𝑡)−1𝛾 (𝑡 ′) − 𝐼 ∥ < 𝜖′ when |𝑡 − 𝑡 ′ | < 𝛿 . First note that

∥𝛾 (𝑡)−1𝛾 (𝑡 ′) − 𝐼 ∥ = ∥𝛾 (𝑡)−1(𝛾 (𝑡 ′) − 𝛾 (𝑡))∥ ≤ ∥𝛾 (𝑡)−1∥∥𝛾 (𝑡 ′) − 𝛾 (𝑡)∥.

Since [0, 1] is compact, the continuous function ∥𝛾 (𝑡)−1∥ is bounded, say ∥𝛾 (𝑡)−1∥ ≤
𝐶 for some 𝐶 > 0. Moreover, again since [0, 1] is compact, the function 𝛾 (𝑡) is
uniformly continuous. This means there exists 𝛿 > 0 such that if |𝑡 − 𝑡 ′ | < 𝛿 we
have

∥𝛾 (𝑡 ′) − 𝛾 (𝑡)∥ < 𝜖′/𝐶.

Putting these estimates together then gives what we want. □

Corollary 3.7.8. Suppose𝐺 is a connected matrix group and 𝐻 is an arbitrary matrix
group. Suppose Φ,Ψ : 𝐺 → 𝐻 are continuous homomorphisms such that L(Φ) = L(Ψ).
Then Φ = Ψ.
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Proof. Let 𝜙 := L(Φ) and 𝜓 := L(Ψ). By Corollary 3.7.7 if 𝐴 is any element of
𝐺 we have an expression 𝐴 = 𝑒𝑋1 · · · 𝑒𝑋𝑛 with 𝑋𝑖 ∈ L(𝐺). Then we get

Φ(𝐴) = Φ(𝑒𝑋1 · · · 𝑒𝑋𝑛 )
= Φ(𝑒𝑋1) · · ·Φ(𝑒𝑋𝑛 )
= 𝑒𝜙 (𝑋1 ) · · · 𝑒𝜙 (𝑋𝑛 )

= 𝑒𝜓 (𝑋1 ) · · · 𝑒𝜓 (𝑋𝑛 )

= Ψ(𝑒𝑋1) · · ·Ψ(𝑒𝑋𝑛 )
= Ψ(𝑒𝑋1 · · · 𝑒𝑋𝑛 )
= Ψ(𝐴) .

Since 𝐴 was arbitrary, this completes the proof. □

Corollary 3.7.9. Suppose 𝐺 is a connected matrix group whose Lie algebra g is
commutative. Then 𝐺 is also commutative.

Proof. If g is commutative, then for any 𝑋,𝑌 ∈ g the exponentials 𝑒𝑋 and 𝑒𝑌
also commute. Since any element of 𝐺 is a product of such exponentials by
Corollary 3.7.7, the multiplication in 𝐺 must also be commutative. □

Warning 3.7.10. Note that Corollary 3.7.9 can fail if 𝐺 is not assumed to be
connected. For example, the Lie algebra of any finite group is 0, and so abelian,
but there certainly exist non-abelian finite groups!
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Chapter 4

Lie theory for matrix groups

4.1 The Baker–Campbell–Hausdorff formula

Our aim in this chapter is to “lift” information from Lie algebras to matrix
groups. In particular, we will investigate when we can lift homomorphisms
of Lie algebras to homomorphisms of matrix groups, and Lie subalgebras to
subgroups. We have already seen that the exponential map g → 𝐺 is an iso-
morphism in a neighbourhood of the identity; the key tool we need to proceed
further is a description of the products of two exponentials 𝑒𝑋𝑒𝑌 in terms of Lie
brackets, when𝑋 and 𝑌 are sufficiently small. This is what the Baker–Campbell–
Hausdorff formula provides: it says that for sufficiently small 𝑋,𝑌 ∈ M𝑛 (C), we
have

log(𝑒𝑋𝑒𝑌 ) = 𝑋 + 𝑌 + 1
2
[𝑋,𝑌 ] + 1

12
( [𝑋, [𝑋,𝑌 ]] + [𝑌, [𝑌,𝑋 ]]) + · · · ,

where all the terms on the right-hand side are expressed entirely in terms of
iterated commutators.

Definition 4.1.1. Let us say that a polynomial over R in 𝑛 non-commuting vari-
ables 𝑥1, . . . , 𝑥𝑛 is a Lie polynomial if it is a linear combination of iterated commu-
tators in the variables 𝑥𝑖 . In other words, the Lie polynomials form the R-vector
subspace LiePoly𝑛 of R{𝑥1, . . . , 𝑥𝑛} spanned by 𝑥𝑖 , [𝑥𝑖 , 𝑥 𝑗 ], [𝑥𝑖 , [𝑥 𝑗 , 𝑥𝑘 ]], . . .. It will
be convenient to write

𝑃 (𝑥1, . . . , 𝑥𝑛) ≡Lie 𝑄 (𝑥1, . . . , 𝑥𝑛)

if 𝑃 − 𝑄 is a Lie polynomial. Note also that Lie polynomials are closed under
substition: if 𝑃1, . . . , 𝑃𝑛, 𝑄 are Lie polynomials, then so is 𝑄 (𝑃1, . . . , 𝑃𝑛).

Theorem 4.1.2. If we write

𝐹 (𝑋,𝑌 ) := log(𝑒𝑋𝑒𝑌 ) =
∞∑︁
𝑖=1

𝐹𝑖 (𝑋,𝑌 ),
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where 𝐹𝑖 (𝑋,𝑌 ) is the sum of the degree-𝑖 terms in the power series, then each 𝐹𝑖 (𝑋,𝑌 )
is a Lie polynomial.

We start with some preliminary observations:

Observation 4.1.3. It follows from the definition of log and exp as power series
that 𝐹1(𝑋,𝑌 ) = 𝑋 + 𝑌 .

Observation 4.1.4. The associativity relation 𝑒𝑋 (𝑒𝑌𝑒𝑍 ) = (𝑒𝑋𝑒𝑌 )𝑒𝑍 implies

𝑒𝐹 (𝑋,𝐹 (𝑌,𝑍 ) ) = 𝑒𝑋𝑒𝐹 (𝑌,𝑍 ) = 𝑒𝑋 (𝑒𝑌𝑒𝑍 ) = (𝑒𝑋𝑒𝑌 )𝑒𝑍 = 𝑒𝐹 (𝑋,𝑌 )𝑒𝑍 = 𝑒𝐹 (𝑋,𝐹 (𝑌,𝑍 ) ) ,

so we have
𝐹 (𝑋, 𝐹 (𝑌, 𝑍 )) = 𝐹 (𝐹 (𝑋,𝑌 ), 𝑍 ) . (4.1)

Lemma 4.1.5. Suppose we know 𝐹𝑖 is a Lie polynomial for all 𝑖 < 𝑛. Then we have

𝐹𝑛 (𝑋,𝑌 + 𝑍 ) + 𝐹𝑛 (𝑌, 𝑍 ) ≡Lie 𝐹𝑛 (𝑋,𝑌 ) + 𝐹𝑛 (𝑋 + 𝑌, 𝑍 ) . (4.2)

Proof. It follows from the hypothesis that all terms of degree < 𝑛 in both sides
of (4.1) are Lie polynomials, and the same goes for the terms of degree 𝑛 that
arise from combining 𝐹𝑖 and 𝐹 𝑗 where both 𝑖, 𝑗 < 𝑛. That leaves only the terms
𝐹𝑛 (𝑌, 𝑍 ) (from 𝐹1(𝑋, 𝐹 (𝑌, 𝑍 ))) and 𝐹𝑛 (𝑋,𝑌 +𝑍 ) (from 𝐹 (𝑋, 𝐹1(𝑌, 𝑍 ))) on the left,
and similarly 𝐹𝑛 (𝑋,𝑌 ) and 𝐹𝑛 (𝑋 + 𝑌, 𝑍 ) on the right. Since the homogeneous
terms of degree 𝑛 in (4.1) must agree, this gives the desired congruence. □

Observation 4.1.6. We must have

𝐹𝑛 (𝑟𝑋, 𝑠𝑋 ) = 0 (4.3)

for 𝑛 > 1 and 𝑟, 𝑠 ∈ R since

𝐹 (𝑟𝑋, 𝑠𝑋 ) = log(𝑒𝑟𝑋𝑒𝑠𝑋 ) = log(𝑒 (𝑟+𝑠 )𝑋 ) = 𝑟𝑋 + 𝑠𝑋 = 𝐹1(𝑟𝑋, 𝑠𝑋 ).

In particular, 𝐹𝑛 (𝑋, 0) = 0. Note also that

𝐹𝑛 (𝑟𝑋, 𝑟𝑌 ) = 𝑟𝑛𝐹𝑛 (𝑋,𝑌 ) (4.4)

for 𝑟 ∈ R since 𝐹𝑛 is a homogeneous polynomial of degree 𝑛.

Proof of Theorem 4.1.2. We first apply (4.2) with 𝑍 = −𝑌 to get

𝐹𝑛 (𝑋, 0) + 𝐹𝑛 (𝑌,−𝑌 ) ≡Lie 𝐹𝑛 (𝑋,𝑌 ) + 𝐹𝑛 (𝑋 + 𝑌,−𝑌 ) .

Here the left-hand side is 0 by (4.3), so we get

𝐹𝑛 (𝑋,𝑌 ) ≡Lie −𝐹𝑛 (𝑋 + 𝑌,−𝑌 ). (4.5)

If we instead apply (4.2) with 𝑋 = −𝑌 , we get

𝐹𝑛 (−𝑌,𝑌 + 𝑍 ) + 𝐹𝑛 (𝑌, 𝑍 ) ≡Lie 𝐹𝑛 (−𝑌,𝑌 ) + 𝐹𝑛 (0, 𝑍 ) = 0,
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and so we also get
𝐹𝑛 (𝑋,𝑌 ) ≡Lie −𝐹𝑛 (−𝑋,𝑋 + 𝑌 ) . (4.6)

Now we can do the following clever manipulation:

𝐹𝑛 (𝑋,𝑌 ) ≡Lie −𝐹𝑛 (−𝑋,𝑋 + 𝑌 ) (by (4.6))
≡Lie 𝐹𝑛 (−𝑋 + 𝑋 + 𝑌,−𝑋 − 𝑌 ) (by (4.5))
≡Lie 𝐹𝑛 (𝑌,−𝑋 − 𝑌 )
≡Lie −𝐹𝑛 (−𝑌,−𝑋 ) (by (4.6))
≡Lie −(−1)𝑛𝐹𝑛 (𝑌,𝑋 ), (by (4.4))

so that we have
𝐹𝑛 (𝑋,𝑌 ) ≡Lie (−1)𝑛+1𝐹𝑛 (𝑌,𝑋 ) . (4.7)

Now we return to (4.2) and plug in 𝑍 = −𝑌/2 to get

𝐹𝑛 (𝑋,𝑌/2) + 𝐹𝑛 (𝑌,−𝑌/2) ≡Lie 𝐹𝑛 (𝑋,𝑌 ) + 𝐹𝑛 (𝑋 + 𝑌,−𝑌/2).

Here 𝐹𝑛 (𝑌,−𝑌/2) = 0 by (4.3), and so

𝐹𝑛 (𝑋,𝑌 ) ≡Lie 𝐹𝑛 (𝑋,𝑌/2) − 𝐹𝑛 (𝑋 + 𝑌,−𝑌/2) . (4.8)

Applying (4.2) with 𝑋 = −𝑌/2 we get

𝐹𝑛 (−𝑌/2, 𝑌 + 𝑍 ) + 𝐹𝑛 (𝑌, 𝑍 ) ≡Lie 𝐹𝑛 (−𝑌/2, 𝑌 ) + 𝐹𝑛 (𝑌/2, 𝑍 ),

from which we similarly obtain

𝐹𝑛 (𝑋,𝑌 ) ≡Lie 𝐹𝑛 (𝑋/2, 𝑌 ) − 𝐹𝑛 (−𝑋/2, 𝑋 + 𝑌 ). (4.9)

Now we do two more clever manipulations on the terms on the right-hand side
of (4.9):

𝐹𝑛 (𝑋/2, 𝑌 ) ≡Lie 𝐹𝑛 (𝑋/2, 𝑌/2) − 𝐹𝑛 (𝑋/2 + 𝑌,−𝑌/2) (by (4.8))
≡Lie 𝐹𝑛 (𝑋/2, 𝑌/2) + 𝐹𝑛 (𝑋/2 + 𝑌/2, 𝑌/2) (by (4.5))
≡Lie 2−𝑛𝐹𝑛 (𝑋,𝑌 ) + 2−𝑛𝐹𝑛 (𝑋 + 𝑌,𝑌 ) (by (4.4))

𝐹𝑛 (−𝑋/2, 𝑋 + 𝑌 ) ≡Lie 𝐹𝑛 (−𝑋/2, 𝑋/2 + 𝑌/2) − 𝐹𝑛 (𝑋/2 + 𝑌,−𝑋/2 − 𝑌/2) (by (4.8))
≡Lie −𝐹𝑛 (𝑋/2, 𝑌/2) + 𝐹𝑛 (𝑌/2, 𝑋/2 + 𝑌/2) (by (4.6) and (4.5))
≡Lie −2−𝑛𝐹𝑛 (𝑋,𝑌 ) + 2−𝑛𝐹𝑛 (𝑌,𝑋 + 𝑌 ) (by (4.4))

Now we plug this into (4.9) to get

𝐹𝑛 (𝑋,𝑌 ) ≡Lie 2−𝑛+1𝐹𝑛 (𝑋,𝑌 ) + 2−𝑛𝐹𝑛 (𝑋 + 𝑌,𝑌 ) − 2−𝑛𝐹𝑛 (𝑌,𝑋 + 𝑌 ).

Here we can apply (4.7) to get

(1 − 2−𝑛+1)𝐹𝑛 (𝑋,𝑌 ) ≡Lie 2−𝑛 (1 + (−1)𝑛)𝐹𝑛 (𝑋 + 𝑌,𝑌 ). (4.10)
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For 𝑛 > 1 odd, this implies that 𝐹𝑛 (𝑋,𝑌 ) ≡Lie 0. If 𝑛 is even, we instead compute

2−𝑛+1𝐹𝑛 (𝑋,𝑌 ) ≡Lie (1 − 2−𝑛+1)𝐹𝑛 (𝑋 − 𝑌,𝑌 ) (by (4.10))

≡Lie −(1 − 2−𝑛+1)𝐹𝑛 (𝑋,−𝑌 ) (by (4.5)),

and so by applying this twice we get

𝐹𝑛 (𝑋,𝑌 ) ≡Lie −
1 − 2−𝑛+1
2−𝑛+1

𝐹𝑛 (𝑋,−𝑌 ) ≡Lie
(
1 − 2−𝑛+1
2−𝑛+1

)2
𝐹𝑛 (𝑋,𝑌 ).

This implies that we must also have 𝐹𝑛 (𝑋,𝑌 ) ≡Lie 0 for 𝑛 even. □

Remark 4.1.7. This proof follows the exposition in [4, Section 7.7] of a proof
due to Eichler (1968). The fact that there exists some expression in terms of
commutators is enough for our purposes, but there are also more explicit forms
of the Baker–Campbell-Hausdorff formula; see for example the discussion in
[2, 5.3–5.5].

4.2 Lifting homomorphisms of Lie algebras

Theorem 4.2.1. Let 𝐺 and 𝐻 be matrix groups with Lie algebras g and h, and
suppose that 𝜙 : g→ h is a Lie algebra homomorphism. If 𝐺 is simply connected, then
there exists a unique continuous homomorphism Φ : 𝐺 → 𝐻 such that 𝜙 = L(Φ).

Definition 4.2.2. Let 𝐺 and 𝐻 be matrix groups and suppose that 𝑈 ⊆ 𝐺 is a
path-connected neighbourhood of the identity. We say that a continuous map
𝑓 : 𝑈 → 𝐻 is a local homomorphism if 𝑓 (𝐴𝐵) = 𝑓 (𝐴) 𝑓 (𝐵) whenever 𝐴, 𝐵,𝐴𝐵 all
lie in 𝑈 .

Proposition 4.2.3. Let 𝐺 and 𝐻 be matrix groups with Lie algebras g and h, and
suppose that 𝜙 : g→ h is a Lie algebra homomorphism. Define 𝑆𝜖 ⊆ 𝐺 to be the subset
consisting of 𝐴 ∈ 𝐺 such that ∥𝐴 − 𝐼 ∥ < 1 and log𝐴 < 𝜖 . Then there exists some
𝜖 > 0 such that the map

𝑓 := exp ◦𝜙 ◦ log : 𝑆𝜖 → 𝐻

is a local homomorphism.

Proof. Choose 0 < 𝜖 < log 2 sufficiently small so that Theorem 3.7.2 holds, so
that exp restricts to a homeomorphism between 𝑆𝜖 and an open neighbourhood
𝑈𝜖 of 0 in g. Moreover, assume that 𝜖 is sufficiently small so that if 𝐴, 𝐵 ∈ 𝑆𝜖
then 𝐴𝐵 is still in the domain of the logarithm. If 𝑋 = log𝐴 and 𝑌 = log𝐵 for
𝐴, 𝐵 ∈ 𝑆𝜖 , we then have

𝑓 (𝐴𝐵) = exp(𝜙 (log(𝑒𝑋𝑒𝑌 ))).
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We can express log(𝑒𝑋𝑒𝑌 ) in terms of iterated commutators of 𝑋 and 𝑌 by
the Baker–Campbell–Hausdorff formula, and since 𝜙 preserves Lie brackets this
means that we have

𝜙 (log(𝑒𝑋𝑒𝑌 )) = log(𝑒𝜙 (𝑋 )𝑒𝜙 (𝑌 ) ),

and so
𝑓 (𝐴𝐵) = 𝑒𝜙 (log𝐴)𝑒𝜙 (log𝐵) = 𝑓 (𝐴) 𝑓 (𝐵),

so that 𝑓 is a local homomorphism. □

Proposition 4.2.4. Let 𝐺 and 𝐻 be matrix groups, and assume that 𝐺 is simply
connected. If 𝑓 : 𝑈 → 𝐻 is a local homomorphism from a path-connected neighbourhood
𝑈 of the identity in𝐺 , then there exists a unique continuous homomorphism Φ : 𝐺 → 𝐻

such that Φ|𝑈 = 𝑓 .

Proof. By assumption, 𝐺 is path-connected, so for any 𝐴 ∈ 𝐺 there exists a path
𝛼 : [0, 1] → 𝐺 with 𝛼 (0) = 𝐼 and 𝛼 (1) = 𝐴. The idea is now to define Φ(𝐴)
by subdividing this path and then check that the result is independent of the
partition and of the chosen path, so that Φ(𝐴) is well-defined.

To that end, let us say that a partition

𝜏 = (0 = 𝑡0 < 𝑡1 < · · · < 𝑡𝑛 = 1)

of the interval [0, 1] is 𝑈 -good for 𝛼 if we have 𝛼 (𝑡)𝛼 (𝑡 ′)−1 ∈ 𝑈 whenever 𝑡𝑖 ≤
𝑡 ≤ 𝑡 ′ ≤ 𝑡𝑖+1 for some 𝑖. The argument at the end of the proof of Corollary 3.7.7
shows that a 𝑈 -good partition for 𝛼 always exists.

Given a 𝑈 -good partition 𝜏 for 𝛼 let us set

𝐴𝜏𝑖 = 𝛼 (𝑡𝑖)𝛼 (𝑡𝑖−1)−1.

Then we can write
𝐴 = 𝐴𝜏𝑛𝐴

𝜏
𝑛−1 · · ·𝐴

𝜏
1,

where each factor 𝐴𝜏
𝑖

lies in 𝑈 by assumption. We then define

Φ(𝐴, 𝛼, 𝜏) := 𝑓 (𝐴𝜏𝑛) 𝑓 (𝐴𝜏𝑛−1) · · · 𝑓 (𝐴
𝜏
1) .

Note that if a homomorphism Φ extending 𝑓 exists then this must be the value
Φ(𝐴), which shows that Φ is unique if it exists.

Now we prove that Φ(𝐴, 𝛼, 𝜏) is independent of the partition 𝜏 . First, note
that if 𝜏 ′ is obtained from 𝜏 by inserting a single element 𝑠 between 𝑡𝑖 and 𝑡𝑖+1
then 𝜏 ′ is also a 𝑈 -good partition for 𝛼 , and we have

Φ(𝐴, 𝛼, 𝜏 ′) = 𝑓 (𝐴𝜏𝑛) · · · 𝑓 (𝐴𝜏𝑖+2) 𝑓 (𝛼 (𝑡𝑖+1)𝛼 (𝑠)
−1) 𝑓 (𝛼 (𝑠)𝛼 (𝑡𝑖)−1) 𝑓 (𝐴𝜏𝑖 ) · · · 𝑓 (𝐴𝜏1) .

Since 𝑓 is a local homomorphism, it satisfies

𝑓 (𝛼 (𝑡𝑖+1)𝛼 (𝑠)−1) 𝑓 (𝛼 (𝑠)𝛼 (𝑡𝑖)−1) = 𝑓 (𝛼 (𝑡𝑖+1)𝛼 (𝑡𝑖)−1) = 𝑓 (𝐴𝜏𝑖+1),

51



so that Φ(𝐴, 𝛼, 𝜏) = Φ(𝐴, 𝛼, 𝜏 ′). Iterating this argument, we get the same iden-
tity when 𝜏 ′ is any refinement of 𝜏 . Since any two 𝑈 -good partitions for 𝛼
have a common refinement (just take their union), this shows that Φ(𝐴, 𝛼, 𝜏) is
independent of the choice of 𝜏 . We write Φ(𝐴, 𝛼) for this common value.

The next step is then to show that Φ(𝐴, 𝛼) is independent of the choice of
𝛼 . Suppose then that 𝛼 ′ : [0, 1] → 𝐺 is another path from 𝐼 to 𝐴. Since 𝐺 is
simply connected, these two paths are homotopic, i.e. there exists a continuous
map ℎ : [0, 1] × [0, 1] → 𝐺 such that ℎ(–, 0) = 𝛼 , ℎ(–, 1) = 𝛼 ′, ℎ(0, –) is constant
at 𝐼 , and ℎ(1, –) is constant at 𝐴. Arguing as in the proof of Corollary 3.7.7, we
can choose a positive integer 𝑁 so that ℎ(𝑠, 𝑡)ℎ(𝑠′, 𝑡 ′)−1 ∈ 𝑈 for (𝑠, 𝑡), (𝑠′, 𝑡 ′) ∈
[0, 1] × [0, 1] such that |𝑠 − 𝑠′ | < 2/𝑁, |𝑡 − 𝑡 ′ | < 2/𝑁 . Let us set 𝛼𝑖 := ℎ(–, 𝑖/𝑁 )
for 𝑖 = 0, . . . , 𝑁 ; then 𝛼0 = 𝛼 and 𝛼𝑁 = 𝛼 ′, so it suffices to show that Φ(𝐴, 𝛼𝑖) =
Φ(𝐴, 𝛼𝑖+1) for all 𝑖. To this end, define 𝛾𝑖, 𝑗 : [0, 1] → [0, 1] × [0, 1] by

𝛾𝑖, 𝑗 (𝑡) :=


(𝑡, 𝑖/𝑁 ), 𝑡 ≤ ( 𝑗 − 1)/𝑁,
(𝑡, 𝑡 + (𝑖 − 𝑗 + 1)/𝑁 ), ( 𝑗 − 1)/𝑁 < 𝑡 < 𝑗/𝑁,
(𝑡, (𝑖 + 1)/𝑁 ), 𝑡 ≥ 𝑗/𝑁

If we set 𝛼𝑖, 𝑗 := ℎ ◦ 𝛾𝑖, 𝑗 then 𝛼𝑖,0 = 𝛼𝑖+1 and 𝛼𝑖,𝑁+1 = 𝛼𝑖 ; thus it’s enough to show
Φ(𝐴, 𝛼𝑖, 𝑗 ) = Φ(𝐴, 𝛼𝑖, 𝑗+1). To do this, let us set 𝐴𝑖, 𝑗

𝑘
= 𝛼𝑖, 𝑗 (𝑘/𝑁 )𝛼𝑖, 𝑗 ((𝑘 − 1)/𝑁 )−1;

then we have 𝐴𝑖, 𝑗+1
𝑘

= 𝐴
𝑖, 𝑗

𝑘
for 𝑘 ≤ 𝑗 − 1 and 𝑘 ≥ 𝑗 + 2, so that

Φ(𝐴, 𝛼𝑖, 𝑗+1) = 𝑓 (𝐴𝑖, 𝑗𝑁 ) · · · 𝑓 (𝐴
𝑖, 𝑗

𝑗+2) 𝑓 (𝐴
𝑖, 𝑗+1
𝑗+1 ) 𝑓 (𝐴

𝑖, 𝑗+1
𝑗
) 𝑓 (𝐴𝑖, 𝑗

𝑗−1) · · · 𝑓 (𝐴
𝑖, 𝑗

1 ) .

Now note that here

𝐴
𝑖, 𝑗+1
𝑗+1 𝐴

𝑖, 𝑗+1
𝑗

= 𝛼𝑖, 𝑗+1(( 𝑗 + 1)/𝑁 )𝛼𝑖, 𝑗+1( 𝑗/𝑁 )−1𝛼𝑖, 𝑗+1( 𝑗/𝑁 )𝛼𝑖, 𝑗+1(( 𝑗 − 1)/𝑁 )−1

= 𝛼𝑖, 𝑗+1(( 𝑗 + 1)/𝑁 )𝛼𝑖, 𝑗+1(( 𝑗 − 1)/𝑁 )−1

= ℎ(( 𝑗 + 1)/𝑁, (𝑖 + 1)/𝑁 )ℎ(( 𝑗 − 1)/𝑁, 𝑖/𝑁 )−1,

which by our assumption on 𝑁 lies in 𝑈 . Moreover, this product is the same as
𝐴
𝑖, 𝑗

𝑗+1𝐴
𝑖, 𝑗

𝑗
, so that we get

𝑓 (𝐴𝑖, 𝑗+1
𝑗+1 ) 𝑓 (𝐴

𝑖, 𝑗+1
𝑗
) = 𝑓 (ℎ(( 𝑗+1)/𝑁, (𝑖+1)/𝑁 )ℎ(( 𝑗−1)/𝑁, 𝑖/𝑁 )−1) = 𝑓 (𝐴𝑖, 𝑗

𝑗+1) 𝑓 (𝐴
𝑖, 𝑗

𝑗
) .

Substituting this above, we get

Φ(𝐴, 𝛼𝑖, 𝑗+1) = Φ(𝐴, 𝛼𝑖, 𝑗 ),

as required. This shows Φ(𝐴, 𝛼) = Φ(𝐴, 𝛼 ′); we write Φ(𝐴) for this common
value.

Next, let’s check that Φ does indeed restrict to 𝑓 on 𝑈 . If 𝐴 ∈ 𝑈 , we can
choose a path 𝛼 (𝑡) from 𝐼 to𝐴 that lies entirely in𝑈 , since𝑈 was by assumption
path-connected. If 𝜏 is a 𝑈 -good partition for 𝛼 , then for every 𝑗 the partition

52



0 = 𝑡0 < · · · < 𝑡 𝑗 is (after reparametrizing) a 𝑈 -good partition for 𝛼 | [0,𝑡 𝑗 ] , so
that we have

Φ(𝛼 (𝑡 𝑗 )) = 𝑓 (𝐴𝜏𝑗 ) · · · 𝑓 (𝐴𝜏1).

In particular, Φ(𝛼 (𝑡1)) = 𝑓 (𝐴𝜏1) = 𝑓 (𝛼 (𝑡1)). We now show that we haveΦ(𝛼 (𝑡 𝑗 )) =
𝑓 (𝛼 (𝑡 𝑗 )) by induction on 𝑗 . Indeed, we have

Φ(𝛼 (𝑡 𝑗 )) = 𝑓 (𝐴𝜏𝑗 ) 𝑓 (𝐴𝜏𝑗−1) · · · 𝑓 (𝐴
𝜏
1)

= 𝑓 (𝐴𝜏𝑗 )Φ(𝛼 (𝑡 𝑗−1))
= 𝑓 (𝐴𝜏𝑗 ) 𝑓 (𝛼 (𝑡 𝑗−1))
= 𝑓 (𝛼 (𝑡 𝑗 )),

where the last equality uses that 𝑓 was a local homomorphism and 𝐴𝜏
𝑗
𝛼 (𝑡 𝑗−1) =

𝛼 (𝑡 𝑗 ) lies in 𝑈 .
Now we check that Φ is a homomorphism. Firstly, we certainly have Φ(𝐼 ) =

𝑓 (𝐼 ) = 𝐼 . Given 𝐴, 𝐵 ∈ 𝐺 , choose paths 𝛼 from 𝐼 to 𝐴 and 𝛽 from 𝐼 to 𝐵. Then
define 𝛾 : [0, 2] → 𝐺 by

𝛾 (𝑡) :=
{
𝛼 (𝑡), 𝑡 ≤ 1,
𝛽 (𝑡 − 1) · 𝐴, 𝑡 ≥ 1;

this is a path from 𝐼 to 𝐵𝐴. If 𝜏 = (0 = 𝑡0 < · · · < 𝑡𝑛 = 1) is a 𝑈 -good partition
of [0, 1] for 𝛼 and 𝜏 ′ = (0 = 𝑡 ′0 < · · · < 𝑡

′
𝑚 = 1) is a𝑈 -good partition of [0, 1] for

𝛽, then

𝜏 ′′ := 𝜏∪(1+𝜏 ′) = (0 = 𝑡 ′′0 = 𝑡0 < · · · < 𝑡 ′′𝑛 = 𝑡𝑛 = 1 = 1+𝑡 ′0 < · · · < 𝑡
′′
𝑛+𝑚 = 1+𝑡 ′𝑚 = 2)

is a 𝑈 -good partition of [0, 2] for 𝛾 . Then we get

(𝐵𝐴)𝜏 ′′𝑖 = 𝛾 (𝑡 ′′𝑖 )𝛾 (𝑡 ′′𝑖−1)
−1 =

{
𝛼 (𝑡𝑖)𝛼 (𝑡𝑖−1)−1, 𝑖 ≤ 𝑛,
𝛽 (𝑡 ′𝑖−𝑛)𝛽 (𝑡 ′𝑖−𝑛−1)

−1, 𝑖 > 𝑛,

since 𝛾 (𝑡 ′′𝑛+𝑖)𝛾 (𝑡 ′′𝑛+𝑖−1)
−1 = 𝛽 (𝑡 ′𝑖 )𝐴𝐴−1𝛽 (𝑡 ′𝑖−1)

−1. Hence we have

Φ(𝐵𝐴) = 𝑓 ((𝐵𝐴)𝜏 ′′𝑛+𝑚) · · · 𝑓 ((𝐵𝐴)𝜏
′′

1 )
= 𝑓 (𝐵𝜏 ′𝑚) · · · 𝑓 (𝐵𝜏

′

1 ) 𝑓 (𝐴
𝜏
𝑛) · · · 𝑓 (𝐴𝜏1)

= Φ(𝐵)Φ(𝐴) .

Finally, to see that Φ is continuous, it suffices to show it is continuous on
an open neighbourhood of every 𝐴 ∈ 𝐺 , which we can take to be 𝐴 · 𝑈 . For
𝐵 ∈ 𝐴 · 𝑈 we have Φ(𝐵) = Φ(𝐴 · 𝐴−1𝐵) = Φ(𝐴)Φ(𝐴−1𝐵) = Φ(𝐴) 𝑓 (𝐴−1𝐵), i.e.
Φ|𝐴·𝑈 = Φ(𝐴) · 𝑓 (𝐴−1 · –), which is continuous. □
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Proof of Theorem 4.2.1. By Proposition 4.2.3, we can lift 𝜙 to a local homomor-
phism 𝑓 : 𝑈 → 𝐻 , and then by Proposition 4.2.4 we can extend 𝑓 to a unique
homomorphism Φ : 𝐺 → 𝐻 . By definition, we then have Φ(𝑒𝑋 ) = 𝑒𝜙 (𝑋 ) for 𝑋
in a neighbourhood 𝑉 of 0 in g. For an arbitrary 𝑋 ∈ g we have 𝑋/𝑚 ∈ 𝑉 for
𝑚 ∈ N sufficiently large, and then

Φ(𝑒𝑋 ) = Φ(𝑒𝑋/𝑚)𝑚 = (𝑒𝜙 (𝑋/𝑚) )𝑚 = 𝑒𝜙 (𝑋 ) .

Thus we get

L(Φ) (𝑋 ) = d
d𝑡

����
𝑡=0

Φ(𝑒𝑡𝑋 ) = d
d𝑡

����
𝑡=0

𝑒𝑡𝜙 (𝑋 ) = 𝜙 (𝑋 ) .

Uniqueness follows from Corollary 3.7.8. □

Exercise 4.1. Suppose 𝐺 and 𝐺 ′ are simply connected matrix group such that the Lie
algebras L(𝐺) and L(𝐺 ′) are isomorphic. Show that then the matrix groups 𝐺 and 𝐺 ′
are also isomorphic.

Definition 4.2.5. If 𝐺 is a connected matrix group, then a universal cover of
𝐺 is a simply connected matrix group 𝐺 with a continuous homomorphism
Φ : 𝐺 → 𝐺 such that L(Φ) : L(𝐺) → 𝐺 is an isomorphism.

Example 4.2.6. SU2 is a universal cover of SO3(R) via the homomorphism 𝑟

from Construction 2.3.4 by Example 3.6.9.

Exercise 4.2. Show that if Φ : 𝐺 → 𝐺 and Φ′ : 𝐺 ′ → 𝐺 are both universal covers of 𝐺 ,
then there exists a unique isomorphism Ψ : 𝐺

∼−→ 𝐺 ′ such that Φ′ ◦ Ψ = Φ.

One can show that the universal cover (in the topological sense) of a Lie
group 𝐺 is again a Lie group, which has the defining property of the universal
cover of 𝐺 in the preceding sense. However, even if 𝐺 is a matrix group, its
universal cover may not be. Here is an example:

Proposition 4.2.7. The group SL2(R) does not have a universal cover that is a
matrix group.

Proof. We assume (we have not proved it in the course) that SL2(R) is not simply
connected, but SL2(C) is. The key point is then to observe that, even though
SL2(R) is not simply connected, any Lie algebra homomorphism 𝜙 : sl2(R) →
gl𝑛 (C) lifts to a continuous homomorphism SL2(R) → GL𝑛 (C). This is because
SL2(C) is simply connected, and so we can lift 𝜙C : sl2(C) � sl2(R) ⊗ C →
gl𝑛 (C) uniquely to a continuous homomorphism ΦC : SL2(C) → GL𝑛 (C) by
Theorem 4.2.1. Restricting ΦC to SL2(R) then gives the required lift of 𝜙 .

Suppose then that 𝐺 ⊆ GL𝑛 (C) is a simply connected matrix group, and
Φ : 𝐺 → SL2(R) is a continuous homomorphism such that 𝜙 := L(Φ) : L(g) →
sl2(R) is an isomorphism. Then the Lie algebra homomorphism𝜙−1 : sl2(R) →
L(𝐺) ↩→ gl𝑛 (C) can be lifted to a continuous homomorphism SL2(R) →
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GL𝑛 (C). This factors through a continuous homomorphism Φ′ : SL2(R) → 𝐺 :
we have Φ′(𝑒𝑋 ) = 𝑒𝜙−1 (𝑋 ) ∈ 𝐺 , and since SL2(R) is connected all elements are
products of exponentials.

But then Proposition 3.6.11 and Corollary 3.7.8 imply that Φ ◦ Φ′ = idSL2 (R)
and Φ′◦Φ = id𝐺 , so that Φ is an isomorphism. But this is impossible since SL2(R)
is not simply connected. □

Since universal covers always exist as Lie groups, this gives an example of a
Lie group that is not a matrix group:

Example 4.2.8. The universal cover S̃L2(R) of SL2(R) is a Lie group that is
not a matrix group.

4.3 Lifting Lie subalgebras

Any matrix group 𝐺 ⊆ GL𝑛 (C) gives us a subalgebra g = L(𝐺) ⊆ gl𝑛 (C).
We’ve seen that the Lie algebra g controls much of the behaviour of the group
𝐺 , so it’s natural to wonder whether the subalgebra g determines 𝐺 . For this to
have any chance of being true we certainly need to assume that𝐺 is connected,
since the Lie algebra of𝐺 is the same as that of the connected component of the
identity. We will see that this is in fact the only obstruction: as a subgroup of
GL𝑛 (C), 𝐺 is completely determined by g as a subalgebra of gl𝑛 (C).

Given this, we might then ask which subalgebras of gl𝑛 (C) correspond to
matrix groups. This is not so easy to answer, since there may be no closed sub-
group that corresponds to a given Lie subalgebra:

Example 4.3.1. Let g be the subalgebra of gl2(C) given by

g =

{(
𝑖𝑡 0
0 𝑖𝑡𝑎

)
: 𝑡 ∈ R

}
,

where 𝑎 is irrational. If there existed a closed subgroup 𝐺 of GL2(C) with g as
its Lie algebra, then 𝐺 certainly has to contain the group

𝐻 :=
{(
𝑒𝑖𝑡 0
0 𝑒𝑖𝑡𝑎

)
: 𝑡 ∈ R

}
for all 𝑡 ∈ R, and hence also the closure 𝐻 of this set in GL2(C). But it is not
hard to check that

𝐻 :=
{(
𝑒𝑖𝑡 0
0 𝑒𝑖𝑡

′

)
: 𝑡, 𝑡 ′ ∈ R

}
.

This means that the Lie algebra of 𝐺 must contain all matrices(
𝑖𝑡 0
0 𝑖𝑡 ′

)
, 𝑡, 𝑡 ′ ∈ R,
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and so is bigger than g.

If we are willing to drop the condition that the subgroup must be closed,
however, it turns out that there is an exact correspondence between subalge-
bras of gl𝑛 (C) and a certain class of subgroups of GL𝑛 (C) (and similarly for
subalgebras in the Lie algebra of any matrix group).

Definition 4.3.2. If 𝐺 is any subgroup of GL𝑛 (C), we write L(𝐺) for the set
of matrices 𝑋 ∈ M𝑛 (C) such that 𝑒𝑡𝑋 ∈ 𝐺 for all 𝑡 ∈ R. We say that 𝐺 is a
connected Lie subgroup of GL𝑛 (C) if L(𝐺) is a Lie subalgebra of gl𝑛 (C) (i.e. L(𝐺)
is a vector subspace closed under commutators) and every element of 𝐺 can be
written in the form 𝑒𝑋1 · · · 𝑒𝑋𝑛 for some 𝑋1, . . . , 𝑋𝑛 ∈ L(𝐺). If 𝐻 ⊆ GL𝑛 (C) is
a matrix group and 𝐺 ⊆ 𝐻 is a subgroup that is a connected Lie subgroup of
GL𝑛 (C), then we also say that 𝐺 is a connected Lie subgroup of 𝐻 .

Remark 4.3.3. Note that a connected Lie subgroup is necessarily path-connected,
since an element of the form 𝑒𝑋1 · · · 𝑒𝑋𝑛 is connected to 𝐼 by the path 𝑒𝑡𝑋1 · · · 𝑒𝑡𝑋𝑛

which lies in𝐺 as𝑋1, . . . , 𝑋𝑛 ∈ L(𝐺). Note also that any connected matrix group
𝐺 ⊆ GL𝑛 (C) is a connected Lie subgroup by Corollary 3.7.7.

Theorem 4.3.4. If g is a Lie subalgebra of gl𝑛 (C), then there exists a unique con-
nected Lie subgroup 𝐺 ⊆ GL𝑛 (C) such that g = L(𝐺).

For the proof we need the following technical observation, whose proof
(which is where we will use the Baker–Campbell–Hausdorff formula) we defer
until the end of this section:

Lemma 4.3.5. Let g be a Lie subalgebra of gl𝑛 (C). If 𝐵 is a basis for g, we say
that an element of g is 𝐵-rational if it is a Q-linear combination of the basis elements.
Suppose 𝐴 ∈ GL𝑛 (C) can be written as 𝑒𝑋1 · · · 𝑒𝑋𝑛 with 𝑋𝑖 ∈ g. Then for every 𝛿 > 0
there exist 𝐵-rational elements 𝑅1, . . . , 𝑅𝑚 of g such that we can write

𝐴 = 𝑒𝑅1 · · · 𝑒𝑅𝑚𝑒𝑌

where 𝑌 ∈ g and ∥𝑌 ∥ < 𝛿 .

Proof of Theorem 4.3.4. Let us define

𝐺 := {𝑒𝑋1 · · · 𝑒𝑋𝑛 ∈ GL𝑛 (C) : 𝑋𝑖 ∈ g, 𝑛 ∈ N}.

This is a subgroup of GL𝑛 (C). If we can show that L(𝐺) equals g, then we
will know that 𝐺 is a connected Lie subgroup. Moreover, it must be the unique
such connected Lie subgroup: if 𝐺 ′ is a connected Lie subgroup of GL𝑛 (C)
with L(𝐺 ′) = g, then in particular 𝑒𝑋 ∈ 𝐺 for 𝑋 ∈ g, and hence 𝐺 ⊆ 𝐺 ′ sine
𝐺 ′ is a subgroup. On the other hand, every element of 𝐺 ′ is a product of such
exponentials and so is also contained in 𝐺 , so that 𝐺 = 𝐺 ′.

If 𝑋 ∈ g, then 𝑡𝑋 ∈ g for all 𝑡 , and so by definition we have we have 𝑒𝑡𝑋 ∈ 𝐺
for all 𝑡 ; thus g ⊆ L(𝐺). To show the converse inclusion, we proceed as in the
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proof of Theorem 3.7.2: thinking of gl𝑛 (C) as R2𝑛2 , we let g⊥ be the orthogonal
complement of g; then there exist neighbourhoods 𝑈 and 𝑉 of 0 in g and g⊥,
respectively, and a neighbourhood𝑊 of 𝐼 in GL𝑛 (C), such that every 𝐴 ∈ 𝑊
can be written uniquely as

𝐴 = 𝑒𝑋𝑒𝑌 , 𝑋 ∈ 𝑈 ⊆ g, 𝑌 ∈ 𝑉 ⊆ g⊥,

in such a way that 𝑋 and 𝑌 depend continuously on 𝐴. If we have 𝑍 ∈ L(𝐺),
this means that for 𝑡 sufficiently small we can write

𝑒𝑡𝑍 = 𝑒𝑋 (𝑡 )𝑒𝑌 (𝑡 )

with 𝑋 (𝑡) ∈ 𝑈 ⊆ g and 𝑌 (𝑡) ∈ 𝑉 , with 𝑋 (𝑡) and 𝑌 (𝑡) being continuous in 𝑡 .
Here by assumption 𝑒𝑡𝑍 ∈ 𝐺 for all 𝑡 , and 𝑒𝑋 (𝑡 ) ∈ 𝐺 since g ⊆ L(𝐺). Thus
𝑒𝑌 (𝑡 ) = 𝑒−𝑋 (𝑡 )𝑒𝑡𝑍 must also lie in 𝐺 for small 𝑡 .

Our goal is now to show that 𝑌 (𝑡) must be constant. This will complete the
proof, since we have 𝑌 (0) = 0 and so we must have 𝑌 (𝑡) = 0 for all sufficiently
small 𝑡 , and then 𝑒𝑡𝑍 = 𝑒𝑋 (𝑡 ) so that 𝑡𝑍 = 𝑋 (𝑡) for small 𝑡 . But then 𝑡𝑍 ∈ g for
small 𝑡 , and hence also 𝑍 ∈ g as required.

Now observe that since 𝑌 (𝑡) is continuous, if it is not constant it must take
on uncountably many values. We will show that the set

𝐸 := {𝑌 ∈ 𝑉 : 𝑒𝑌 ∈ 𝐺}

is at most countable, so that this is impossible.
Choose 𝛿 > 0 so that 𝐶 (𝑋,𝑌 ) = log(𝑒𝑋𝑒𝑌 ) is defined and contained in 𝑈 for

𝑋,𝑌 ∈ g with ∥𝑋 ∥, ∥𝑌 ∥ < 𝛿 . Pick a basis 𝐵 for g; we then claim that for every
choice 𝑅1, . . . , 𝑅𝑚 of 𝐵-rational elements of g, there is at most one 𝑋 ∈ g with
∥𝑋 ∥ < 𝛿 such that the element 𝑒𝑅1 · · · 𝑒𝑅𝑚𝑒𝑋 belongs to exp(𝑉 ). Indeed, if

𝑒𝑅1 · · · 𝑒𝑅𝑚𝑒𝑋 = 𝑒𝑌 , 𝑒𝑅1 · · · 𝑒𝑅𝑚𝑒𝑋 ′ = 𝑒𝑌 ′

with 𝑌,𝑌 ′ ∈ 𝑉 , then
𝑒−𝑌𝑒𝑌

′
= 𝑒−𝑋𝑒𝑋

′
,

so that
𝑒−𝑌 = 𝑒−𝑋𝑒𝑋

′
𝑒−𝑌

′
= 𝑒𝐶 (−𝑋,𝑋

′ )𝑒−𝑌
′

with 𝐶 (−𝑋,𝑋 ′) ∈ 𝑈 . But then the uniqueness of the representation of this ele-
ment in terms of 𝑈 and 𝑉 implies that 𝑌 = 𝑌 ′, and hence also 𝑋 = 𝑋 ′. Now
we use that by Lemma 4.3.5, any element of 𝐺 can be expressed in the form
𝑒𝑅1 · · · 𝑒𝑅𝑚𝑒𝑋 with 𝑅𝑖 𝐵-rational and ∥𝑋 ∥ < 𝛿 . Since there are only countably
many lists (𝑅1, . . . , 𝑅𝑛) of 𝐵-rational elements, and each produces at most one
element 𝑒𝑅1 · · · 𝑒𝑅𝑚𝑒𝑋 with ∥𝑋 ∥ < 𝛿 that lies in exp(𝑉 ), we see that 𝐸 must have
at most countably many elements. □

Corollary 4.3.6. Let 𝐺 ⊆ GL𝑛 (C) be a matrix group with Lie algebra g. If h is a
Lie subalgebra of g, then there exists a unique connected Lie subgroup 𝐻 ⊆ 𝐺 such that
h = L(𝐻 ).
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Proof. If we regard h as a subalgebra of gl𝑛 (C), then there exists a unique con-
nected Lie subgroup𝐻 ⊆ GL𝑛 (C) such that h = L(𝐻 ) by Theorem 4.3.4. More-
over, 𝐻 consists of products of the elements 𝑒𝑋 for 𝑋 ∈ h, which lie in 𝐺 since
h is by assumption a subalgebra of g, so that 𝐻 ⊆ 𝐺 as required. □

Remark 4.3.7. Suppose 𝐺 ⊆ GL𝑛 (C) is a connected Lie subgroup with Lie
algebra g. If 𝐺 is not closed in GL𝑛 (C), then 𝐺 may well not be a manifold
with respect to the subspace topology from GL𝑛 (C). However, we can define
a better-behaved topology on 𝐺 as follows: For 𝐴 ∈ 𝐺 and 𝜖 > 0, let 𝑈 (𝐴, 𝜖)
be the subset of 𝐺 consisting of elements of the form 𝐴𝑒𝑋 where 𝑋 ∈ g and
∥𝑋 ∥ < 𝜖; we then say a subset 𝑈 ⊆ 𝐺 is open in the new topology if it contains
a neighbourhood of the form 𝑈 (𝐴, 𝜖) for every 𝐴 ∈ 𝑈 . This topology is finer
in the subspace topology, and it is not hard to show (just as we did for closed
subgroups before) that with this topology𝐺 has a natural structure of a smooth
manifold such that the group operations are smooth, i.e. 𝐺 is a Lie group. (See
[2, Theorem 5.23] for more details.)

We can ask, more generally, which finite-dimensional abstract Lie algebras
g are the Lie algebras of matrix groups, or more generally of Lie groups. This
in fact turns out to be all of them, a result often known as Lie’s Third Theorem.
We will not prove this here, but we can show a weaker result in this direction
if we assume the following algebraic result:

Fact 4.3.8 (Ado’s Theorem). Every finite-dimensional Lie algebra (over R or C) is
isomorphic to a subalgebra of gl𝑛 (C) for some 𝑛.

Combining this with Theorem 4.3.4, we have:

Corollary 4.3.9. If g is a finite-dimensional R-Lie algebra, then there exists a con-
nected Lie subgroup 𝐺 of GL𝑛 (C) for some 𝑛 such that the Lie algebra L(𝐺) is iso-
morphic to g.

Remark 4.3.10. It can be shown that if 𝐺 is a connected Lie subgroup of
GL𝑛 (C), then 𝐺 (with its improved topology) can always be embedded as a
closed subgroup of some GL𝑛′ (C). This means that every finite-dimensional
Lie algebra over R can be realized as the Lie algebra of some matrix group.

Finally, let us come back to our technical lemma:

Proof of Lemma 4.3.5. Choose 𝜖 > 0 sufficiently small so that for 𝑋,𝑌 ∈ g with
∥𝑋 ∥, ∥𝑌 ∥ < 𝜖, the function 𝐶 (𝑋,𝑌 ) := log(𝑒𝑋𝑒𝑌 ) is defined. Then 𝐶 (𝑋,𝑌 ) is
continuous in 𝑋 and 𝑌 . Without loss of generality we may assume that 𝛿 < 𝜖

and that for ∥𝑋 ∥, ∥𝑌 ∥ < 𝛿 we have ∥𝐶 (𝑋,𝑌 )∥ < 𝜖. If 𝐴 = 𝑒𝑋1 · · · 𝑒𝑋𝑛 with 𝑋𝑖
in g then we can also write 𝐴 = 𝑒𝑌1 · · · 𝑒𝑌𝑚 where 𝑌𝑖 ∈ g satisfies ∥𝑌𝑖 ∥ < 𝛿 —
just replace 𝑒𝑋𝑖 by (𝑒𝑋𝑖/𝑘 )𝑘 for 𝑘 sufficiently large. We can now proceed by
induction on𝑚 in such an expression.
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If 𝑚 = 0, then 𝐴 = 𝐼 = 𝑒0 and there is nothing to prove. Assuming the
lemma is proved for expressions of length < 𝑚 and 𝐴 = 𝑒𝑌1 · · · 𝑒𝑌𝑚 , we can apply
the lemma to 𝑒𝑌1 · · · 𝑒𝑌𝑚−1 to obtain

𝐴 = 𝑒𝑅1 · · · 𝑒𝑅𝑘𝑒𝑋𝑒𝑌𝑚

= 𝑒𝑅1 · · · 𝑒𝑅𝑘𝑒𝐶 (𝑋,𝑌𝑚 ) ,

where the 𝑅𝑖 ’s are 𝐵-rational and ∥𝐶 (𝑋,𝑌𝑚)∥ < 𝜖. Now we apply the Baker–
Campbell–Hausdorff formula to conclude that since g is a Lie subalgebra,𝐶 (𝑋,𝑌𝑚)
must also lie in g, being an infinite sum of terms given by iterated brackets of
𝑋 and 𝑌𝑚. (Note that here we crucially use that g is a Lie subalgebra, and that
this is the only point where we apply the Baker–Campbell–Hausdorff formula
in this section!)

Now we can choose a 𝐵-rational element 𝑅𝑘+1 close to 𝐶 (𝑋,𝑌𝑚) and such
that ∥𝑅𝑘+1∥ < 𝜖. Then we have

𝐴 = 𝑒𝑅1 · · · 𝑒𝑅𝑘𝑒𝑅𝑘+1𝑒−𝑅𝑘+1𝑒𝐶 (𝑋,𝑌𝑚 )

= 𝑒𝑅1 · · · 𝑒𝑅𝑘𝑒𝑅𝑘+1𝑒𝑋 ′,

where 𝑋 ′ = 𝐶 (−𝑅𝑘+1,𝐶 (𝑋,𝑌𝑚)). Then we again have that 𝑋 ′ ∈ g, and we claim
that if we choose 𝑅𝑘+1 sufficiently close to𝐶 (𝑋,𝑌𝑚) then we will have ∥𝑋 ′∥ < 𝛿 .
Indeed, since 𝐶 (−𝑍, 𝑍 ) = log(𝑒−𝑍𝑒𝑍 ) = 0 for any 𝑍 , continuity implies that if
𝑍 ′ is sufficiently close to 𝑍 ′, then 𝐶 (−𝑍 ′, 𝑍 ) can be made arbitrarily small. □
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Part II

Representation theory
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Chapter 5

Basic representation theory

5.1 Representations of Lie groups and Lie algebras

Notation 5.1.1. If𝑉 is a finite-dimensional K-vector space (for K = R or C), we
write GL(𝑉 ) for the group of invertible linear endomorphisms of 𝑉 ; we have
GL(𝑉 ) � GL𝑛 (K) if 𝑛 = dimK 𝑉 , so that GL(𝑉 ) is a matrix group. Similarly,
we write gl(𝑉 ) for the Lie algebra of all K-linear endomorphisms of 𝑉 , which
we can identify with gl𝑛 (K); thus gl(𝑉 ) is the Lie algebra of GL(𝑉 ).

Definition 5.1.2. Let𝐺 be a matrix group. If𝑉 is a finite-dimensional K-vector
space, a representation of𝐺 on𝑉 is a continuous homomorphism 𝜌 : 𝐺 → GL(𝑉 ).
For K = R we say that this is a real representation of 𝐺 and for K = C that it is
a complex representation.

Exercise 5.1. Show that the data of a representation of 𝐺 on 𝑉 is equivalent to that of
a continuous K-linear action of 𝐺 on 𝑉 , meaning a continuous map

𝛼 : 𝐺 ×𝑉 → 𝑉

such that 𝛼 (𝑔𝑔′, 𝑣) = 𝛼 (𝑔, 𝛼 (𝑔′, 𝑣)) and 𝛼 (𝑔, –) is K-linear for all 𝑔 ∈ 𝐺 .

Notation 5.1.3. If 𝜌 : 𝐺 → GL(𝑉 ) is a representation of 𝐺 , we might denote
the representation as (𝑉 , 𝜌) or just as𝑉 when this does not create any confusion.
In the latter case we will typically denote the action of 𝑔 ∈ 𝐺 on 𝑣 ∈ 𝑉 as 𝑔 · 𝑣
instead of 𝜌 (𝑔) (𝑣).

Definition 5.1.4. Let g be an R-Lie algebra. If 𝑉 is a finite-dimensional K-
vector space, a representation of g on 𝑉 is an R-Lie algebra homomorphism
𝜌 : g → gl(𝑉 ). For K = R we say that this is a real representation of g and
for K = C that it is a complex representation.

Exercise 5.2. Show that the data of a real representation of a Lie algebra g amounts to
an R-bilinear map 𝛽 : g ×𝑉 → 𝑉 which satisfies

𝛽 ( [𝑋,𝑌 ], 𝑣) = 𝛽 (𝑋, 𝛽 (𝑌, 𝑣)) − 𝛽 (𝑌, 𝛽 (𝑋, 𝑣)) .
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Moreover, if 𝑉 is a C-vector space, then asking for this to be a complex representation
amounts to 𝛽 (𝑋, –) being C-linear for all 𝑋 ∈ g.

Definition 5.1.5. Let g be a C-Lie algebra. If𝑉 is a finite-dimensional C-vector
space, a (complex) representation of g on 𝑉 is a C-Lie algebra homomorphism
𝜌 : g→ gl(𝑉 ).
Remark 5.1.6. From Proposition 3.4.8 we see that if g is an R-Lie algebra and
𝑉 is a C-vector space, then a complex representation of g on 𝑉 is equivalent to
a representation of the C-Lie algebra g ⊗ C on 𝑉 .

Remark 5.1.7. From Theorem 3.6.1 we see that a (real or complex) representa-
tion 𝜌 of a matrix group𝐺 on𝑉 induces a (real or complex) representation L(𝜌)
of the Lie algebra L(𝐺) on the same vector space 𝑉 . Moreover, if 𝐺 is simply
connected then Theorem 4.2.1 implies that a representation of 𝐺 is uniquely
determined by the corresponding representation of g. Combining this with
the previous remark, we see that complex representations of a simply connected
matrix group𝐺 are equivalent to representations of the C-Lie algebra L(𝐺) ⊗C.

Definition 5.1.8. If𝑉 and𝑊 are K-vector spaces and 𝜌 : 𝐺 → GL(𝑉 ), 𝜌 ′ : 𝐺 →
GL(𝑊 ) are K-representations of the same matrix group 𝐺 , then an intertwining
map1 from (𝑉 , 𝜌) to (𝑊, 𝜌 ′) is a K-linear map 𝜙 : 𝑉 →𝑊 such that for 𝑔 ∈ 𝐺 we
have

𝜙 (𝜌 (𝑔)𝑣) = 𝜌 ′(𝑔) (𝜙 (𝑣)) .
We say that an intertwining map is an isomorphism of representations if the
underlying K-linear map is an isomorphism of vector spaces.

Definition 5.1.9. If 𝑉 and𝑊 are K-vector spaces and 𝜌 : g → gl(𝑉 ), 𝜌 ′ : g →
gl(𝑊 ) are K-representations of the same Lie algebra g, then an intertwining map
from (𝑉 , 𝜌) to (𝑊, 𝜌 ′) is a K-linear map 𝜙 : 𝑉 →𝑊 such that for 𝑋 ∈ g we have

𝜙 (𝜌 (𝑋 )𝑣) = 𝜌 ′(𝑋 ) (𝜙 (𝑣)) .

We say that an intertwining map is an isomorphism of representations if the
underlying K-linear map is an isomorphism of vector spaces.

Remark 5.1.10. An isomorphism of representations of a group𝐺 or a Lie alge-
bra g can also be described as a commutative triangle

GL(𝑉 )

𝐺

GL(𝑊 ),

GL(𝜙 )

𝜌

𝜌 ′

gl(𝑉 )

g

gl(𝑊 ),

gl(𝜙 )

𝜌

𝜌 ′

where the vertical map comes from an isomorphism 𝜙 : 𝑉
∼−→𝑊 .

1Also called an equivariant map, at least by algebraic topologists.
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Exercise 5.3. Show that an isomorphism between the representations (𝑉 , 𝜌) and (𝑊, 𝜌 ′)
of𝐺 or g can equivalently be defined as a pair of intertwining maps𝜙 : (𝑉 , 𝜌) → (𝑊, 𝜌 ′),
𝜓 : (𝑊, 𝜌 ′) → (𝑉 , 𝜌) such that 𝜙𝜓 = id𝑊 , 𝜓𝜙 = id𝑉 .

Proposition 5.1.11. Suppose 𝐺 is a connected matrix group with Lie algebra g. Then
two representations 𝜌 : 𝐺 → GL(𝑉 ) and 𝜌 ′ : 𝐺 → GL(𝑊 ) are isomorphic if and only
if the induced Lie algebra representations L(𝜌) and L(𝜌 ′) are isomorphic.

Proof. From the formulation of isomorphisms in Remark 5.1.10 the “only if” di-
rection is obvious from Proposition 3.6.11. Conversely, suppose 𝜙 : 𝑉 → 𝑊 is
an isomorphism of Lie algebra representations. This means that 𝜙 is an isomor-
phism of vector spaces that is an intertwining map, which means gl(𝜙) ◦L(𝜌) =
L(𝜌 ′). But from Proposition 3.6.11 the left-hand side is L(GL(𝜙) ◦ 𝜌). Since 𝐺
is connected this identity between Lie algebra homomorphisms then implies
GL(𝜙) ◦ 𝜌 = 𝜌 ′ by Corollary 3.7.8, i.e. 𝜙 is an isomorphism between 𝜌 and
𝜌 ′. □

Examples 5.1.12. Let’s give a few initial examples of representations:

(i) For any vector space𝑉 and matrix group𝐺 , we always have the trivial rep-
resentation where 𝑔 ·𝑣 = 𝑣 for all 𝑔 ∈ 𝐺 , 𝑣 ∈ 𝑉 . As a group homomorphism,
this is the composite

𝐺 → 1→ GL(𝑉 )
through the trivial group. This corresponds to the trivial Lie algebra rep-
resentation g→ 0→ gl(𝑉 ) where 𝑋 · 𝑣 = 0 for 𝑋 ∈ g, 𝑣 ∈ 𝑉 .

(ii) If (𝐺, 𝑗 : 𝐺 ↩→ GL𝑛 (R)) is an embedded matrix group, then we call the
representation of𝐺 corresponding to the inclusion 𝑗 the standard represen-
tation of𝐺 (and similarly if we instead embed𝐺 in GL𝑛 (C)). Less formally,
if we define the matrix group𝐺 as a subgroup of GL𝑛 (R) or GL𝑛 (C), then
the standard representation is the corresponding matrix action on R𝑛 or
C𝑛. This corresponds to the standard representation of the Lie algebra
g ⊆ gl𝑛 (R) or gl𝑛 (C) acting on R𝑛 or C𝑛.

(iii) For any matrix group 𝐺 , we have the adjoint representation Ad𝐺 : 𝐺 →
GL(g) of 𝐺 on its Lie algebra, given by Ad𝐺 (𝐴) (𝑋 ) = 𝐴−1𝑋𝐴. The
corresponding Lie algebra representation is adg : g → gl(g), given by
adg (𝑋 ) (𝑌 ) = [𝑋,𝑌 ].

Finally, we mention an important special class of representations:

Definition 5.1.13. Let (𝑉 , ⟨–, –⟩) be a finite-dimensional complex inner prod-
uct space; we can then define the subgroup U(𝑉 ) ⊆ GL(𝑉 ) of unitary auto-
morphisms of 𝑉 , i.e. those automorphisms 𝜙 such that ⟨𝜙𝑣, 𝜙𝑤⟩ = ⟨𝑣,𝑤⟩ for all
𝑣,𝑤 ∈ 𝑉 . (Of course, this is isomorphic to U𝑛 if we identify 𝑉 with C𝑛 with its
standard inner product by picking an orthonormal basis.) We then say a rep-
resentation 𝜌 : 𝐺 → GL(𝑉 ) is unitary if it factors through the subgroup U(𝑉 ),
that is if the automorphism 𝜌 (𝑔) : 𝑉 ∼−→ 𝑉 is unitary for all 𝑔 ∈ 𝐺 .
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Definition 5.1.14. For 𝑉 as above, the Lie algebra u(𝑉 ) of U(𝑉 ) consists of
skew-Hermitian (or skew-self-adjoint) endomorphisms of 𝑉 , meaning 𝜙 : 𝑉 → 𝑉

such that ⟨𝜙 (𝑣),𝑤⟩ = −⟨𝑣, 𝜙 (𝑤)⟩ for 𝑣,𝑤 ∈ 𝑉 . We therefore say that a Lie algebra
representation 𝜌 : g→ gl(𝑉 ) is unitary if 𝜌 factors through the subalgebra u(𝑉 ),
that is if the endomorphism 𝜌 (𝑋 ) is skew-Hermitian for all 𝑋 ∈ g.

Proposition 5.1.15. Let (𝑉 , ⟨–, –⟩) be a finite-dimensional complex inner product
space, suppose 𝐺 is a matrix group with Lie algebra g, and let 𝜌 : 𝐺 → GL(𝑉 ) be
a representation. If 𝜌 is unitary, then L(𝜌) is a unitary represenation of g. If 𝐺 is
connected, then we have conversely that if L(𝜌) is unitary, then so is 𝜌 .

Proof. If 𝜌 is unitary, i.e. factors through U(𝑉 ), then L(𝜌) will factor through
the corresponding Lie subalgebra u(𝑉 ), so the “if” direction is clear. Con-
versely, if L(𝜌) (𝑋 ) is skew-Hermitian, then 𝜌 (𝑒𝑋 ) = 𝑒L(𝜌 ) (𝑋 ) is unitary. If
𝐺 is connected, then every element of 𝐺 is a product of such exponentials by
Corollary 3.7.7 and so 𝜌 (𝐴) must be unitary for all 𝐴 ∈ 𝐺 . □

5.2 Irreducible representations and Schur’s Lemma

In this section we will define irreducible representations, which are the smallest
pieces we might hope to break representations up into, and prove a key property
thereof, known as Schur’s Lemma.

Definition 5.2.1. Let 𝑉 be a K-representation of a matrix group 𝐺 . We say
that a K-vector subspace𝑊 of 𝑉 is invariant if for every 𝑔 ∈ 𝐺 and 𝑤 ∈𝑊 , the
vector 𝑔 · 𝑤 is also in 𝑊 . Similarly, if 𝑉 is a representation of a Lie algebra g

we say that a subspace𝑊 is invariant if 𝑋 (𝑤) is in𝑊 for all 𝑋 ∈ g and 𝑤 ∈ 𝑊 .
An invariant subspace𝑊 of 𝑉 is called trivial if𝑊 = 0 or𝑊 = 𝑉 , and otherwise
non-trivial.

Definition 5.2.2. A representation 𝑉 of a matrix group 𝐺 or a Lie algebra g is
irreducible if 𝑉 has no non-trivial invariant subspaces.

Proposition 5.2.3. Suppose 𝐺 is a connected matrix group with Lie algebra g, and
let (𝑉 , 𝜌) be a representation of 𝐺 . Then a subspace𝑊 ⊆ 𝑉 is 𝐺-invariant if and only
if𝑊 is g-invariant for the induced representation L(𝜌).

Proof. First suppose𝑊 is a subspace of 𝑉 that is invariant under L(𝜌) (𝑋 ) for all
𝑋 ∈ g. Then for 𝑤 ∈𝑊 we have that

𝜌 (𝑒𝑋 ) (𝑤) = 𝑒L(𝜌 ) (𝑋 ) (𝑤) =
∑︁
𝑛

1
𝑛!
L(𝜌) (𝑋 )𝑛 (𝑤),

which must also be in𝑊 since this is a closed subspace of 𝑉 and each term in
the series lies in𝑊 . Thus𝑊 is invariant under 𝜌 (𝑒𝑋 ) for all 𝑋 ∈ g. But since
𝐺 is connected, Corollary 3.7.7 tells us that every element of 𝐺 is a product of
such exponentials, so that𝑊 must be invariant under the action of 𝐺 .
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For the converse, suppose𝑊 is an invariant subspace of 𝑉 for 𝜌. Then for
𝑋 ∈ g and 𝑤 ∈ 𝑊 we have that 𝜌 (𝑒𝑡𝑋 ) (𝑤) is in𝑊 for all 𝑡 . Since𝑊 is closed,
this meansp

L(𝜌) (𝑋 ) (𝑤) = d
d𝑡

����
𝑡=0

𝜌 (𝑒𝑡𝑋 ) (𝑤) = lim
𝑡→0

𝜌 (𝑒𝑡𝑋 ) (𝑤) −𝑤
𝑡

also lies in𝑊 . Thus𝑊 is an invariant subspace for L(𝜌). □

Corollary 5.2.4. Suppose 𝐺 is a connected matrix group with Lie algebra g. Then
a representation (𝑉 , 𝜌) of 𝐺 is irreducible if and only if the induced representation
(𝑉 ,L(𝜌)) of g is irreducible. □

Proposition 5.2.5. Suppose g is an R-Lie algebra and 𝜌 : g→ gl(𝑉 ) is a complex
representation of g. Then a C-subspace 𝑊 ⊆ 𝑉 is g-invariant if and only if it is
invariant for the induced representation 𝜌C : g ⊗ C→ gl(𝑉 ) of g ⊗ C.

Proof. For a C-vector subspace 𝑊 of 𝑉 to be invariant for 𝜌C means that it is
invariant under 𝜌C (𝑋 + 𝑖𝑌 ) = 𝜌 (𝑋 ) + 𝑖𝜌 (𝑌 ) for all 𝑋,𝑌 ∈ g. Since 𝑊 is by
assumption invariant under multiplication by 𝑖, this holds if and only if 𝑊 is
invariant under 𝜌 (𝑋 ) and 𝜌 (𝑌 ). Hence the 𝜌C-invariant subspaces of 𝑉 are
precisely the 𝜌-invariant ones. □

Corollary 5.2.6. Suppose g is an R-Lie algebra and 𝜌 : g → gl(𝑉 ) is a complex
representation of g. Then the induced representation 𝜌C : g ⊗C→ gl(𝑉 ) is irreducible
if and only if 𝜌 is irreducible. □

Proposition 5.2.7. Suppose 𝑉 and 𝑊 are irreducible representations of a matrix
group or a Lie algebra. If 𝜙 : 𝑉 →𝑊 is an intertwining map, then 𝜙 is either 0 or an
isomorphism.

Proof. We consider the group case; the proof for Lie algebras is the same. If
𝑥 ∈ ker𝜙 then 𝜙 (𝑔 · 𝑥) = 𝑔 · 𝜙 (𝑥) = 0 for all 𝑔 in the group, so ker𝜙 is an
invariant subspace of 𝑉 . Hence either ker𝜙 = 0 or ker𝜙 = 𝑉 , i.e. 𝜙 is either 0
or injective.

On the other hand, if 𝑥 ∈ im𝜙 so that 𝑥 = 𝜙 (𝑦), then 𝑔 ·𝑥 = 𝜙 (𝑔 ·𝑦), so im𝜙

is an invariant subspace of𝑊 . Then im𝜙 =𝑊 or im𝜙 = 0, i.e. 𝜙 is either 0 or
surjective. Thus if 𝜙 ≠ 0 it must be both injective and surjective, that is to say
an isomorphism. □

Corollary 5.2.8 (Schur’s Lemma). Suppose 𝑉 is an irreducible complex represen-
tation of a matrix group or Lie algebra, and that 𝜙 : 𝑉 → 𝑉 is an intertwining map.
Then 𝜙 = 𝜆 · id for some 𝜆 ∈ C.

Proof. We again consider the group case; the proof in the other case is the same.
Since we are working over C, the endomorphism 𝜙 has an eigenvalue 𝜆. Let
𝑊 ⊆ 𝑉 be the eigenspace for 𝜆. Then if 𝑤 ∈𝑊 and 𝑔 is in the group, we have

𝜙 (𝑔 ·𝑤) = 𝑔 · 𝜙 (𝑤) = 𝑔 · 𝜆𝑤 = 𝜆(𝑔 ·𝑤) .
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Thus 𝑔 · 𝑤 is also an eigenvector for 𝜆, and so𝑊 is an invariant subspace. By
assumption𝑊 ≠ 0, so since 𝑉 is irreducible we must have𝑊 = 𝑉 . This means
that 𝜙 (𝑣) = 𝜆𝑣 for all 𝑣 ∈ 𝑉 , i.e. 𝜙 = 𝜆id. □

Let us now note a few consequences of Schur’s lemma:

Corollary 5.2.9. Suppose 𝑉 and 𝑊 are irreducible complex representations of a
matrix group or a Lie algebra. If 𝜙, 𝜙 ′ : 𝑉 → 𝑊 are two intertwining maps and
𝜙 ′ ≠ 0, then we must have 𝜙 = 𝜆𝜙 ′ for some 𝜆 ∈ C.

Proof. Since 𝜙 ′ ≠ 0, it must be an isomorphism. Then 𝜙 ′−1𝜙 : 𝑉 → 𝑉 is an
intertwining map, which means 𝜙 ′−1𝜙 = 𝜆id𝑉 for some 𝜆 ∈ C. Then 𝜙 = 𝜆𝜙 ′,
as required. □

Corollary 5.2.10. Let (𝑉 , 𝜌) be an irreducible complex representation of a matrix
group 𝐺 . If 𝐴 is in the centre of 𝐺 (i.e. 𝐴𝐵 = 𝐵𝐴 for all 𝐵 ∈ 𝐺) then 𝜌 (𝐴) = 𝜆id𝑉
for some 𝜆 ∈ C. Similarly, if (𝑉 , 𝜌) is an irreducible complex representation of a Lie
algebra g and 𝑋 is in the centre of g (i.e. [𝑋,𝑌 ] = 0 for all 𝑌 ∈ g) then 𝜌 (𝑋 ) = 𝜆id𝑉
for some 𝜆 ∈ C.

Proof. We again just prove the group case. If 𝐴 is in the centre of𝐺 , then for all
𝐵 ∈ 𝐺 we have

𝜌 (𝐴)𝜌 (𝐵) = 𝜌 (𝐴𝐵) = 𝜌 (𝐵𝐴) = 𝜌 (𝐵)𝜌 (𝐴) .

This means that 𝜌 (𝐴) : 𝑉 → 𝑉 is an intertwining map, and so we must have
𝜌 (𝐴) = 𝜆id𝑉 by Corollary 5.2.8. □

Corollary 5.2.11. An irreducible complex representation of a commutative matrix
group or Lie algebra is 1-dimensional.

Proof. We consider the case of an irreducible representation (𝑉 , 𝜌) of a com-
mutative group 𝐺 . Then Corollary 5.2.10 says that for every 𝐴 ∈ 𝐺 we have
𝜌 (𝐴) = 𝜆(𝐴)id𝑉 for some 𝜆(𝐴) ∈ C. This means that every subspace of 𝑉 is
invariant, so the only way 𝑉 can have no non-trivial invariant subspaces is if it
is 1-dimensional. □

5.3 Completely reducible representations

Definition 5.3.1. Suppose (𝑉 , 𝜌) and (𝑊,𝜎) are representations of a matrix
group𝐺 . Then their direct sum is the representation on𝑉 ⊕𝑊 where 𝑔 · (𝑣,𝑤) =
(𝜌 (𝑔)𝑣, 𝜎 (𝑔)𝑤). The direct sum of Lie algebra representations is defined simi-
larly.

Remark 5.3.2. As a group homomorphism, the direct sum is the representation

𝐺 → 𝐺 ×𝐺 → GL(𝑉 ) ×GL(𝑊 ) → GL(𝑉 ⊕𝑊 ),
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where the first map is the diagonal and the last is the inclusion of the automor-
phisms of𝑉 ⊕𝑊 that act on𝑉 and𝑊 separately, as in Example 2.2.14. Similarly,
the direct sum of Lie algebra representations is the composite

g→ g ⊕ g→ gl(𝑉 ) ⊕ gl(𝑊 ) → gl(𝑉 ⊕𝑊 );

this shows in particular that the Lie algebra representation corresponding to a
direct sum of group representations is also the direct sum.

We would like to decompose representations into direct sums of irreducible
ones. Unfortunately it turns out that this is not always true, so we instead make
it a definition:

Definition 5.3.3. A finite-dimensional representation (of a matrix group or Lie
algebra) is completely reducible if it is isomorphic to a direct sum of fintely many
irreducible representatioins.

Example 5.3.4. Consider the representation 𝜌 of (R, +) on R2 (or C2) where
𝑥 ∈ R acts by

𝜌 (𝑥) =
(
1 𝑥

0 1

)
.

We claim this representation is not completely reducible. The 1-dimensional
subspace spanned by 𝑒1 = (1, 0) is clearly invariant and irreducible, but we
claim this is the only non-trivial invariant subspace; in particular, it does not
have any invariant complement. To see this, suppose the subspace spanned by
some vector 𝑣 = (𝑎, 𝑏) is invariant. That means we can write

𝜌 (𝑥)𝑣 = 𝜆(𝑥)𝑣 ⇐⇒ (𝑎 + 𝑏𝑥, 𝑏) = (𝜆(𝑥)𝑎, 𝜆(𝑥)𝑏)

for all 𝑥 . This is impossible if 𝑏 ≠ 0 since we must have 𝜆(𝑥) = 1 and so 𝑎 = 𝑎+𝑏𝑥
for all 𝑥 .

Proposition 5.3.5. Let𝑉 be a finite-dimensional representation (of a matrix group or
Lie algebra). Then 𝑉 is completely reducible if and only if for every invariant subspace
𝑊 ⊆ 𝑉 there exists another invariant subspace𝑊 ′ such that 𝑉 decomposes as the direct
sum representation𝑊 ⊕𝑊 ′.

Proof. Suppose first that 𝑉 has the given property; we want to show that 𝑉 is a
direct sum of irreducible representations. Let 𝑉1 be an invariant subspace of 𝑉
of minimal dimension; then 𝑉1 is necessarily irreducible. If 𝑉 = 𝑉1 then we are
done; otherwise we can choose an invariant complement𝑈1 so that𝑉 = 𝑉1⊕𝑈1.
We can then repeat the process by choosing an invariant subspace 𝑉2 ⊆ 𝑈1 of
minimal dimension. Then𝑉1 ∩𝑉2 ⊆ 𝑉1 ∩𝑈1 = 0, so the sum of𝑉1 and𝑉2 in𝑉 is
direct. Now either𝑉 = 𝑉1⊕𝑉2, or we can find a non-zero invariant complement
𝑈2. Iterating this process, we can write 𝑉 as a sum 𝑉1 ⊕ · · · ⊕𝑉𝑛 ⊕𝑈𝑛 where the
𝑉𝑖 are irreducible. Since 𝑉 is finite-dimensional we must eventually get 𝑈𝑛 = 0,
at which point we have written 𝑉 as a direct sum of irreducibles, as desired.
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To prove the converse, suppose𝑉 = 𝑉1⊕· · ·⊕𝑉𝑛 is a direct sum of irreducibles
𝑉𝑖 , and𝑈 ⊆ 𝑉 is an invariant subspace. We want to show that𝑈 has an invariant
complement in𝑉 . For each 𝑖,𝑈 ∩𝑉𝑖 is an invariant subspace of𝑉𝑖 , and so is either
0 or all of 𝑉𝑖 . If 𝑈 ≠ 𝑉 there must exist some 𝑖1 such that 𝑉𝑖1 ∩𝑈 = 0; then the
sum 𝑈1 of 𝑈 and 𝑉𝑖1 in 𝑉 is direct. We can now repeat the process with 𝑈1,
so that we obtain a sequence of subspaces 𝑈𝑛 = 𝑉𝑖1 ⊕ · · · ⊕ 𝑉𝑖𝑛 ⊕ 𝑈 . Since 𝑉 is
finite-dimensional we must eventually get𝑈𝑛 = 𝑉 , in which case we have found
an invariant complement of 𝑈 , namely 𝑉𝑖1 ⊕ · · · ⊕ 𝑉𝑖𝑛 . □

Corollary 5.3.6.

(i) Let 𝐺 be a connected matrix group with Lie algebra g. Then a representation
(𝑉 , 𝜌) of 𝐺 is completely reducible if and only if the induced representation
(𝑉 ,L(𝜌)) of g is completely reducible.

(ii) Let g be an R-Lie algebra. Then a complex representation (𝑉 , 𝜌) of g is com-
pletely reducible if and only if the induced representation (𝑉 , 𝜌C) of g ⊗ C is
completely reducible.

Proof. In both cases, (𝑉 , 𝜌) is completely reducible if and only if every invariant
subspace has an invariant complement. But in (i) the 𝐺-invariant subspaces for
𝜌 are precisely the g-invariant subspaces for L(𝜌) by Proposition 5.2.3, while
(ii) follows similarly from Proposition 5.2.5. □

Lemma 5.3.7. Any invariant subspace of a completely reducible representation is again
completely reducible.

Proof. Let 𝑉 be a completely reducible representation, and let 𝑈 ⊆ 𝑉 be an
invariant subspace. We will show that𝑈 has the invariant complement property
from Proposition 5.3.5. To that end, let𝑊 ⊆ 𝑈 be an invariant subspace. Since
𝑉 is completely reducible, we can find an invariant complement𝑊 ′ of𝑊 in 𝑉 .
Set𝑊 ′′ := 𝑊 ′ ∩ 𝑈 ; we claim that this gives the desired invariant complement
of 𝑊 ′ in 𝑈 . Certainly 𝑊 ′′ ∩𝑊 ⊆ 𝑊 ′ ∩𝑊 = 0 so that we have a direct sum
𝑊 ⊕𝑊 ′′ ⊆ 𝑈 . To see that this sum is all of 𝑈 , we observe that any 𝑢 ∈ 𝑈 can
be written as 𝑢 = 𝑤 +𝑤 ′ with 𝑤 ∈𝑊 and 𝑤 ′ ∈𝑊 ′. But since𝑊 ⊆ 𝑈 we must
have 𝑤 ′ = 𝑢 −𝑤 ∈ 𝑈 so that 𝑈 ⊆𝑊 ⊕𝑊 ′. □

Proposition 5.3.8. Every finite-dimensional unitary complex representation of a
matrix group or Lie algebra is completely reducible.

Proof. Let (𝑉 , 𝜌) be a finite-dimensional unitary complex representation of a
matrix group 𝐺 . Suppose 𝑊 ⊆ 𝑉 is an invariant subspace, and let 𝑊 ⊥ be its
orthogonal complement. We claim that then𝑊 ⊥ is also invariant, which will
imply that 𝑉 is completely reducible by Proposition 5.3.5.

Indeed, for 𝑤 ∈𝑊 , 𝑤 ′ ∈𝑊 ⊥, and 𝐴 ∈ 𝐺 , we have

⟨𝑤, 𝜌 (𝐴) (𝑤 ′)⟩ = ⟨𝜌 (𝐴)†𝑤,𝑤 ′⟩ = ⟨𝜌 (𝐴−1)𝑤,𝑤 ′⟩ = 0
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since 𝜌 (𝐴)† = 𝜌 (𝐴)−1 = 𝜌 (𝐴−1) as the representation is unitary, and 𝜌 (𝐴−1)𝑤 is
in𝑊 by invariance. Thus 𝜌 (𝐴) (𝑤 ′) is in𝑊 ⊥ for all 𝐴 ∈ 𝐺 , as required.

The same argument works if (𝑉 , 𝜌) is a unitary representation of a Lie al-
gebra g, the only difference being that in the inner product calculation we now
use 𝜌 (𝑋 )† = −𝜌 (𝑋 ) instead. □

Corollary 5.3.9. Every finite-dimensional complex representation of a finite group
is completely reducible.

Proof. Let (𝑉 , 𝜌) be a finite-dimensional complex representation of a finite group
𝐺 . We are going to construct an inner product on 𝑉 for which the represen-
tation is unitary. We start by picking an arbitrary inner product ⟨–, –⟩ on 𝑉 .
Now we define

⟨𝑣,𝑤⟩𝐺 :=
∑︁
𝑔∈𝐺
⟨𝜌 (𝑔)𝑣, 𝜌 (𝑔)𝑤⟩.

We claim that then ⟨–, –⟩𝐺 is again an inner product. Sesquilinearity is immedi-
ate and conjugate symmetry are immediate from the same properties of ⟨–, –⟩,
so we only need to check positive definiteness:

⟨𝑣, 𝑣⟩𝐺 =
∑︁
𝑔∈𝐺
∥𝜌 (𝑔)𝑣 ∥2 ≥ 0,

and this equals 0 if and only if ∥𝜌 (𝑔)𝑣 ∥2 is zero for all 𝑔, which can only happen
for 𝑣 = 0 since ⟨–, –⟩ was positive definite.

To see that 𝜌 is unitary with respect to ⟨–, –⟩𝐺 , we compute

⟨𝑣, 𝜌 (ℎ)𝑤⟩𝐺 =
∑︁
𝑔∈𝐺
⟨𝜌 (𝑔)𝑣, 𝜌 (𝑔ℎ)𝑤⟩ =

∑︁
𝑔′∈𝐺
⟨𝜌 (𝑔′ℎ−1)𝑣, 𝜌 (𝑔′)𝑤⟩ = ⟨𝜌 (ℎ)−1𝑣,𝑤⟩𝐺 ,

where we reindex the sum over 𝑔′ = 𝑔ℎ. This says 𝜌 (ℎ)† = 𝜌 (ℎ)−1, i.e. 𝜌 (ℎ)
is unitary, as required. Applying Proposition 5.3.8, this implies that (𝑉 , 𝜌) is
completely reducible. □

The key idea here was to define a new inner product on𝑉 by averaging over
the group 𝐺 . This makes sense not just for finite groups, but for any compact
matrix group 𝐺 , if we replace the sum over the group by a suitable integral to
define

⟨𝑣,𝑤⟩𝐺 :=
∫
𝐺

⟨𝜌 (𝑔)𝑣, 𝜌 (𝑔)𝑤⟩ 𝑑𝑔.

Making this precise is not hard, but requires some tools beyond the scope of
this course (we need to consider a 𝐺-invariant differential form on 𝐺 and in-
tegrate the inner product with respect to this). Assuming that this works, we
can use exactly the same argument to show that any finite-dimensional com-
plex representation of a compact matrix group can be made unitary, and apply
Proposition 5.3.8 to conclude:
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Theorem 5.3.10. Any finite-dimensional complex representation of a compact ma-
trix group is completely reducible. □

Corollary 5.3.11. Suppose g is a C-Lie algebra such that there exists a simply con-
nected compact matrix group 𝐾 whose Lie algebra k satisfies k ⊗ C � g. Then every
finite-dimensional complex representation of g is completely reducible.

Proof. Suppose (𝑉 , 𝜌) is a finite-dimensional complex representation of g. Then
we can lift 𝑉 first to a complex representation of k by Remark 5.1.6, and then
to a complex representation of 𝐾 by Remark 5.1.7. Since 𝐾 is compact, 𝑉 splits
as a finite sum of irreducible 𝐾-representations by Theorem 5.3.10. But then
these give irreducible representations of k by Corollary 5.2.4 and so of g by
Corollary 5.2.6. Thus𝑉 is also completely reducible as a representation of g. □

Example 5.3.12 (Representations of 𝑈1 � SO2(R)). The group 𝑈1 consists of
the norm-1 complex numbers under multiplication. Since it is compact, its
finite-dimensional complex representations are completely reducible by Theo-
rem 5.3.10. In this simple case this is also easy to deduce directly from Proposi-
tion 5.3.8: if (𝑉 , 𝜌) is a representation of 𝑈1 and ⟨–, –⟩ is an inner product on 𝑉 ,
then it is easy to check that

⟨𝑣,𝑤⟩𝑈1 :=
∫ 2𝜋

0
⟨𝜌 (𝑒𝑖𝑡 ) (𝑣), 𝜌 (𝑒𝑖𝑡 ) (𝑤)⟩ d𝑡,

is an inner product, and by changing variables in the integral we get

⟨𝑣, 𝜌 (𝑒𝑖𝑠)𝑤⟩𝑈1 =

∫ 2𝜋

0
⟨𝜌 (𝑒𝑖𝑡 ) (𝑣), 𝜌 (𝑒𝑖 (𝑡+𝑠 ) ) (𝑤)⟩ d𝑡

=

∫ 2𝜋

0
⟨𝜌 (𝑒𝑖 (𝑡−𝑠 ) ) (𝑣), 𝜌 (𝑒𝑖𝑡 ) (𝑤)⟩ d𝑡

= ⟨𝜌 (𝑒−𝑖𝑠)𝑣,𝑤⟩𝑈1,

i.e. (𝑉 , 𝜌) is unitary with respect to this inner product. Since 𝑈1 is commuta-
tive we also know that all of its irreducible representations are 1-dimensional.
Such a 1-dimensional representation is a continuous homomorphism 𝜌 : 𝑈1 →
GL1(C) � (C\{0},×). If we define a function 𝑓 : R→ GL1(C) by 𝑓 (𝑡) := 𝜌 (𝑒𝑖𝑡 )
then this is a one-parameter subgroup, so that 𝑓 (𝑡) = 𝑒𝑡𝜆 for a unique 𝜆 ∈ C by
Proposition 3.6.4 (or we can compute directly that

𝑓 ′(𝑡) = lim
ℎ→0

𝑓 (𝑡 + ℎ) − 𝑓 (𝑡)
ℎ

= lim
ℎ→0

𝑓 (𝑡) (𝑓 (ℎ) − 1)
ℎ

= 𝑓 (𝑡) 𝑓 ′(0),

where the only solution with 𝑓 (0) = 1 is 𝑓 (𝑡) = 𝑒 𝑓 ′ (0)𝑡 .) Since 𝑓 (2𝜋) = 𝑓 (0) = 1
we must have 𝑒2𝜋𝜆 = 1, which means that 𝜆 = 𝑖𝑛 for some integer 𝑛 ∈ Z. In
terms of 𝜌, this means 𝜌 (𝑧) = 𝑧𝑛 for some integer 𝑛 ∈ Z. Thus every finite-
dimensional complex representation of𝑈1 is a direct sum of 1-dimensional rep-
resentations of this form.
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Remark 5.3.13. The classification of 1-parameter subgroups also shows that 1-
dimensional complex representations of (R, +) are of the form 𝜌 (𝑡) = 𝑒𝑡𝜆 for
some unique 𝜆 ∈ C. More generally, representations on a vector space 𝑉 are of
the form 𝜌 (𝑡) = 𝑒𝑡𝐴 where𝐴 is a linear endomorphism of𝑉 . On the other hand,
representations of the commutative Lie algebra R (which is the Lie algebra
of both U1 and (R, +)) on 𝑉 are the maps of the form 𝜌 (𝑡) = 𝑡𝐴 for some
endomorphism 𝐴. In particular, the 1-dimensional complex representations are
given by 𝜌 (𝑡) = 𝑡𝜆 for 𝜆 ∈ C. We thus see that, as expected, representations
of the Lie algebra R correspond bijectively to representations of the simply
connected group (R, +). Only some of these representations lift to𝑈1, which is
not simply connected, but the lifts are unique when they exist, as they should be
since 𝑈1 is connected. (On the other hand, we saw earlier that representations
of (R, +), and so also of the Lie algebra R, need not be completely reducible.)
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Chapter 6

Representations of sl2 and sl3

6.1 Representations of sl2
From now on we will be considering complex representations of complex Lie
algebras, so we take the complex versions of Lie algebras as the default ones.
That is, we will write

sl𝑛 := sl𝑛 (C), so𝑛 := so𝑛 (C), sp𝑛 := sp𝑛 (C) .

In this section we will analyze the representations of sl2 = sl2(C). This is
not only a simple but interesting example in its own right (for example, the irre-
ducible representations of sl2 correspond to the possible “spins” of particles such
as electrons), but also plays a central role in understanding the representations
of more complex Lie algebras.

Recall that sl2 is the C-vector space of traceless 2×2 complex matrices. This
has the basis

𝑋 =

(
0 1
0 0

)
, 𝑌 =

(
0 0
1 0

)
, 𝐻 =

(
1 0
0 −1

)
.

Exercise 6.1. Check that we have the following commutation relations for sl2:

[𝐻,𝑋 ] = 2𝑋, [𝐻,𝑌 ] = −2𝑌, [𝑋,𝑌 ] = 𝐻.

Let (𝑉 , 𝜌) be a finite-dimensional complex representation of sl2. We will
make a series of elementary observations about the linear maps 𝜌 (𝐻 ), 𝜌 (𝑋 ), 𝜌 (𝑌 ):

(1) Since we’re working overC, the endomorphism 𝜌 (𝐻 ) has at least one eigen-
vector 𝑣 ∈ 𝑉 with eigenvalue 𝜆. Then the commutation relations in Exer-
cise 6.1 give

𝜌 (𝐻 )𝜌 (𝑋 )𝑣 − 𝜌 (𝑋 )𝜌 (𝐻 )𝑣 = 2𝜌 (𝑋 )𝑣,
so that

𝜌 (𝐻 )𝜌 (𝑋 )𝑣 = (𝜆 + 2)𝜌 (𝑋 )𝑣,
so 𝜌 (𝑋 )𝑣 is an eigenvector of 𝜌 (𝐻 ) with eigenvalue 𝜆 + 2. Similarly, 𝜌 (𝑌 )𝑣
is an eigenvector with eigenvalue 𝜆 − 2.
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(2) Iterating, we get that 𝜌 (𝑋 )𝑛𝑣 and 𝜌 (𝑌 )𝑛𝑣 are either 0 or eigenvectors of
𝜌 (𝐻 ) with eigenvalues 𝜆 + 2𝑛 and 𝜆 − 2𝑛, respectively.

(3) Since 𝑉 is finite-dimensional, 𝜌 (𝐻 ) has only finitely many eigenvalues.
Thus there exists some𝑚 such that 𝜌 (𝑋 )𝑚𝑣 ≠ 0 but 𝜌 (𝑋 )𝑚+1𝑣 = 0.

(4) If we set 𝑢0 := 𝜌 (𝑋 )𝑚𝑣 and 𝛼 = 𝜆 + 2𝑚, then 𝜌 (𝐻 )𝑢0 = 𝛼𝑢0 and 𝜌 (𝑋 )𝑢0 = 0.
If we define 𝑢𝑘 := 𝜌 (𝑌 )𝑘𝑢0, then 𝜌 (𝐻 )𝑢𝑘 = (𝛼 − 2𝑘)𝑢𝑘 . Now the third
commutation relation [𝑋,𝑌 ] = 𝐻 gives by induction on 𝑘 that

𝜌 (𝑋 )𝑢𝑘 = 𝑘 (𝛼 − 𝑘 + 1)𝑢𝑘−1

for 𝑘 ≥ 0: This holds trivially for 𝑘 = 0, and if it holds for 𝑘 then

𝜌 (𝐻 )𝑢𝑘 = 𝜌 (𝑋 )𝜌 (𝑌 )𝑢𝑘 − 𝜌 (𝑌 )𝜌 (𝑋 )𝑢𝑘
= 𝜌 (𝑋 )𝑢𝑘+1 − 𝑘 (𝛼 − 𝑘 + 1)𝑢𝑘 ,

𝜌 (𝑋 )𝑢𝑘+1 = (𝛼 − 2𝑘)𝑢𝑘 + 𝑘 (𝛼 − 𝑘 + 1)𝑢𝑘
= (𝑘 + 1) (𝛼 − 𝑘)𝑢𝑘 .

(5) Since 𝜌 (𝐻 ) still has only finitely many eigenvalues, the 𝑢𝑘 must eventually
be 0. In other words, there is an 𝑚 ∈ N such that 𝑢𝑘 ≠ 0 for 𝑘 ≤ 𝑚, but
𝑢𝑚+1 = 𝜌 (𝑌 )𝑚+1𝑢0 = 0. But then the formula above gives

0 = 𝜌 (𝑋 )𝑢𝑚+1 = (𝑚 + 1) (𝛼 −𝑚)𝑢𝑚 .

As 𝑢𝑚 ≠ 0, this can only happen if 𝛼 =𝑚.

(6) The non-zero vectors𝑢0, . . . , 𝑢𝑚 are eigenvectors of 𝜌 (𝐻 )with distinct eigen-
values, and so they are linearly independent. Moreover, the (𝑚+1)-dimensional
subspace of 𝑉 spanned by these vectors is clearly invariant under the action
of 𝜌 (𝐻 ), 𝜌 (𝑋 ), and 𝜌 (𝑌 ), and so under all of sl2.

In particular, if we assume the representation𝑉 is irreducible, it must be spanned
by our vectors 𝑢0, . . . , 𝑢𝑚, so that we have completely described the possible
structure of an irreducible sl2-representation:

Proposition 6.1.1. Suppose (𝑉 , 𝜌) is an irreducible finite-dimensional complex rep-
resentation of sl2 of dimension 𝑚 + 1. Then there exists a basis 𝑢0, . . . , 𝑢𝑚 of 𝑉 for
which the action of sl2 is described by

𝜌 (𝐻 )𝑢𝑘 = (𝑚 − 2𝑘)𝑢𝑘 ,

𝜌 (𝑌 )𝑢𝑘 =

{
𝑢𝑘+1, 𝑘 < 𝑚

0, 𝑘 =𝑚

𝜌 (𝑋 )𝑢𝑘 =

{
𝑘 (𝑚 − 𝑘 + 1)𝑢𝑘−1, 𝑘 > 0
0, 𝑘 = 0.

(6.1)
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Next, we will show the converse: the equations (6.1) define an irreducible
representation of sl2 for all𝑚.

Exercise 6.2. Show that the equations in (6.1) always define a representation of sl2, i.e.
check that the required commutation relations hold for the operations 𝜌 (𝐻 ), 𝜌 (𝑋 ), 𝜌 (𝑌 ).

Exercise 6.3. Show that the adjoint representation of sl2 on itself and the standard
representation on C2 are irreducible of dimension 3 and 2, respectively.

Lemma 6.1.2. The sl2-representation given by (6.1) is irreducible for every𝑚.

Proof. Let𝑉 be the given representation of dimension𝑚+1, and suppose𝑊 ⊆ 𝑉
is a non-zero invariant subspace; we then want to show that we must have
𝑊 = 𝑉 . Let 𝑤 ≠ 0 be an element of𝑊 . Then we can write

𝑤 = 𝑎0𝑢0 + · · · + 𝑎𝑚𝑢𝑚,

for 𝑎𝑖 ∈ C. Let 𝑖0 be the smallest value of 𝑖 such that 𝑎𝑖 ≠ 0, and consider
𝜌 (𝑌 )𝑚−𝑖0𝑤 . From (6.1) we see that 𝜌 (𝑌 )𝑚−𝑖0𝑢𝑖 = 0 for 𝑖 > 𝑖0, so that 𝜌 (𝑌 )𝑚−𝑖0𝑤 =

𝑎𝑖0𝑢𝑚. Since 𝑎𝑖0 ≠ 0, we see that 𝑢𝑚 lies in𝑊 . But then 𝜌 (𝑋 )𝑘𝑢𝑚 lies in𝑊 , and
this is a non-zero multiple of 𝑢𝑚−𝑘 . Thus all the basis vectors 𝑢0, . . . , 𝑢𝑚 lie in
𝑊 , i.e.𝑊 = 𝑉 as required. □

We have thus classified the irreducible representations of sl2: for every
𝑚 ∈ N there is a unique irreducible representation of dimension𝑚 +1 described
by the equations (6.1). For future reference, we also derive some further con-
sequences of our observations above for a general representation of sl2:

Proposition 6.1.3. Let (𝑉 , 𝜌) be a finite-dimensional complex representation of sl2.
Then we have:

(i) Every eigenvalue of 𝜌 (𝐻 ) is an integer.

(ii) If 𝑣 is an eigenvector of 𝜌 (𝐻 ) with eigenvalue 𝑘 and 𝜌 (𝑋 )𝑣 = 0, then 𝑘 is
non-negative.

(iii) The operators 𝜌 (𝑋 ) and 𝜌 (𝑌 ) are nilpotent.

(iv) If we define 𝑆 : 𝑉 → 𝑉 by 𝑆 = 𝑒𝜌 (𝑋 )𝑒−𝜌 (𝑌 )𝑒−𝜌 (𝑋 ) , then 𝑆 satisfies

𝑆𝜌 (𝐻 )𝑆−1 = −𝜌 (𝐻 ).

(v) If 𝑘 ∈ Z is an eigenvalue for 𝜌 (𝐻 ), then so is each of the integers −|𝑘 |,−|𝑘 | +
2, . . . , |𝑘 | − 2, |𝑘 |.

Proof. Points (i) and (ii) we saw in the discussion above. For (iii), we know that
𝜌 (𝐻 ) has a basis of generalized eigenvectors, i.e. vectors 𝑣 such that (𝜌 (𝐻 ) −
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𝜆𝐼 )𝑘𝑣 = 0 for some 𝑘 > 0 and 𝜆 an eigenvalue of 𝜌 (𝐻 ). Using the commutation
relations we get by induction that

(𝜌 (𝐻 ) − (𝜆 + 2)𝐼 )𝑘𝜌 (𝑋 ) = 𝜌 (𝑋 ) (𝜌 (𝐻 ) − 𝜆𝐼 )𝑘 .

Thus if 𝑣 is a generalized eigenvector of 𝜌 (𝐻 ) with eigenvalue 𝜆, then 𝜌 (𝑋 )𝑣
is either 0 or a generalized eigenvector with eigenvalue 𝜆 + 2. Since 𝜌 (𝐻 ) has
finitely many eigenvalues, this means that 𝜌 (𝑋 )𝑘𝑣 must be 0 for 𝑘 sufficiently
large. Since this is true for each of the finitely many vectors in a basis of 𝑉 , we
see that 𝜌 (𝑋 )𝑘 = 0 for 𝑘 sufficiently large, i.e. 𝜌 (𝑋 ) is nilpotent. Applying the
commutation relation for [𝐻,𝑌 ] similarly, we see that 𝜌 (𝑌 ) is also nilpotent.

To prove (iv), we use that

𝑒𝜌 (𝑋 )𝜌 (𝐻 )𝑒−𝜌 (𝑋 ) = Ad(𝑒𝜌 (𝑋 ) ) (𝜌 (𝐻 )) = 𝑒ad(𝜌 (𝑋 ) ) (𝜌 (𝐻 )) =
∞∑︁
𝑛=0

1
𝑛!

ad(𝜌 (𝑋 ))𝑛 (𝜌 (𝐻 )) .

Now here ad(𝜌 (𝑋 )) (𝜌 (𝐻 )) = [𝜌 (𝑋 ), 𝜌 (𝐻 )] = 𝜌 ( [𝑋,𝐻 ]) = −2𝜌 (𝑋 ), so that
ad(𝜌 (𝑋 ))2(𝜌 (𝐻 )) = 𝜌 ( [𝑋,−2𝑋 ]) = 0, and only the first two terms in this series
are non-zero. This means that

𝑒𝜌 (𝑋 )𝜌 (𝐻 )𝑒−𝜌 (𝑋 ) = 𝜌 (𝐻 ) − 2𝜌 (𝑋 ) .

Now we can similarly compute that

𝑒−𝜌 (𝑌 )𝑒𝜌 (𝑋 )𝜌 (𝐻 )𝑒−𝜌 (𝑋 )𝑒𝜌 (𝑌 ) = Ad(𝑒𝜌 (𝑌 ) ) (𝜌 (𝐻 ) − 2𝜌 (𝑋 ))
= −𝜌 (𝐻 ) − 2𝜌 (𝑋 ),

𝑆𝜌 (𝐻 )𝑆−1 = 𝑒𝜌 (𝑋 )𝑒−𝜌 (𝑌 )𝑒𝜌 (𝑋 )𝜌 (𝐻 )𝑒−𝜌 (𝑋 )𝑒𝜌 (𝑌 )𝑒−𝜌 (𝑋 )

= Ad(𝑒𝜌 (𝑋 ) ) (−𝜌 (𝐻 ) − 2𝜌 (𝑋 ))
= −𝜌 (𝐻 ) − 2𝜌 (𝑋 ) + 2𝜌 (𝑋 )
= −𝜌 (𝐻 ) .

Note that if 𝑣 is an eigenvector of 𝜌 (𝐻 ) with eigenvalue 𝜆, then we get

𝑆𝜌 (𝐻 )𝑆−1𝑣 = −𝜌 (𝐻 )𝑣 = −𝜆𝑣,

so that 𝑆−1𝑣 is an eigenvector for 𝜌 (𝐻 ) with eigenvalue −𝜆. From this the final
point follows: if 𝑘 is an eigenvalue of 𝜌 (𝐻 ), then so is −𝑘, so we may assume
without loss of generality that 𝑘 is a non-negative integer. Then we know
there exists another eigenvector 𝑣0 with eigenvalue𝑚 := 𝑘 + 2𝑁 for some non-
negative 𝑁 , such that 𝜌 (𝑋 )𝑣0 = 0, and from this we obtain a chain of eigenvec-
tors with eigenvalues ranging from −𝑚 to𝑚 in increments of 2. In particular,
all of −𝑘,−𝑘 + 2, . . . , 𝑘 − 2, 𝑘 are indeed eigenvalues. □

Remark 6.1.4. sl2 is the complexification of both sl2(R) and su2, which we
saw in Example 3.6.9 is isomorphic to so3(R). Thus sl2 is not only the Lie
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algebra of the complex matrix group SL2(C), but the complexified Lie algebra
of the groups SL2(R), SU2, and SO3(R). Since SU2 is compact and simply
connected, we know from Corollary 5.3.11 that all finite-dimensional complex
representations of sl2 are completely reducible. It is also not hard to show this
directly.

We know from Remark 5.1.7 and Remark 5.1.6 that all the irreducible rep-
resentations of sl2 can be lifted to representations of SU2, since this is simply
connected. We can also give an explicit construction of these representations of
SU2:

Exercise 6.4. Let 𝑉𝑚 be the vector space of degree-𝑚 homogeneous polynomials in
two complex variables 𝑧,𝑤 , so that𝑉𝑚 is spanned by the basis𝑤𝑚, 𝑧𝑤𝑚−1, . . . , 𝑧𝑚−1𝑤, 𝑧𝑚 .
For 𝑈 ∈ SU2 define an operation 𝜌 (𝑈 ) on 𝑉𝑚 by

𝜌 (𝑈 ) (𝑓 (𝑧,𝑤)) = 𝑓 (𝑈 −1 (𝑧,𝑤)) = 𝑓
(
(𝑈 −1)11𝑧 + (𝑈 −1)12𝑤, (𝑈 −1)21𝑧 + (𝑈 −1)22𝑤

)
.

(i) Check that 𝜌 (𝑈 ) (𝑓 (𝑧,𝑤)) is again a homogeneous polynomial of degree 𝑚, so
that 𝜌 (𝑈 ) is a C-linear endomorphism of 𝑉𝑚 .

(ii) Check that 𝜌 is then a representation of SU2.

Exercise 6.5. Identify the representation of su2 associated to the SU2-representation
in the previous exercise, as follows:

(i) The action of 𝑀 ∈ su2 is defined by

L(𝜌) (𝑀) (𝑓 (𝑧,𝑤)) = d
d𝑡

����
𝑡=0

𝑓 (𝑒−𝑡𝑀 (𝑧,𝑤)).

Use the chain rule to show that if

𝑀 =

(
𝑎 𝑏

𝑐 𝑑

)
,

then this gives

L(𝑀) (𝑓 (𝑧,𝑤)) = −(𝑎𝑧 + 𝑏𝑤) 𝜕𝑓
𝜕𝑧
− (𝑐𝑧 + 𝑑𝑤) 𝜕𝑓

𝜕𝑤
.

(ii) The same formula for𝑀 ∈ sl2 gives the induced representation of sl2 ≃ su2⊗C,
so that we have

L(𝜌) (𝐻 ) = −𝑧 𝜕
𝜕𝑧
+𝑤 𝜕

𝜕𝑤
, L(𝜌) (𝑋 ) = −𝑤 𝜕

𝜕𝑧
, L(𝜌) (𝑌 ) = −𝑧 𝜕

𝜕𝑤
.

Compute that on the basis vector 𝑧𝑚−𝑘𝑤𝑘 we get

L(𝜌) (𝐻 ) (𝑧𝑚−𝑘𝑤𝑘 ) = (−𝑚 + 2𝑘)𝑧𝑚−𝑘𝑤𝑘 ,
L(𝜌) (𝑋 ) (𝑧𝑚−𝑘𝑤𝑘 ) = −(𝑚 − 𝑘)𝑧𝑚−𝑘−1𝑤𝑘+1,
L(𝜌) (𝑌 ) (𝑧𝑚−𝑘𝑤𝑘 ) = −𝑘𝑧𝑚−𝑘+1𝑤𝑘−1 .
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(iii) Conclude that L(𝜌) is isomorphic to the (𝑚 + 1)-dimensional irreducible repre-
sentation of sl2 we found above.

The group SO3(R) also has sl2 as its complexified Lie algebra. This is com-
pact, so its complex representations are completely reducible by Theorem 5.3.10,
and it is connected, so any representation of sl2 lifts to at most one representa-
tion of SO3(R) by Proposition 5.1.11. Moreover, the irreducible representations
of SO3(R) are precisely those that are lifts of irreducible sl2-representations,
by Corollary 5.2.4. To understand the complex representations of SO3(R), we
therefore only need to know exactly which of the irreducible representations of
sl2 arise from SO3(R)-representations:

Proposition 6.1.5. The (𝑚 +1)-dimensional irreducible representation of sl2 lifts to
an SO3(R)-representation if and only if𝑚 is even (i.e. the dimension of the represen-
tation is odd).

Proof. First suppose that𝑚 is odd; we want to show that the (𝑚+1)-dimensional
representation (𝑉 , 𝜌) of sl2 with basis 𝑢0, . . . , 𝑢𝑚 as in Proposition 6.1.1 does not
lift to SO3(R). Let us write 𝜎 for the corresponding representation of so3(R)
(so that 𝜌 = 𝜎C). We use the basis 𝐹1, 𝐹2, 𝐹3 for so3(R) from Example 3.6.9,
corresponding to the basis 𝐸1, 𝐸2, 𝐸3 for su2. In terms of our basis 𝐻,𝑋,𝑌 for
sl2 we then have 𝐸1 = 𝑖

2𝐻 , so that

𝜎 (𝐹1)𝑢𝑘 = 𝜌 (𝐸1)𝑢𝑘 =
𝑖

2
𝜌 (𝐻 )𝑢𝑘 =

𝑖 (𝑚 − 2𝑘)
2

𝑢𝑘

In terms of the basis 𝑢0, . . . , 𝑢𝑚 the linear map 𝜎 (𝐹1) is represented by the diag-
onal matrix ©­­­­«

𝑖𝑚
2 0

𝑖 (𝑚−2)
2

. . .

0 −𝑖𝑚
2

ª®®®®¬
,

so that in the same basis 𝑒𝜎 (2𝜋𝐹1 ) = −𝐼 , since it is diagonal with entries 𝑒 (𝑚−2𝑘 )𝜋𝑖
where (𝑚 − 2𝑘) is by assumption an odd integer. Thus a lift Σ of 𝜎 to SO3(R)
must satisfy

Σ(𝑒2𝜋𝐹1) = 𝑒𝜎 (2𝜋𝐹1 ) = −𝐼 .

On the other hand, we can compute that in SO3(R) we have

𝑒2𝜋𝐹1 =
©­«
1 0 0
0 cos 2𝜋 − sin 2𝜋
0 sin 2𝜋 cos 2𝜋

ª®¬ = 𝐼

(for example, we can diagonalize the matrix 𝐹1 over C and use this to exponen-
tiate it). But then Σ(𝑒2𝜋𝐹1) = Σ(𝐼 ) = 𝐼 , a contradiction.
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Now suppose𝑚 is even. Then the representation (𝑉𝑚, 𝜌) of SU2 from Exer-
cise 6.4 satisfies 𝜌 (−𝐼 ) = 𝐼 since for a homogeneous polynomial 𝑓 (𝑧,𝑤) of degree
𝑚 we have 𝑓 (−𝑧,−𝑤) = (−1)𝑚 𝑓 (𝑧,𝑤) = 𝑓 (𝑧,𝑤). Thinking of 𝜌 as a continuous
homomorphism SU2 → GL(𝑉𝑚) it follows that 𝜌 factors through the quotient
by the subgroup {±𝐼 }. But we identified this quotient group with SO3(R) in
the proof of Corollary 2.3.7, so this means that 𝜌 factors through the homo-
morphism 𝑟 : SU2 → SO3(R); as this gives an isomorphism su2

∼−→ so3(R) on
Lie algebras, this means that the (𝑚+1)-dimensional irreducible representation
of sl2 comes from a representation of SO3(R), as required. □

Remark 6.1.6. For any𝑚, the representation 𝑉𝑚 of SU2 gives a projective rep-
resentation of SO3(R), meaning a continuous homomorphism

SO3(R) → PGL(𝑉 ) := GL(𝑉 )/{±𝐼 }.

In quantum mechanics, symmetries of a physical system give a projective repre-
sentation of the symmetry group on the Hilbert space of quantum states. Thus
a system with rotational symmetry in 3 dimensions gives a projective represen-
tation of SO3(R). The projective representation of SO3(R) coming from 𝑉𝑚
describes the states of a particle with spin𝑚/2.

6.2 Roots and weights for sl3
Our next goal is to analyze the representations of the Lie algebra sl3, consisting
of traceless 3×3 complex matrices. Before we start, we will pick a basis for sl3:1

𝐻1 =
©­«
1 0 0
0 −1 0
0 0 0

ª®¬ , 𝐻2 =
©­«
0 0 0
0 1 0
0 0 −1

ª®¬ ,
𝑋1 =

©­«
0 1 0
0 0 0
0 0 0

ª®¬ , 𝑋2 =
©­«
0 0 0
0 0 1
0 0 0

ª®¬ , 𝑋3 =
©­«
0 0 1
0 0 0
0 0 0

ª®¬ ,
𝑌1 =

©­«
0 0 0
1 0 0
0 0 0

ª®¬ , 𝑌2 =
©­«
0 0 0
0 0 0
0 1 0

ª®¬ , 𝑌3 =
©­«
0 0 0
0 0 0
1 0 0

ª®¬ .
We also note the following commutation relations (which follow from the re-
lations for sl2 by inserting a row and column of 0’s):

[𝐻1, 𝑋1] = 2𝑋1, [𝐻2, 𝑋2] = 2𝑋2,

[𝐻1, 𝑌1] = −2𝑌1, [𝐻2, 𝑌2] = −2𝑌2,
[𝑋1, 𝑌1] = 𝐻1, [𝑋2, 𝑌2] = 𝐻2.

1While this hopefully looks like a reasonable basis in any case, we will soon see (cf. Exer-
cise 6.6) that there is a good reason for picking this particular basis.
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Thus the subalgebra spanned by 𝐻𝑖 , 𝑋𝑖 , 𝑌𝑖 is a copy of sl2 for 𝑖 = 1, 2. Also note
that we have

[𝐻1, 𝐻2] = 0,

so the subalgebra h spanned by𝐻1 and𝐻2 (which consists of all traceless diagonal
matrices) is commutative.

When we analyzed representations 𝜌 of sl2, the operator 𝜌 (𝐻 ) and its eigen-
values played a key role. For sl3, we must instead look at simultaneous eigen-
vectors for the operators 𝜌 (𝐻1) and 𝜌 (𝐻2).

Definition 6.2.1. Let (𝑉 , 𝜌) be a finite-dimensional complex representation of
sl3. A weight vector for 𝜌 is a non-zero vector 𝑣 ∈ 𝑉 such that we have

𝜌 (𝐻1) (𝑣) = 𝑎1𝑣, 𝜌 (𝐻2) (𝑣) = 𝑎2𝑣

for some 𝑎1, 𝑎2 ∈ C. (In other words, 𝑣 is an eigenvector of both 𝜌 (𝐻1) and
𝜌 (𝐻2).) The pair of eigenvalues 𝜇 = (𝑎1, 𝑎2) is then called a weight of 𝜌, and we
call the subspace of 𝑉 of weight vectors with this weight the weight space of 𝜇.
The multiplicity of the weight 𝜇 is the dimension of its weight space.

Remark 6.2.2. It is sometimes convenient to think of the weight 𝜇 = (𝑎1, 𝑎2)
as a linear functional 𝜇 ∈ h∗ on the commutative subalgebra h, determined by

𝜇 (𝐻𝑖) = 𝑎𝑖

on the basis vectors. Then a non-zero 𝑣 ∈ 𝑉 is a weight vector for 𝜇 if it satisfies

𝜌 (𝐻 ) (𝑣) = 𝜇 (𝐻 )𝑣

for 𝐻 ∈ h.

Lemma 6.2.3. Let (𝑉 , 𝜌) be a finite-dimensional complex representation of sl3.

(i) The representation 𝜌 has at least one weight.

(ii) If 𝜇 = (𝑎1, 𝑎2) is a weight for 𝜌 , then both 𝑎1 and 𝑎2 are integers.

Proof. The operator 𝜌 (𝐻1) has at least one eigenvalue 𝑎1 ∈ C; let 𝑊 ⊆ 𝑉 be
the corresponding eigenspace. Then for 𝑤 ∈ 𝑊 we have (as [𝜌 (𝐻1), 𝜌 (𝐻2)] =
𝜌 ( [𝐻1, 𝐻2]) = 0)

𝜌 (𝐻1)𝜌 (𝐻2)𝑤 = 𝜌 (𝐻2)𝜌 (𝐻1)𝑤 = 𝑎1𝜌 (𝐻2)𝑤,

so that 𝜌 (𝐻2) restricts to a linear map 𝑊 → 𝑊 . This restriction again has at
least one eigenvalue 𝑎2 with eigenvector 𝑤 ∈𝑊 , but then by construction 𝑤 is
a weight vector with weight (𝑎1, 𝑎2).

By restricting 𝜌 to the two copies of sl2 spanned by {𝐻𝑖 , 𝑋𝑖 , 𝑌𝑖} we see from
Proposition 6.1.3 that 𝑎𝑖 must be an integer for 𝑖 = 1, 2. □

79



Exercise 6.6. Find (or look up, e.g. in [2, Section 6.2]) all the commutation relations
for our basis of sl3. Conclude from this that the adjoint representation adsl3 has the
following 7 weights, with corresponding weight vectors:

Weight Weight vector
(0, 0) 𝐻1, 𝐻2
(2,−1) 𝑋1
(−1, 2) 𝑋2
(1, 1) 𝑋3
(−2, 1) 𝑌1
(1,−2) 𝑌2
(−1,−1) 𝑌3

(Note that since the weight vectors form a basis for sl3, there can be no other weights.)

Definition 6.2.4. A root of sl3 is a non-zero weight of the adjoint representation
adsl3 . In other words, a root is a pair (𝑎1, 𝑎2) of integers, not both zero, such
that there exists 𝑍 ≠ 0 in sl3 with [𝐻𝑖 , 𝑍 ] = 𝑎𝑖𝑍 for 𝑖 = 1, 2. We see from
Exercise 6.6 that sl3 has exactly 6 roots.

Exercise 6.7. Let
𝛼1 = (2,−1), 𝛼2 = (−1, 2).

Check that all the roots of sl3 can be expressed as integer linear combinations of 𝛼1
and 𝛼2, with coefficients that are either both positive or both negative.

Definition 6.2.5. We will call 𝛼1 and 𝛼2 the positive simple roots of sl3. (This
is somewhat arbitrary: What we need is a choice of roots with the property in
Exercise 6.7.)

The following is the key computation for describing representations of sl3:

Lemma 6.2.6. Let (𝑉 , 𝜌) be a finite-dimensional complex representation of sl3, and
let 𝜇 be a weight of 𝜌 with weight vector 𝑣 . If 𝛼 is a root of sl3 with root vector 𝑍𝛼 ,
then for 𝐻 ∈ h we have

𝜌 (𝐻 )𝜌 (𝑍𝛼 ) (𝑣) = (𝜇 + 𝛼) (𝐻 )𝜌 (𝑍𝛼 )𝑣 .

Thus either 𝜌 (𝑍𝛼 ) (𝑣) = 0 or 𝜌 (𝑍𝛼 ) (𝑣) is a weight vector with weight 𝜇 + 𝛼 .

Proof. By definition, we have [𝐻,𝑍𝛼 ] = 𝛼 (𝐻 )𝑍𝛼 , so that

𝜌 (𝐻 )𝜌 (𝑍𝛼 ) (𝑣) = 𝜌 (𝑍𝛼 )𝜌 (𝐻 ) (𝑣) + 𝛼 (𝐻 )𝜌 (𝑍𝛼 ) (𝑣) = (𝜇 (𝐻 ) + 𝛼 (𝐻 ))𝜌 (𝑍𝛼 ) (𝑣) . □

If we start with a weight vector we can thus apply 𝜌 (𝑋𝑖) and 𝜌 (𝑌𝑖) to it to
get new weight vectors. Since 𝜌 is a finite-dimensional representation there can
only be finitely many weights, so iterating this process must always eventually
produce 0’s. For sl2 our strategy was to iterate 𝑋 to find a maximal eigenvalue
for 𝐻 . We now want to do something similar for sl3, which requires a notion
of one weight being “higher” than another:
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Definition 6.2.7. A weight 𝜇 is higher than 𝜇′ (and 𝜇′ is lower than 𝜇) if we can
write

𝜇 − 𝜇′ = 𝑎1𝛼1 + 𝑎2𝛼2
with 𝑎𝑖 ≥ 0 for 𝑖 = 1, 2. We write 𝜇 ⪰ 𝜇′ when 𝜇 is higher than 𝜇′.

Definition 6.2.8. If (𝑉 , 𝜌) is a representation of sl3, then a weight 𝜇 for 𝜌 is a
highest weight if for all weights 𝜇′ of 𝜌 we have 𝜇 ⪰ 𝜇′.

Definition 6.2.9. We say that a pair 𝜇 = (𝑎1, 𝑎2) in C2 is integral if the 𝑎𝑖 are
integers, and dominant if the 𝑎𝑖 are real and non-negative.

Remark 6.2.10. We make some simple observations about the notion of “higher”
weights:

• The relation ⪰ is only a partial order. For example 𝛼1 − 𝛼2 is neither lower
nor higher than 0.

• The coefficients 𝑎𝑖 when we write 𝜇 − 𝜇′ = 𝑎1𝛼1 + 𝑎2𝛼2 are not required to
be integers. For example, (1, 0) ⪰ (0, 0) since (1, 0) = 2

3𝛼1 +
1
3𝛼2.

• The partial ordering ⪰ is somewhat arbitrary, since it depends on our
choice of positive simple roots; the results we will prove about highest
weights would hold equally for any other choice.

6.3 The theorem of the highest weight

We can now state the following theorem, which summarizes the results we are
going to prove about the irreducible representations of sl3:

Theorem 6.3.1 (“Theorem of the highest weight”). Let𝑉 be a finite-dimensional
irreducible complex representation of sl3. Then:

(i) As a vector space, 𝑉 is the direct sum of its weight spaces.

(ii) The representation 𝑉 has a unique highest weight, which must be a dominant
integral weight.

(iii) If𝑉 ′ is another irreducible representation with the same highest weight as𝑉 , then
𝑉 ′ � 𝑉 .

Our goal for the rest of this section is to prove each part of this theorem
in turn. In the next section we will show that for every dominant integral pair
there exists an irreducible representation with that as its highest weight.

Lemma 6.3.2. Let (𝑉 , 𝜌) be a finite-dimensional irreducible complex representation
of sl3. Then there exists a basis of 𝑉 with respect to which which the operators 𝜌 (𝐻1)
and 𝜌 (𝐻2) are both diagonal. In other words, 𝑉 is the direct sum of its weight spaces.
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Proof. Let 𝑊 be the subspace of 𝑉 spanned by the simultaneous eigenvectors
of 𝜌 (𝐻1) and 𝜌 (𝐻2), i.e. the sum of the weight spaces in 𝑉 . Since weight vec-
tors for distinct weights are linearly independent, this sum is direct. Moreover,
𝑊 ≠ 0 since 𝑉 has at least one weight by Lemma 6.2.3. On the other hand,
Lemma 6.2.6 shows that if 𝑍 ∈ sl3 is a root vector, then 𝜌 (𝑍 ) takes 𝑊 to it-
self. Since sl3 is spanned by the root vectors together with 𝐻1 and 𝐻2 by Exer-
cise 6.6, it follows that𝑊 is an invariant subspace of𝑉 . Since𝑉 is by assumption
irreducible, we must then have𝑊 = 𝑉 , as required. □

Definition 6.3.3. A finite-dimensional complex representation (𝑉 , 𝜌) of sl3 is
highest weight cyclic with weight 𝜇 if there exists a weight vector 𝑣 ≠ 0 for 𝜇 such
that 𝜌 (𝑋𝑖)𝑣 = 0 for 𝑖 = 1, 2, and the only invariant subspace of 𝑉 that contains 𝑣
is 𝑉 itself.

Lemma 6.3.4 (Reordering lemma). Let g be a finite-dimensional Lie algebra and
(𝑉 , 𝜌) a representation of g. If𝑋1, . . . , 𝑋𝑚 is an ordered basis for g as a vector space, then
any expression of the form 𝜌 (𝑋𝑖1) · · · 𝜌 (𝑋𝑖𝑛 ) can be rewritten as a linear combination
of terms of the form 𝜌 (𝑋𝑚)𝑘𝑚 · · · 𝜌 (𝑋1)𝑘1 where 𝑘𝑖 ∈ N and 𝑘1 + · · · + 𝑘𝑚 ≤ 𝑛.

Proof. Since the commutator [𝜌 (𝑋 𝑗 ), 𝜌 (𝑋𝑘 )] is 𝜌 ( [𝑋 𝑗 , 𝑋𝑘 ]), which is some linear
combination of the 𝜌 (𝑋𝑖)’s, we can replace 𝜌 (𝑋 𝑗 )𝜌 (𝑋𝑘 ) by 𝜌 (𝑋𝑘 )𝜌 (𝑋 𝑗 ) at the
expense of introducing new terms with one fewer factor. Now we just need to
induct on the length 𝑛 of the sequence. □

Proposition 6.3.5. Let (𝑉 , 𝜌) be a highest weight cyclic representation of sl3 with
weight 𝜇 . Then 𝜇 is the unique highest weight of 𝜌 , and the weight space of 𝜇 is
1-dimensional.

Proof. Let 𝑣 be a weight vector for 𝜇 that exhibits 𝜌 as highest weight cyclic,
and define 𝑊 to be the subspace of 𝑉 spanned by the elements of the form
𝑤 = 𝜌 (𝑌𝑖1) · · · 𝜌 (𝑌𝑖𝑛 ) (𝑣). We then claim that𝑊 is invariant. Indeed, if we apply
𝜌 (𝑍 ) to 𝑤 , where 𝑍 is some basis element, we can use Lemma 6.3.4 to express
this as a sum of terms of the form

𝜌 (𝑌1)𝜂1𝜌 (𝑌2)𝜂2𝜌 (𝑌3)𝜂3𝜌 (𝐻1)𝑖1𝜌 (𝐻2)𝑖2𝜌 (𝑋1)𝜉1𝜌 (𝑋2)𝜉2𝜌 (𝑋3)𝜉3𝑣 .

If any of the 𝜉𝑖 are non-zero, we get 0, so we may without loss of generality
assume 𝜉𝑖 = 0 for all three 𝑖; then since 𝑣 is an eigenvector for 𝜌 (𝐻𝑖), we see that
this term is some multiple of 𝜌 (𝑌𝑖)’s applied to 𝑣 and so lies in𝑊 , as required.
Thus𝑊 is an invariant subspace of 𝑉 that contains 𝑣 , and so by assumption we
have𝑊 = 𝑉 .

Moreover, by Lemma 6.2.6 each element𝑤 as above with 𝑛 > 0 is a weight
vector with weight lower than 𝜇, since 𝑌1, 𝑌2, 𝑌3 are root vectors for the roots
−𝛼1,−𝛼2,−𝛼1 − 𝛼2, respectively. Thus the only weight vectors in𝑊 = 𝑉 with
weight 𝜇 are the multiples of 𝑣 , and all other weights that occur are strictly lower
than 𝜇. □
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Proposition 6.3.6. Every finite-dimensional irreducible complex representation of
sl3 is a highest weight cyclic representation.

Proof. Let (𝑉 , 𝜌) be a finite-dimensional irreducible complex representation of
sl3. By Lemma 6.3.2 the vector space 𝑉 is the direct sum of its weight spaces.
Since 𝑉 is finite-dimensional, there can be only finitely many weights, and so
we can find a maximal weight 𝜇, meaning that if 𝜇′ is a weight such that 𝜇′ ⪰ 𝜇
then 𝜇′ = 𝜇. By Lemma 6.2.6 this means that if 𝑣 ≠ 0 is weight vector with
weight 𝜇 then 𝜌 (𝑋𝑖) (𝑣) = 0 for 𝑖 = 1, 2. Since 𝑉 is irreducible, it follows that it
is highest weight cyclic. □

Combining Proposition 6.3.6 and Proposition 6.3.5 we get:

Corollary 6.3.7. Every finite-dimensional irreducible complex representation of sl3
has a unique highest weight, and the weight space for this weight is one-dimensional. □

Proposition 6.3.8. Suppose (𝑉 , 𝜌) is a finite-dimensional highest weight cyclic rep-
resentation of sl3 that is completely reducible2. Then 𝑉 is irreducible.

Proof. Suppose 𝑣 ∈ 𝑉 exhibits 𝜌 as highest weight cyclic with weight 𝜇. Since
𝑉 is completely reducible, we have 𝑉 �

⊕
𝑉𝑖 where each 𝑉𝑖 is irreducible. By

Lemma 6.3.2 each 𝑉𝑖 is a direct sum of its weight spaces. It can be shown (see
[2, Proposition A.17]) that since the weight 𝜇 occurs in𝑉 , it must occur in some
𝑉𝑖 . But by Proposition 6.3.5 the weight space for 𝜇 in𝑉 is 1-dimensional, so this
means that 𝑣 must lie in some 𝑉𝑖 . Then 𝑉𝑖 is an invariant subspace that contains
𝑣 , whence 𝑉 = 𝑉𝑖 as required. □

Proposition 6.3.9. Two irreducible representations of sl3 with the same highest
weight are isomorphic.

Proof. Suppose (𝑉 , 𝜌) and (𝑊,𝜎) are two irreducible representations of sl3 with
the same highest weight 𝜇, and let 𝑣 ∈ 𝑉 and 𝑤 ∈ 𝑊 be highest weight vec-
tors. Let𝑈 be the smallest subrepresentation of𝑉 ⊕𝑊 that contains (𝑣,𝑤). Then
(𝑣,𝑤) exhibits𝑈 as highest weight cyclic, and since the direct sum𝑉 ⊕𝑊 is triv-
ially a completely reducible representation, so is the subspace𝑈 by Lemma 5.3.7.
It follows from Proposition 6.3.8 that𝑈 is irreducible. The projections𝑉 ⊕𝑊 →
𝑉 ,𝑊 are intertwining maps, so their restrictions to 𝑈 are either isomorphisms
or 0 by Proposition 5.2.7. But since the image contains 𝑣 or 𝑤 , respectively,
they cannot be 0, and so we have isomorphisms

𝑉
∼←− 𝑈 ∼−→𝑊,

which in particular implies that 𝑉 �𝑊 . □

2In fact, since sl3 � su3 ⊗C and SU3 is compact and simply connected, it follows from The-
orem 5.3.10 that all finite-dimensional complex representations of sl3 are completely reducible,
but we do not need this assumption.
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Proposition 6.3.10. Let (𝑉 , 𝜌) be an irreducible representation of sl3 with highest
weight 𝜇 = (𝑎1, 𝑎2). Then 𝜇 is dominant integral, i.e. 𝑎𝑖 is a non-negative integer for
𝑖 = 1, 2.

Proof. We already saw in Lemma 6.2.3 that the 𝑎𝑖 are integers. If 𝑣 is a highest
weight vector with weight 𝜇 then we must have 𝜌 (𝑋𝑖)𝑣 = 0 for 𝑖 = 1, 2. Apply-
ing Proposition 6.1.3 to the two copies of sl2 in sl3 we conclude that 𝑎𝑖 must
be non-negative. □

Remark 6.3.11. Note that in a sense we have hardly used anything specific
about sl3 in this section. One of our goals in the next chapter will be to identify
a general class of complex Lie algebras for which exactly the same arguments
go through to give a classification of their irreducible representations in terms
of “highest weights”.

Exercise 6.8. Show that the adjoint representation of sl3 on itself is irreducible with
highest weight (1, 1).

Exercise 6.9. Show that the standard representation of sl3 on C3 is irreducible with
highest weight (1, 0).

6.4 Tensor products and irreducible sl3-representations

Our goal in this section is to show that for every dominant integral weight,
there exists a (necessarily unique) irreducible sl3-representation with that as its
highest weight. To do this, we will show that for any such weight 𝜇 there exists
a completely reducible representation𝑉 with 𝜇 as its highest weight; the small-
est invariant subspace of 𝑉 that contains a highest weight vector for 𝜇 is then
highest weight cyclic and completely reducible, and so irreducible by Propo-
sition 6.3.83. In order to construct these representations we need to introduce
two general algebraic constructions for making new representations, namely
tensor products and duals.

We begin by defining tensor products of group representations (see §A.3
for a review of tensor products of vector spaces):

Definition 6.4.1. Let 𝐺 and 𝐻 be matrix groups. Suppose (𝑈 , 𝜌) and (𝑉 , 𝜎)
are representations of𝐺 and 𝐻 , respectively. Then we define the representation
(𝑈 ⊗ 𝑉 , 𝜌 ⊠ 𝜎) of 𝐺 × 𝐻 by setting

(𝜌 ⊠ 𝜎) (𝑔, ℎ) := 𝜌 (𝑔) ⊗ 𝜎 (ℎ)

for 𝑔 ∈ 𝐺 , ℎ ∈ 𝐻 .
3One can also give completely explicit descriptions of these representations.
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Exercise 6.10. Use Exercise A.5 to show that for K-vector spaces 𝑈 and 𝑉 , taking
tensor products of linear maps yields a bilinear map

End(𝑈 ) × End(𝑉 ) → End(𝑈 ⊗ 𝑉 ),

given by (𝑓 , 𝑔) ↦→ 𝑓 ⊗ 𝑔, and this is compatible with composition. Conclude that (for
K = R or C) this restricts to a continuous homomorphism

GL(𝑈 ) ×GL(𝑉 ) → GL(𝑈 ⊗ 𝑉 ),

and that for representations 𝜌 : 𝐺 → GL(𝑈 ), 𝜎 : 𝐻 → GL(𝑉 ), our definition of 𝜌 ⊠ 𝜎
corresponds to the composite

𝐺 × 𝐻 → GL(𝑈 ) ×GL(𝑉 ) → GL(𝑈 ⊗ 𝑉 );

in particular, 𝜌 ⊠ 𝜎 is indeed a representation.

Definition 6.4.2. Let 𝐺 be a matrix group. Suppose (𝑈 , 𝜌) and (𝑉 , 𝜎) are two
representations of 𝐺 . Then we define the representation (𝑈 ⊗𝑉 , 𝜌 ⊗ 𝜎) of 𝐺 by
setting

(𝜌 ⊗ 𝜎) (𝑔) := 𝜌 (𝑔) ⊗ 𝜎 (𝑔)
for 𝑔 ∈ 𝐺 .

Remark 6.4.3. The representation 𝜌 ⊗ 𝜎 of 𝐺 above is by definition obtained
by restricting the representation 𝜌 ⊠ 𝜎 of 𝐺 ×𝐺 along the diagonal 𝐺 → 𝐺 ×𝐺 .
In particular, 𝜌 ⊗ 𝜎 is indeed a representation.

Lemma 6.4.4. Suppose 𝑈 and 𝑉 are K-vector spaces for K = R or C, and let
𝜇 : GL(𝑈 ) × GL(𝑉 ) → GL(𝑈 ⊗ 𝑉 ) be the continuous homomorphism given by
𝜇 (𝑓 , 𝑔) = 𝑓 ⊗ 𝑔. Then L(𝜇) : gl(𝑈 ) ⊕ gl(𝑉 ) → gl(𝑈 ⊗ 𝑉 ) is given by

L(𝜇) (𝑋,𝑌 ) = 𝑋 ⊗ 𝐼 + 𝐼 ⊗ 𝑌 .

Proof. Suppose we have a smooth curve 𝑢 (𝑡) in 𝑈 and 𝑣 (𝑡) in 𝑉 . By calculating
in a basis, we get the following product rule for differentiation:

d
d𝑡
𝑢 (𝑡) ⊗ 𝑣 (𝑡) = 𝑢′(𝑡) ⊗ 𝑣 (𝑡) + 𝑢 (𝑡) ⊗ 𝑣 ′(𝑡).

Applying this to 𝑒𝑡𝑋 (𝑢) and 𝑒𝑡𝑌 (𝑣) for 𝑋 ∈ gl(𝑈 ), 𝑌 ∈ gl(𝑉 ), 𝑢 ∈ 𝑈 and 𝑣 ∈ 𝑉 ,
we get

d
d𝑡
𝑒𝑡𝑋 (𝑢) ⊗ 𝑒𝑡𝑌 (𝑣) = 𝑋𝑒𝑡𝑋 (𝑢) ⊗ 𝑒𝑡𝑌 (𝑣) + 𝑒𝑡𝑋 (𝑢) ⊗ 𝑌𝑒𝑡𝑌 (𝑣),

and so

L(𝜇) (𝑋,𝑌 ) (𝑢, 𝑣) = d
d𝑡

����
𝑡=0

𝑒𝑡𝑋 (𝑢) ⊗ 𝑒𝑡𝑌 (𝑣) = 𝑋𝑢 ⊗ 𝑣 + 𝑢 ⊗ 𝑌𝑣,

as required. □
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Lemma 6.4.4 suggests the following definitions of tensor products of Lie
algebra representations:

Definition 6.4.5. Let g and h be K-Lie algebras (for K = R or C), and let
(𝑈 , 𝜌) and (𝑉 , 𝜎) be representations of g and h, respectively. The representation
(𝑈 ⊗ 𝑉 , 𝜌 ⊠ 𝜎) of g ⊕ h is defined by

(𝜌 ⊠ 𝜎) (𝑋,𝑌 ) = 𝜌 (𝑋 ) ⊗ 𝐼 + 𝐼 ⊗ 𝜎 (𝑌 ) .

Similarly, if (𝑈 , 𝜌) and (𝑉 , 𝜎) are both representations of g, then the represen-
tation (𝑈 ⊗ 𝑉 , 𝜌 ⊗ 𝜎) of g is defined by

(𝜌 ⊗ 𝜎) (𝑋 ) = 𝜌 (𝑋 ) ⊗ 𝐼 + 𝐼 ⊗ 𝜎 (𝑋 ) .

We then have the following immediate consequence of Lemma 6.4.4:

Lemma 6.4.6. Let 𝐺 and 𝐻 be matrix groups with Lie algebras g and h.

(i) If (𝑈 , 𝜌) and (𝑉 , 𝜎) are representations of𝐺 and 𝐻 , respectively, then the induced
Lie algebra representation of g ⊕ h from 𝜌 ⊠ 𝜎 is

L(𝜌 ⊠ 𝜎) = L(𝜌) ⊠ L(𝜎) .

(ii) If (𝑈 , 𝜌) and (𝑉 , 𝜎) are representations of 𝐺 , then the induced Lie algebra rep-
resentation of g from 𝜌 ⊗ 𝜎 is

L(𝜌 ⊗ 𝜎) = L(𝜌) ⊗ L(𝜎).

We next want to define dual representations, for which we make use of the
following definition and calculation:

Exercise 6.11. Show that for (finite-dimensional) K-vector spaces𝑈 and𝑉 (with K = R

or C) there is a continuous homomorphism

𝛼 : GL(𝑈 ) ×GL(𝑉 ) → GL(Hom(𝑈 ,𝑉 ))

given by
𝛼 (𝑓 , 𝑔) (𝜙) = 𝑔 ◦ 𝜙 ◦ 𝑓 −1

for 𝑓 ∈ GL(𝑈 ), 𝑔 ∈ GL(𝑉 ), 𝜙 ∈ Hom(𝑈 ,𝑉 ). (Note that we do not get a homomor-
phism if we don’t take the inverse of 𝑓 .)

Lemma 6.4.7. For 𝑈 ,𝑉 and 𝛼 as above, the Lie algebra homomorphism

L(𝛼) : gl(𝑈 ) ⊕ gl(𝑉 ) → gl(Hom(𝑈 ,𝑉 ))

is given by
L(𝛼) (𝑋,𝑌 ) (𝜙) = 𝑌 ◦ 𝜙 − 𝜙 ◦ 𝑋 .
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Proof. From the chain rule, we have

d
d𝑡
𝑒𝑡𝑌 ◦ 𝜙 ◦ 𝑒−𝑡𝑋 = 𝑌𝑒𝑡𝑌 ◦ 𝜙 ◦ 𝑒−𝑡𝑋 + 𝑒𝑡𝑌 ◦ 𝜙 ◦ (−𝑋 )𝑒−𝑡𝑋 ,

so that
L(𝛼) (𝑋,𝑌 ) (𝜙) = d

d𝑡

����
𝑡=0

𝑒𝑡𝑌 ◦ 𝜙 ◦ 𝑒−𝑡𝑋 = 𝑌 ◦ 𝜙 − 𝜙 ◦ 𝑋 .

□

Exercise 6.12. If (𝑈 , 𝜌) and (𝑉 , 𝜎) are representations of 𝐺 and 𝐻 , respectively, show
that there is a representation Hom(𝜌, 𝜎) of 𝐺 × 𝐻 on Hom(𝑈 ,𝑉 ) given by

Hom(𝜌, 𝜎) (𝑔, ℎ) (𝜙) = 𝜎 (ℎ) ◦ 𝜙 ◦ 𝜌 (𝑔)−1.

Find the induced Lie algebra representation.

Definition 6.4.8. Given a K-representation (𝑈 , 𝜌) of a matrix group 𝐺 , the
dual representation 𝜌∗ on 𝑈 ∗ := Hom(𝑈 ,K) is defined by

𝜌∗(𝑔) (𝜙) = 𝜙 ◦ 𝜌 (𝑔)−1 =
(
𝜌 (𝑔)−1

)∗
𝜙.

Similarly, if (𝑈 , 𝜌) is a representation of a Lie algebra g, the dual representation
𝜌∗ on 𝑈 ∗ is defined by

𝜌∗(𝑋 ) (𝜙) = −𝜙 ◦ 𝑋 = −𝑋 ∗𝜙.

Then L(𝜌∗) = L(𝜌)∗ for 𝜌 a matrix group representation.

Remark 6.4.9. Suppose (𝑉 , 𝜌) is a K-representation of a matrix group𝐺 . If we
pick a basis for 𝑉 , we can identify 𝜌 with a homomorphism 𝑅 : 𝐺 → GL𝑛 (K)
(where 𝑛 = dimK 𝑉 ). In the dual basis of 𝑉 ∗, the representation 𝜌∗ corresponds
to 𝑔 ↦→

(
𝑅(𝑔)−1

)𝑇 . Similarly, if 𝜌 is instead a representation of a Lie algebra g,
then 𝜌∗ corresponds to 𝑋 ↦→ −𝑅(𝑋 )𝑇 .

Proposition 6.4.10. Suppose (𝑈 , 𝜌) and (𝑉 , 𝜎) are unitary representations of a ma-
trix group 𝐺 or a Lie algebra g.

1. The tensor product representation (𝑈 ⊗ 𝑉 , 𝜌 ⊗ 𝜎) is also unitary.

2. The dual representation (𝑈 ∗, 𝜌∗) is also unitary.

Exercise 6.13. Suppose 𝑈 and 𝑉 are inner product spaces over K, for K = R or C.
Show that if we set

⟨𝑢 ⊗ 𝑣,𝑢′ ⊗ 𝑣 ′⟩ := ⟨𝑢,𝑢′⟩⟨𝑣, 𝑣 ′⟩

for 𝑢,𝑢′ ∈ 𝑈 , 𝑣, 𝑣 ′ ∈ 𝑉 and extend this linearly, then we get an inner product on 𝑈 ⊗𝑉 .
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Proof of Proposition 6.4.10. We consider the group case; the Lie algebra case is
proved similarly. Using the inner product on𝑈 ⊗𝑉 from Exercise 6.13, we have
for 𝑢,𝑢′ ∈ 𝑈 , 𝑣, 𝑣 ′ ∈ 𝑉 , 𝑔 ∈ 𝐺 that

⟨(𝜌 ⊗ 𝜎) (𝑔) (𝑢 ⊗ 𝑣), (𝜌 ⊗ 𝜎) (𝑔) (𝑢′ ⊗ 𝑣 ′)⟩ = ⟨𝜌 (𝑔) (𝑢) ⊗ 𝜎 (𝑔) (𝑣), 𝜌 (𝑔) (𝑢′) ⊗ 𝜎 (𝑔) (𝑣 ′)⟩
= ⟨𝜌 (𝑔) (𝑢), 𝜌 (𝑔) (𝑢′)⟩⟨𝜎 (𝑔)𝑣, 𝜎 (𝑔) (𝑣 ′)⟩
= ⟨𝑢,𝑢′⟩⟨𝑣, 𝑣 ′⟩
= ⟨𝑢 ⊗ 𝑣,𝑢′ ⊗ 𝑣 ′⟩.

Extending this linearly, we see that 𝜌 ⊗ 𝜎 is unitary.
In the case of the dual, suppose we pick a basis for 𝑈 so that 𝜌 (𝑔) is rep-

resented by a matrix 𝑅(𝑔); the representation 𝜌 is unitary if and only if the
matrices 𝑅(𝑔) are unitary. If we take the dual basis on 𝑈 ∗, then 𝜌∗(𝑔) is repre-
sented by the matrix 𝑅(𝑔−1)𝑇 . It is clear that the transpose of a unitary matrix
is again unitary (and in fact we have 𝑅(𝑔−1)𝑇 = 𝑅(𝑔)), so this is again a unitary
representation. □

We are now ready to return to our study of sl3. Recall from Exercise 6.9
that the standard representation of sl3 on C3 is irreducible with highest weight
(1, 0).

Exercise 6.14. Show that the dual of the standard representation is irreducible with
highest weight (0, 1). (Use that the dual representation is given by 𝑋 ∈ sl3 acting on
C3 as −𝑋𝑇 .)

Exercise 6.15. Check that both the standard representation of sl3 and its dual are uni-
tary when restricted to representations of the real Lie algebra su3.

Exercise 6.16. Suppose 𝑈 and 𝑉 are representations of sl3, and that 𝑢 ∈ 𝑈 and 𝑣 ∈ 𝑉
are weight vectors for weights 𝜇, 𝜈 , respectively. Show that 𝑢 ⊗ 𝑣 is a weight vector for
𝜇 + 𝜈 in 𝑈 ⊗ 𝑉 .

Proposition 6.4.11. Let 𝜇 be a dominant integeral weight for sl3, i.e.𝜇 = (𝑎, 𝑏) where
𝑎 and 𝑏 are non-negative integers. Then there exists a finite-dimensional irreducible
complex sl3-representation whose highest weight is 𝜇 .

Proof. Let 𝑉 denote the standard representation of sl3 and 𝑣 a highest weight
vector with weight (1, 0). By Exercise 6.14 the dual representation 𝑉 ∗ is ir-
reducible with highest weight (0, 1); let 𝑤 be a corresponding weight vector.
Now consider the iterated tensor product𝑉 ⊗𝑎⊗ (𝑉 ∗)⊗𝑏 . By Exercise 6.16 it con-
tains a weight vector 𝑣𝑎,𝑏 := 𝑣⊗𝑎 ⊗ 𝑤⊗𝑏 with weight (𝑎, 𝑏). It is also clear from
the formulas for tensor products of Lie algebra representations that 𝑋𝑖 (𝑣𝑎,𝑏) = 0
for 𝑖 = 1, 2, so if we let 𝑉𝑎,𝑏 be the smallest invariant subspace containing 𝑣𝑎,𝑏
then this is a highest weight cyclic representation for 𝜇. By Proposition 6.3.8,
this representation is irreducible provided 𝑉𝑎,𝑏 is completely reducible. This
does follows from Corollary 5.3.11 since SU3 is compact and simply connected,
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but we do not need to appeal to this result: Instead, first observe that it suffices
by Lemma 5.3.7 to show that the tensor product 𝑉 ⊗𝑎 ⊗ (𝑉 ∗)⊗𝑏 is completely
reducible, and since sl3 � su3 ⊗ C we can equivalently show that this is com-
pletely reducible as an su3-representation. But 𝑉 and 𝑉 ∗ are unitary as rep-
resentations of su3 by Exercise 6.15, hence so is the iterated tensor product by
Proposition 6.4.10, and it is then completely reducible by Proposition 5.3.8. □

Remark 6.4.12. We have shown that for any 𝑎, 𝑏 ∈ N there exists a unique
irreducible representation𝑉𝑎,𝑏 of sl3 with highest weight (𝑎, 𝑏). There are some
obvious questions we might ask about these representations:

• What is the dimension of 𝑉𝑎,𝑏?

• Which other weights occur in 𝑉𝑎,𝑏?

• What are the multiplicities of these weights?

The answers to all three questions are known, but we will not say anything
further at this point.
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Chapter 7

Complex semisimple Lie
algebras and their
representations

7.1 Simple and semisimple Lie algebras

Our goal is to extend the classification of representations we worked out for sl3
to a more general class of Lie algebras: the complex semisimple Lie algebras. In
this section we introduce this notion from an algebraic perspective and look at
some examples.

Definition 7.1.1. Let g be a finite-dimensional K-Lie algebra (K = R or C).
An ideal of g is a K-subspace h ⊆ g such that [𝑋,𝐻 ] ∈ h for all 𝑋 ∈ g and 𝐻 ∈ h.
(Note that if h ⊆ g is an ideal, then h is in particular closed under Lie brackets,
and so is a Lie subalgebra.) We say that g is irreducible if its only ideals are 0 and
g, and simple if it is irreducible and not abelian (or equivalently, if dimK g > 1).

Remark 7.1.2. An ideal in g is precisely a g-invariant subspace for the adjoint
representation of g on itself. Thus g is an irreducible Lie algebra if and only if
the adjoint representation is irreducible.

Example 7.1.3. The adjoint representations of sl2 and sl3 are irreducible by
Exercises 6.3 and 6.8, respectively. Thus the Lie algebras sl2 and sl3 are both
simple, since their dimensions are greater than 1.

Definition 7.1.4. A Lie algebra g is reductive if there is a an isomorphism of Lie
algebras

g � g1 ⊕ · · · ⊕ g𝑛

where each g𝑖 is irreducible. If each g𝑖 is in fact simple, we say that g is semisim-
ple.
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Exercise 7.1. Show that gl𝑛 is the direct sum of Lie algebras C · 𝐼 ⊕ sl𝑛. Conclude
(using Proposition 7.1.11) that gl𝑛 is reductive, but not semisimple.

Lemma 7.1.5. A Lie algebra g is reductive if and only if the adjoint representation is
completely reducible.

Proof. First suppose g is reductive, so that g = g1 ⊕ · · · ⊕ g𝑛 where g𝑖 is irre-
ducible. Then each g𝑖 is an ideal: The direct sum decomposition of g as a Lie
algebra means that [𝑋,𝑌 ] = 0 if 𝑋 ∈ g𝑖 and 𝑌 ∈ g𝑗 with 𝑖 ≠ 𝑗 . Thus if 𝑋 =

∑
𝑋𝑖

with 𝑋𝑖 ∈ g𝑖 and 𝑌 ∈ g𝑗 then [𝑋,𝑌 ] = [𝑋 𝑗 , 𝑌 ] ∈ g𝑗 . The direct sum decompo-
sition therefore gives a decomposition of the adjoint representation as a sum of
representations. Moreover, each g𝑖 is irreducible as a g-representation since an
invariant subspace would in particular be an ideal of g𝑖 .

Now suppose the adjoint representation is completely reducible, so that

g = h1 ⊕ · · · ⊕ h𝑛

where h𝑖 is an irreducible representation of g. We claim this gives a decompo-
sition of g as a direct sum of Lie algebras. Indeed, if 𝑋 ∈ h𝑖 and 𝑌 ∈ h𝑗 then
[𝑋,𝑌 ] ∈ h𝑗 since h𝑗 is an ideal, but we also have [𝑋,𝑌 ] = −[𝑌,𝑋 ] which lies in
h𝑖 as this is an ideal. Thus [𝑋,𝑌 ] ∈ h𝑖 ∩ h𝑗 , which is 0 if 𝑖 ≠ 𝑗 . Moreover, if
𝑋 =

∑
𝑋𝑖 with 𝑋𝑖 ∈ h𝑖 and 𝑌 ∈ h𝑗 , then [𝑋,𝑌 ] = [𝑋 𝑗 , 𝑌 ], which means that any

ideal of h𝑗 is also g-invariant. Thus h𝑗 must be an irreducible Lie algebra as it is
an irreducible g-representation. □

Definition 7.1.6. If g is a Lie algebra, its centre z(g) is the subspace of g con-
sisting of elements 𝑍 such that [𝑋,𝑍 ] = 0 for all 𝑋 ∈ g. Note that z(g) is always
an ideal of g.

Observation 7.1.7. If g is an R-Lie algebra then z(g) ⊗ C � z(g ⊗ C): If
𝑍 ∈ z(g) then [𝑍,𝑋 + 𝑖𝑌 ] = [𝑍,𝑋 ] + 𝑖 [𝑍,𝑌 ] = 0, so z(g) ⊗ C ⊆ z(g ⊗ C).
Conversely if 𝑍 ∈ z(g ⊗ C) and 𝑍 = 𝑋 + 𝑖𝑌 with 𝑋,𝑌 ∈ g, then for 𝑉 ∈ g

we have [𝑍,𝑉 ] = [𝑋,𝑉 ] + 𝑖 [𝑌,𝑉 ] = 0 where [𝑋,𝑉 ] and [𝑌,𝑉 ] lie in g. Since
we have a direct sum decomposition of g ⊗ C as g ⊕ 𝑖g, this can only happen
if [𝑋,𝑉 ] = [𝑌,𝑉 ] = 0 for all 𝑉 ∈ g, so we must have 𝑋,𝑌 ∈ z(g), and hence
𝑍 ∈ z(g) ⊗ C.

Lemma 7.1.8. A reductive Lie algebra g is semisimple if and only if z(g) = 0.

Proof. Suppose g is reductive. Since z(g) is an ideal, we can write g as z(g) ⊕ g′
where g′ decomposes as a sum of irreducible Lie algebras. If g is semisimple
then we must have z(g) = 0, or we would have a decomposition as a direct sum
of irreducible Lie algebras that are not all simple. Conversely, if z(g) = 0 then no
irreducible piece in the direct sum decomposition can be abelian, as otherwise
it would lie in z(g). □
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Proposition 7.1.9. If g is a complex semisimple Lie algebra, then the decomposition

g = g1 ⊕ · · · ⊕ g𝑛

of g as a direct sum of simple Lie algebras g𝑖 is unique up to reordering. (This means
the simple subalgebras g𝑖 are unique up to equality, not just isomorphism!)

Proof. We first note that as representations of g, the ideals g𝑗 are non-isomorphic:
the action of g𝑘 on g𝑗 is trivial for 𝑘 ≠ 𝑗 , but the action of g𝑗 on itself is non-
trivial, since it is not commutative. Suppose h is an ideal of g that is a simple
Lie algebra, and so in particular irreducible as a g-representation. For any 𝑗 ,
the projection map 𝜋 𝑗 : g → g𝑗 is an intertwining map for the adjoint repre-
sentation. By Schur’s Lemma, it follows that 𝜋 𝑗 |h : h → g𝑗 must be 0 or an
isomorphism. Given that h ≠ 0 there must be some index 𝑗 such that 𝜋 𝑗 |h ≠ 0.
But the representations g𝑗 are non-isomorphic for different values of 𝑗 , so 𝜋 𝑗 |h
can’t give an isomorphism for more than one index 𝑗 . Thus 𝜋 𝑗 |h is an isomor-
phism for a single 𝑗 and zero for all other indices, which means that h = g𝑗 . □

Remark 7.1.10. The conclusion of Proposition 7.1.9 is false if we consider a
complex Lie algebra g that is reductive, but not semisimple. For example,
a 2-dimensional commutative Lie algebra can be decomposed as a sum of 1-
dimensional subalgebras in many ways (since this just amounts to choosing a
basis).

Proposition 7.1.11. The complex Lie algebra sl𝑛 is simple for all 𝑛.

Proof. Let 𝐸𝑖 𝑗 denote the 𝑛 × 𝑛 matrix with 1 in position (𝑖, 𝑗) as its single non-
zero entry. Then the matrices 𝐸𝑖 𝑗 for 𝑖 ≠ 𝑗 and 𝐸𝑖𝑖 −𝐸𝑛𝑛 for 𝑖 = 1, . . . , 𝑛−1 form
a basis for the vector space sl𝑛, which consists of traceless 𝑛 ×𝑛 matrices. If 𝑋 is
any 𝑛 ×𝑛 matrix, the matrix product 𝑋𝐸𝑖 𝑗 has all columns 0 except the 𝑗th one,
which equals the 𝑖th column of 𝑋 , while 𝐸𝑖 𝑗𝑋 has all rows zero except the 𝑖th
one, which equals the 𝑗th row of𝑋 . Thus the commutator [𝑋, 𝐸𝑖 𝑗 ] = 𝑋𝐸𝑖 𝑗−𝐸𝑖 𝑗𝑋
is the matrix

©­­­­­­­­­­­«

𝑋1𝑖

0
... 0

𝑋 (𝑖−1)𝑖
−𝑋 𝑗1 · · · −𝑋 𝑗 ( 𝑗−1) 𝑋𝑖𝑖 − 𝑋 𝑗 𝑗 −𝑋 𝑗 ( 𝑗+1) · · · −𝑋 𝑗𝑛

𝑋 (𝑖+1)𝑖

0
... 0
𝑋𝑛𝑖

ª®®®®®®®®®®®¬
As a special case, we have

[𝐸𝑖 𝑗 , 𝐸 𝑗𝑘 ] =
{
𝐸𝑖𝑘 , 𝑖 ≠ 𝑘,

𝐸𝑖𝑖 − 𝐸 𝑗 𝑗 , 𝑖 = 𝑘.
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From this we get for 𝑖 ≠ 𝑗 that

[[𝐸𝑖 𝑗 , 𝐸 𝑗𝑖], 𝐸 𝑗𝑖] = [𝐸𝑖𝑖 − 𝐸 𝑗 𝑗 , 𝐸 𝑗𝑖] = −[𝐸 𝑗𝑖 , 𝐸𝑖𝑖] − [𝐸 𝑗 𝑗 , 𝐸 𝑗𝑖] = −2𝐸 𝑗𝑖 .
More generally, we can apply the calculation above twice to compute that for
𝑖 ≠ 𝑗 we have

[[𝑋, 𝐸𝑖 𝑗 ], 𝐸𝑖 𝑗 ] = −2𝑋 𝑗𝑖𝐸𝑖 𝑗 .
Now suppose h is an ideal of sl𝑛 and that 𝑋 ≠ 0 lies in h. If the entry 𝑋𝑖 𝑗 is
non-zero for some 𝑖 ≠ 𝑗 , then these computations imply:

(1) 𝐸𝑖 𝑗 ∈ h since [[𝑋, 𝐸𝑖 𝑗 ], 𝐸𝑖 𝑗 = −2𝑋 𝑗𝑖𝐸𝑖 𝑗 is in h,

(2) 𝐸𝑖𝑘 ∈ h for all 𝑘 ≠ 𝑖 since [𝐸𝑖 𝑗 , 𝐸 𝑗𝑘 ] = 𝐸𝑖𝑘 ,

(3) 𝐸𝑘𝑖 ∈ h for all 𝑘 ≠ 𝑖 since [[𝐸𝑖𝑘 , 𝐸𝑘𝑖], 𝐸𝑘𝑖] = −2𝐸𝑘𝑖 ,

(4) 𝐸𝑘𝑙 ∈ h for all 𝑘 ≠ 𝑙 since if 𝑘, 𝑗 ≠ 𝑙 we have [𝐸𝑘𝑖 , 𝐸𝑖𝑙 ] = 𝐸𝑘𝑙 .

(5) 𝐸𝑘𝑘 − 𝐸𝑛𝑛 ∈ h for all 1 ≤ 𝑘 < 𝑛 since [𝐸𝑘𝑛, 𝐸𝑛𝑘 ] = 𝐸𝑘𝑘 − 𝐸𝑛𝑛.

Thus all the basis vectors lie in h, which means h = sl𝑛.
The remaining case is where 𝑋𝑖 𝑗 = 0 for all 𝑖 ≠ 𝑗 , so that 𝑋 is diagonal.

There must be indices 𝑖 ≠ 𝑗 such that 𝑋𝑖𝑖 ≠ 𝑋 𝑗 𝑗 , since if they were all equal the
trace of 𝑋 ≠ 0 would be non-zero. For such an 𝑋 the computation above gives

[𝑋, 𝐸𝑖 𝑗 ] = (𝑋𝑖𝑖 − 𝑋 𝑗 𝑗 )𝐸𝑖 𝑗 ,
which implies that 𝐸𝑖 𝑗 ∈ h. Now the same argument as before shows that h =

sl𝑛. □

Exercise 7.2.
(i) Prove that a 4×4 skew-symmetric matrix (overK = R,C) can be uniquely written

as a sum of the form©­­­«
0 −𝑎 −𝑏 −𝑐
𝑎 0 −𝑐 𝑏

𝑏 𝑐 0 −𝑎
𝑐 −𝑏 𝑎 0

ª®®®¬ +
©­­­«
0 −𝑥 −𝑦 −𝑧
𝑥 0 𝑧 −𝑦
𝑦 −𝑧 0 𝑥

𝑧 𝑦 −𝑥 0

ª®®®¬ .
(ii) Use this to write down a natural basis for so4 (K) and compute the commutators.

(iii) Conclude that as a Lie algebra so4 (K) is the direct sum so3 (K) ⊕ so3 (K). In
particular, we have so4 � sl2 ⊕ sl2 (as so3 � so3 (R) ⊗ C � su2 ⊗ C � sl2), and
so so4 is semisimple, but not simple.

Remark 7.1.12. The isomorphism of so4(R) with su2 ⊕ su2 comes from a
double cover of SO4(R) by SU2 × SU2. This can be described in terms of
quaternions: if we identify R4 with H as a vector space, then every rotation of
R4 is of the form 𝑣 ↦→ 𝑞−1𝑣𝑞′ where 𝑞, 𝑞′ are unit quaternions (corresponding
to elements of SU2). See [4, §2.7] for more details.

Remark 7.1.13. One can also show by explicit matrix calculations that the Lie
algebras so𝑛 (for 𝑛 > 4) and sp𝑛 are simple. This is a bit more involved than for
sl𝑛, however; see [4, §6.5–6] for the details.
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7.2 Semisimplicity and compact groups

In this section we look at the relation between reductive (and semisimple) Lie
algebras and (simply connected) compact groups.

Proposition 7.2.1. Suppose 𝐾 is a compact matrix group with Lie algebra k. Then
the complex Lie algebra g := k ⊗ C is reductive.

Proof. The adjoint representation of g lifts to a representation of 𝐾 , namely the
complexification of the adjoint action of 𝐾 on k. This representation of 𝐾 is
completely reducible by Theorem 5.3.10. We may assume without loss of gen-
erality that 𝐾 is connected (since the identity component of a compact group is
again compact, and its Lie algebra is the same). Then Corollary 5.3.6 shows that
g is completely reducible as a representation of 𝐾 if and only if it is completely
reducible as a representation of g. □

In fact, the converse is also true:

Theorem 7.2.2. A complex Lie algebra g is reductive if and only if there exists a
compact matrix group 𝐾 with Lie algebra k such that g � k ⊗ C. □

In the situation of this theorem, the real Lie algebra k is called a compact real
form of the complex Lie algebra g. Proving the existence of such a compact real
form is beyond the scope of this course, but we will feel free to make use of this
characterization when it simplifies definitions and arguments. In particular, we
will make frequent use of the following consequence:

Proposition 7.2.3. Let g be a reductive complex Lie algebra, and suppose g � k⊗C
where k is the Lie algebra of a compact group 𝐾 . Then there exists an inner product on
g that is real-valued on k and such that the adjoint action of k on g is unitary in the
sense that

⟨[𝑋,𝑌 ], 𝑍 ⟩ = −⟨𝑌, [𝑋,𝑍 ]⟩
for 𝑋 ∈ k and 𝑌, 𝑍 ∈ g.

Proof. By the real analogue of Theorem 5.3.10, we can define a (real) inner prod-
uct on k that is invariant under the adjoint action of 𝐾 . On the Lie algebra level,
this means that the adjoint representation of k on itself is skew-symmetric, in
the sense that

⟨[𝑋,𝑌 ], 𝑍 ⟩ = −⟨𝑌, [𝑋,𝑍 ]⟩
for 𝑋,𝑌, 𝑍 ∈ k. This inner product extends to a complex inner product on g for
which the adjoint action of k is unitary. □

Observation 7.2.4. Suppose g and k are as in Proposition 7.2.3, and assume
that g has an inner product for which [𝑋, –] is unitary when 𝑋 ∈ k. For 𝑋 ∈ g
given as 𝑋1 + 𝑖𝑋2 with 𝑋1, 𝑋2 ∈ k, we define 𝑋 ∗ := −𝑋1 + 𝑖𝑋2. Then

⟨[𝑋,𝑌 ], 𝑍 ⟩ = ⟨𝑌, [𝑋 ∗, 𝑍 ]⟩
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for all 𝑌, 𝑍 ∈ g, since we have1

⟨[𝑋,𝑌 ], 𝑍 ⟩ = ⟨[𝑋1, 𝑌 ], 𝑍 ⟩ − 𝑖⟨[𝑋2, 𝑌 ], 𝑍 ⟩
= −⟨𝑌, [𝑋1, 𝑍 ]⟩ + 𝑖⟨𝑌, [𝑋2, 𝑍 ]⟩
= ⟨𝑌, [−𝑋1 + 𝑖𝑋2, 𝑍 ]⟩.

Observation 7.2.5. From Observation 7.1.7 and Lemma 7.1.8 it follows that if
𝐾 is a compact matrix group with Lie algebra k, then g := k ⊗C is semisimple if
and only if z(k) = 0.

Proposition 7.2.6. Suppose 𝐾 is a simply connected compact matrix group with Lie
algebra k. Then the complex Lie algebra g := k ⊗ C is semisimple.

For the proof we need the following consequence of Theorem 4.2.1:

Proposition 7.2.7. Suppose 𝐺 is a simply connected matrix group and that the Lie
algebra g of 𝐺 is a direct sum g � g1 ⊕ g2. Then there exist closed, simply connected
subgroups 𝐺1 and 𝐺2 of 𝐺 with Lie algebras g1 and g2, such that

𝐺 � 𝐺1 ×𝐺2.

Proof. Let 𝜋1 : g→ g be Lie algebra homomorphism given by projection to the
factor g1. Since 𝐺 is simply connected, there is a Lie algebra homomorphism
Π1 : 𝐺 → 𝐺 lifting 𝜋1 by Theorem 4.2.1. Then kerΠ1 is a closed subgroup
of 𝐺 with Lie algebra ker𝜋1 = g2 by Proposition 3.6.10. Let 𝐺2 be the identity
component of kerΠ1; this is a closed, connected subgroup of𝐺 with Lie algebra
g2. Considering the projection to g2, we similarly find a closed, connected
subgroup 𝐺1 with Lie algebra g1.

Note that since 𝜋1 is the identity on g1 and 𝐺1 is connected, the restriction
Π1 |𝐺1 must agree with the inclusion 𝐺1 ↩→ 𝐺 by Corollary 3.7.8. Moreover,
since 𝐺 is connected it also follows from Corollary 3.7.7 that the image of Π1 is
contained in 𝐺1.

To show that 𝐺1 is simply connected, consider a loop 𝛾 : [0, 1] → 𝐺1. Since
𝐺 is simply connected, there is a homotopy ℎ : [0, 1] × [0, 1] → 𝐺 connecting 𝛾
to a constant loop. If we define ℎ′ := Π1 ◦ ℎ, then this is a homotopy from 𝛾 to
a constant loop, but this lies in 𝐺1. Thus 𝐺1 is simply connected, as is 𝐺2 by the
same argument.

By assumption elements of g1 commute with those in g2. It follows from
Corollary 3.7.7 that the elements of 𝐺1 commute with those in 𝐺2, so that we
have a continuous homomorphism Φ : 𝐺1 × 𝐺2 → 𝐺 given by Φ(𝐴, 𝐵) = 𝐴𝐵,
whose associated Lie algebra homomorphism is an isomorphism. Since 𝐺 is
simply connected, there is a continuous homomorphism Ψ : 𝐺 → 𝐺1×𝐺2 whose
Lie algebra homomorphism is L(Φ)−1. Then Corollary 3.7.8 implies that Ψ is
inverse to Φ, and so Φ is an isomorphism, as required. □

1Assuming ⟨–, –⟩ is linear in the second variable — otherwise some signs change, but the end
result is the same.
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Proof of Proposition 7.2.6. Let z := z(k). The adjoint representation of k on itself
is completely reducible (by the real version of Proposition 5.3.8), so we have a
direct sum decomposition k � z ⊕ k′.

By Proposition 7.2.7 we have that 𝐾 � 𝑍 × 𝐾 ′ where 𝑍 and 𝐾 ′ are simply
connected closed subgroups with Lie algebras z and k′. Thus if 𝑛 = dim z, the
groups 𝑍 and R𝑛 are both simply connected matrix groups with Lie algebras
isomorphic to z. Then Exercise 4.1 implies that there is a continuous isomor-
phism 𝑍 � R𝑛. On the other hand, the group 𝑍 is compact, since it is a closed
subset of the compact group 𝐾 . This is a contradiction unless 𝑛 = 0, so we must
have z = 0.

Thus g is reductive by Proposition 7.2.1 and by Observation 7.1.7 we have
z(g) � z ⊗ C = 0. Thus g is semisimple by Lemma 7.1.8. □

The converse is also true here, though in the simply connected case we have
to extend from matrix groups to the more general setting of Lie groups:

Theorem 7.2.8. The following are equivalent for a C-Lie algebra g:

(1) g is semisimple.

(2) There exists a compact Lie group 𝐾 whose Lie algebra k has trivial centre, such
that g � k ⊗ C.

(3) There exists a simply connected compact Lie group 𝐾 with Lie algebra k, such that
g � k ⊗ C.

Examples 7.2.9. From Proposition 7.2.6 we get several families of examples of
complex semisimple Lie algebras:

(i) sl𝑛 � su𝑛 ⊗ C and SU𝑛 is simply connected and compact. Therefore sl𝑛
is semisimple for all 𝑛.

(ii) sp𝑛 � usp𝑛 ⊗ C and USp
𝑛

is simply connected and compact. Therefore
sp𝑛 is semisimple for all 𝑛.

(iii) so𝑛 � so𝑛 (R) ⊗ C and SO𝑛 (R) is compact. Therefore so𝑛 is reductive
for all 𝑛. In fact, so𝑛 is semisimple for 𝑛 ≥ 3, which can be shown by
checking that its centre is trivial. (Alternatively, we can find the universal
cover of SO𝑛 (R), the spin group Spin

𝑛
, and prove that this is still compact.)

7.3 Cartan subalgebras

In our analysis of representations of sl3, the subalgebra of diagonal matrices
played a key role. Here we introduce the notion of a Cartan subalgebra, which
formalizes the key properties this subalgebra has, and show that every semisim-
ple complex Lie algebra has one.
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Definition 7.3.1. Let g be a complex Lie algebra. A Cartan subalgebra of g is a
C-subspace h such that:

(1) For all 𝐻,𝐻 ′ in h, we have [𝐻,𝐻 ′] = 0. (Thus h is an abelian subalgebra of
g).

(2) If we have [𝐻,𝑋 ] = 0 for all 𝐻 ∈ h, then 𝑋 ∈ h. (Thus h is a maximal abelian
subalgebra.)

(3) The endomorphism adg (𝐻 ) = [𝐻, –] of g is diagonalizable for all 𝐻 ∈ h.

Observation 7.3.2. Since the endomorphisms ad(𝐻 ) for 𝐻 ∈ h commute, they
are in fact simultaneously diagonalizable.

Remark 7.3.3. Any finite-dimensional Lie algebra has a (non-zero) maximal
commutative subalgebra: any 1-dimensional subspace is a commutative subal-
gebra, and an increasing sequence of commutative subalgebras must necessarily
terminate since their dimensions will increase. The key distinguishing property
of a Cartan subalgebra is thus that the endomorphisms ad(𝐻 ) are diagonaliz-
able. In general, a finite-dimensional complex Lie algebra g may not have any
Cartan subalgebra, but we will see that g has one provided it is semisimple.

Proposition 7.3.4. Let g be a complex semisimple Lie algebra, and suppose 𝐾 is
a compact Lie group with Lie algebra k such that g � k ⊗ C. If t is a maximal
commutative subalgebra of k, then t ⊗ C is a Cartan subalgebra of g.

Proof. The subalgebra h := t ⊗ C of g is clearly commutative. To see that it is
maximal, suppose 𝑋 ∈ g satisfies [𝑇,𝑋 ] = 0 for 𝑇 ∈ t. If 𝑋 = 𝑋1 + 𝑖𝑋2 with
𝑋1, 𝑋2 ∈ k, then we have

[𝑇,𝑋 ] = [𝑇,𝑋1] + 𝑖 [𝑇,𝑋2] = 0.

Since these Lie brackets lie in k, we must have [𝑇,𝑋1] = [𝑇,𝑋2] = 0 for all𝑇 ∈ t.
The maximality of t then implies that 𝑋1, 𝑋2 must lie in t, so that 𝑋 lies in h, as
required.

To prove that [𝐻, –] is diagonalizable for 𝐻 ∈ h, we consider an inner prod-
uct as in Proposition 7.2.3. For 𝑇 in t, the endomorphism [𝑇, –] of h is skew-
Hermitian with respect to this inner product, and therefore diagonalizable.2
If 𝐻 = 𝑇1 + 𝑖𝑇2 with 𝑇1,𝑇2 ∈ then [𝑇1, –] and [𝑇2, –] are commuting diago-
nalizable endomorphisms, and therefore simultaneously diagonalizable. Then
[𝐻, –] = [𝑇1, –] + 𝑖 [𝑇2, –] is also diagonalizable, as required. □

Remark 7.3.5. One can also give a completely algebraic proof that a semisimple
Lie algebra has a Cartan subalgebra, without appealing to the existence of a
compact group 𝐾 . This takes considerably more work to establish, however.

2This follows from the fact that Hermitian matrices are diagonalizable after multiplication by
𝑖.
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Remark 7.3.6. We will only consider Cartan subalgebras of the form t ⊗ C

for t a maximal commutative subalgebra in a compact real form. In fact, it
can be shown that all Cartan subalgebras are of this form. Moreover, any two
Cartan subalgebras are isomorphic under some automorphism of g, so that the
following definition makes sense:

Definition 7.3.7. If g is a complex semisimple Lie algebra, then the rank of g
is the dimension of a Cartan subalgebra.

Example 7.3.8. A Cartan subalgebra of sl𝑛 is given by the traceless diagonal
matrices: If 𝐷 is diagonal with entries (𝜆1, . . . , 𝜆𝑛) then for any matrix 𝑋 we
have

[𝐷,𝑋 ]𝑖 𝑗 = (𝜆𝑖 − 𝜆 𝑗 )𝑋𝑖 𝑗 .
In particular, using the basis from Proposition 7.1.11 consisting of 𝐸𝑖 𝑗 (𝑖 ≠ 𝑗) and
𝐸𝑖𝑖 − 𝐸𝑛𝑛 (1 ≤ 𝑖 < 𝑛) we have

[𝐷, 𝐸𝑖 𝑗 ] = (𝜆𝑖 − 𝜆 𝑗 )𝐸𝑖 𝑗 , [𝐷, 𝐸𝑖𝑖 − 𝐸𝑛𝑛] = 0,

so 𝐷 acts diagonally in this basis. The traceless diagonal matrices certainly form
a commutative subalgebra of sl𝑛, so it remains to check that it is maximal. But
if 𝑋 satisfies [𝐷,𝑋 ] = 0 for any diagonal 𝐷, the computation above shows that
we must have 𝑋𝑖 𝑗 = 0 when 𝑖 ≠ 𝑗 (since we may choose 𝐷 such that 𝜆𝑖 ≠ 𝜆 𝑗 )
— in other words, 𝑋 must be diagonal. If we think of sl𝑛 as su𝑛 ⊗ C then this
Cartan subalgebra is t ⊗ C where t is the subalgebra of matrices of the form 𝑖𝐷

where 𝐷 is a traceless real diagonal matrix, which it is easy to see is a maximal
commutative subalgebra of su𝑛.

7.4 Roots and weights

Throughout this section we fix a semisimple complex Lie algebra g with com-
pact real form k, and a Cartan subalgebra h ⊆ g of the form t⊗C for t a maximal
commutative subalgebra of k. We can then extend the notion of weights to rep-
resentations of g:

Definition 7.4.1. Suppose (𝑉 , 𝜌) is a finite-dimensional complex representa-
tion of g. An element 𝜆 ∈ h∗ is a weight of 𝜌 if there exists 𝑣 ≠ 0 in 𝑉 such
that

𝜌 (𝐻 )𝑣 = 𝜆(𝐻 ) · 𝑣
for all𝐻 ∈ h. In this case we call 𝑣 a weight vector for 𝜆. The weight space of 𝜆 is the
subspace of 𝑉 consisting of weight vectors for 𝜆 (including 0); the multiplicity
of the weight 𝜆 is the dimension of its weight space.

Definition 7.4.2. A root of g is a non-zero weight of the adjoint representation,
i.e. an element 𝛼 ∈ h∗ such that there exists a non-zero 𝑋 ∈ g (a root vector for
𝛼) such that

[𝐻,𝑋 ] = 𝛼 (𝐻 ) · 𝑋

98



for all 𝐻 ∈ h. The root space g𝛼 of 𝛼 is the vector subspace of g consisting of all
elements for which this equation holds (including 0).

Observation 7.4.3. Let us write g0 also for the weight space of the 0 weight
in the adjoint representation. This consists of those elements 𝑋 ∈ g such that
[𝐻,𝑋 ] = 0 for 𝐻 ∈ h. The maximality of h then says that g0 = h.

Proposition 7.4.4. Suppose (𝑉 , 𝜌) is a finite-dimensional complex representation of
g and 𝜇 is a weight of 𝜌 . If ⟨–, –⟩ is an inner product on g as in Proposition 7.2.3, then
𝜇 = ⟨𝑀, –⟩ for a unique 𝑀 , which lies in 𝑖t.

Proof. The representation 𝜌 of g restricts to a representation 𝜌 |k of k (which
determines 𝜌 uniquely), and since k is the Lie algebra of a compact group there
exists an inner product on 𝑉 such that this representation is unitary. In other
words, we may assume that 𝜌 (𝑋 ) is skew-Hermitian for every 𝑋 ∈ k.

The inner product on g identifies any element 𝜇 ∈ h∗ with a unique linear
functional of the form ⟨𝑀, –⟩ where 𝑀 is in h. If 𝑋 ∈ 𝑉 is a weight vector for 𝜌,
then ⟨𝑀,𝑇 ⟩ is an eigenvalue of 𝜌 (𝑇 ) for𝑇 ∈ t, and since 𝜌 (𝑇 ) is skew-Hermitian
this eigenvalue must be pure imaginary.

We can write 𝑀 = 𝑀1 + 𝑖𝑀2 with 𝑀1, 𝑀2 ∈ t, so

⟨𝑀1,𝑇 ⟩ + 𝑖⟨𝑀2,𝑇 ⟩

is pure imaginary for all𝑇 ∈ t. Since the inner product is real on t, this can only
happen if 𝑀 = 𝑖𝑀2, as required. □

Corollary 7.4.5. Suppose 𝛼 is a root of g. If 𝑋 is a root vector for 𝛼 , then 𝑋 ∗ is a root
vector for −𝛼 . In particular, −𝛼 is also a root of g.

Proof. Write 𝑋 = 𝑋1 + 𝑖𝑋2 with 𝑋1, 𝑋2 ∈ k. Then we compute for 𝑇 ∈ t that

[𝑇,𝑋 ∗] = [𝑇,−𝑋1] + 𝑖 [𝑇,𝑋2] = [𝑇,𝑋 ]∗.

If 𝑋 is a root vector for 𝛼 , then we know from Proposition 7.4.4 that 𝛼 (𝑇 ) is
pure imaginary, say 𝛼 (𝑇 ) = 𝜆(𝑇 )𝑖 with 𝜆(𝑇 ) ∈ R for 𝑇 ∈ t. Thus

[𝑇,𝑋 ] = 𝛼 (𝑇 )𝑋 = −𝜆(𝑇 )𝑋2 + 𝜆(𝑇 )𝑖𝑋1,

giving

[𝑇,𝑋 ∗] = [𝑇,𝑋 ]∗ = 𝜆(𝑇 )𝑋2 + 𝜆(𝑇 )𝑖𝑋1 = −𝜆(𝑇 )𝑖 · (−𝑋1 + 𝑖𝑋2) = −𝛼 (𝑇 )𝑋 ∗.

By linearity, this identity extends to give

[𝐻,𝑋 ∗] = −𝛼 (𝐻 )𝑋 ∗

for all 𝐻 ∈ h = t ⊗ C, as required. □

99



Proposition 7.4.6. As a vector space, g decomposes as a direct sum

g � h ⊕
⊕
𝛼∈𝑅

g𝛼 ,

where 𝑅 is the set of roots.

Proof. By assumption, the endomorphisms [𝐻, –] are diagonalizable and com-
mute. They are therefore simultaneously diagonalizable, and it is not hard to
show that for any finite collection of simultaneously diagonalizable endomor-
phisms of a finite-dimensional vector space we get a decomposition as a direct
sum of weight spaces. □

Corollary 7.4.7. The roots span h∗.

Proof. Suppose the roots do not span h∗. Then there would exist a non-zero
𝐻 ∈ h such that 𝛼 (𝐻 ) = 0 for all roots 𝛼 . But this 𝐻 would then satisfy [𝐻,𝑋 ] =
𝛼 (𝐻 )𝑋 = 0 for 𝑋 ∈ g𝛼 and [𝐻,𝐻 ′] = 0 for all 𝐻 ′ ∈ h. From the decomposition
in Proposition 7.4.6 this implies that [𝐻,𝑋 ] = 0 for all 𝑋 ∈ g, i.e. 𝐻 is in the
centre of g. But this is impossible since g is semisimple. □

Proposition 7.4.8. Let (𝑉 , 𝜌) be a representation of g. If 𝑣 ∈ 𝑉 is a weight vector
for a weight 𝜆 ∈ h∗ and 𝑍 ∈ g is a root vector for a root 𝛼 , then 𝜌 (𝑍 ) (𝑣) is either 0 or
a weight vector for 𝜆 + 𝛼 .

Proof. Since [𝜌 (𝐻 ), 𝜌 (𝑍 )] = 𝜌 ( [𝐻,𝑍 ]) = 𝛼 (𝐻 )𝜌 (𝑍 ), we have

𝜌 (𝐻 )𝜌 (𝑍 ) (𝑣) = 𝜌 (𝑍 )𝜌 (𝐻 ) (𝑣) + 𝛼 (𝐻 )𝜌 (𝑍 ) (𝑣) = (𝜆(𝐻 ) + 𝛼 (𝐻 ))𝜌 (𝑍 ) (𝑣),

as required. □

Corollary 7.4.9. If 𝑍, 𝑍 ′ ∈ g are root vectors for 𝛼, 𝛽 ∈ h∗, respectively, then [𝑍, 𝑍 ′]
is either 0 or a root vector for 𝛼 + 𝛽 . In other words, we have

[g𝛼 , g𝛽 ] ⊆ g𝛼+𝛽

(where the right-hand side denotes h if 𝛼 + 𝛽 = 0 and 0 if 𝛼 + 𝛽 is not a root). □

Lemma 7.4.10. Let 𝛼 be a root.

(i) Suppose 𝑋 ∈ g𝛼 , 𝑌 ∈ g−𝛼 . Then [𝑋,𝑌 ] is in h and satisfies

⟨[𝑋,𝑌 ], 𝐻 ⟩ = 𝛼 (𝐻 )⟨𝑌,𝑋 ∗⟩.

(ii) Suppose 𝑋 ∈ g𝛼 . Then

𝛼 =
⟨[𝑋,𝑋 ∗], –⟩
∥𝑋 ∗∥2

.
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Proof. In part (i), we already know from Corollary 7.4.9 that [𝑋,𝑌 ] is in h = g0.
From Observation 7.2.4 and Corollary 7.4.5 we also know

⟨[𝑋,𝑌 ], 𝐻 ⟩ = ⟨𝑌, [𝑋 ∗, 𝐻 ]⟩ = −⟨𝑌, [𝐻,𝑋 ∗]⟩ = −⟨𝑌,−𝛼 (𝐻 )𝑋 ∗⟩ = 𝛼 (𝐻 )⟨𝑌,𝑋 ∗⟩,

since 𝑋 ∗ is a root vector for −𝛼 . Putting 𝑌 = 𝑋 ∗ now gives part (ii). □

Theorem 7.4.11. Let 𝛼 be a root. Then there exists 𝑋𝛼 ∈ g𝛼 such that if we set
𝑌𝛼 := 𝑋 ∗𝛼 ∈ g−𝛼 and 𝐻𝛼 := [𝑋𝛼 , 𝑋 ∗𝛼 ] we have the relations

[𝐻𝛼 , 𝑋𝛼 ] = 2𝑋𝛼 , [𝐻𝛼 , 𝑌𝛼 ] = −2𝑌𝛼 , [𝑋𝛼 , 𝑌𝛼 ] = 𝐻𝛼 .

In other words, the subspace s𝛼 spanned by these three elements is a subalgebra of g
isomorphic to sl2. Moreover, ⟨𝐻𝛼 , –⟩ is a multiple of 𝛼 .

Proof. Choose a non-zero 𝑋 ∈ g𝛼 . Then Lemma 7.4.10 shows that ⟨[𝑋,𝑋 ∗], –⟩
is a non-zero multiple of 𝛼 . In particular, [𝑋,𝑋 ∗] ≠ 0. Moreover, applying
Lemma 7.4.10 with 𝐻 := [𝑋,𝑋 ∗] we get

∥𝐻 ∥2 = 𝛼 (𝐻 )∥𝑋 ∗∥2,

so 𝛼 ( [𝑋,𝑋 ∗]) must be real and > 0. Let us define

𝐻𝛼 :=
2

𝛼 (𝐻 )𝐻, 𝑋𝛼 :=

√︄
2

𝛼 (𝐻 )𝑋, 𝑌𝛼 := 𝑋 ∗𝛼 =

√︄
2

𝛼 (𝐻 )𝑋
∗.

Then we have
[𝐻𝛼 , 𝑋𝛼 ] = 𝛼 (𝐻𝛼 )𝑋𝛼 = 2𝑋𝛼 ,

[𝐻𝛼 , 𝑌𝛼 ] = −𝛼 (𝐻𝛼 )𝑌𝛼 = −2𝑌𝛼 ,

[𝑋𝛼 , 𝑌𝛼 ] =
2

𝛼 (𝐻 ) [𝑋,𝑋
∗] = 𝐻𝛼 ,

as required. Finally, we note that 𝑋𝛼 , 𝑌𝛼 , 𝐻𝛼 are linearly independent since they
lie in weight spaces of g for distinct weights. □

Observation 7.4.12. Let 𝛼 be a root and write 𝐴𝛼 for the unique element of h
such that 𝛼 = ⟨𝐴𝛼 , –⟩. For 𝑋𝛼 , 𝑌𝛼 , 𝐻𝛼 as above, we have

[𝐻𝛼 , 𝑋𝛼 ] = 𝛼 (𝐻𝛼 )𝑋𝛼 = 2𝑋𝛼 ,

so ⟨𝐴𝛼 , 𝐻𝛼 ⟩ = 𝛼 (𝐻𝛼 ) = 2. Meanwhile, 𝐻𝛼 is a multiple of 𝐴𝛼 , so that we must
have

𝐻𝛼 =
2𝐴𝛼
⟨𝐴𝛼 , 𝐴𝛼 ⟩

.

Thus the element 𝐻𝛼 ∈ h is uniquely determined; it is called the coroot of 𝛼 .
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Corollary 7.4.13. Let (𝑉 , 𝜌) be a finite-dimensional complex representation of g,
and suppose 𝜇 is a weight of 𝜌 . Then for any root 𝛼 , the value 𝜇 (𝐻𝛼 ) must be an
integer. In particular, for any root 𝛽 of g, we have that 𝛽 (𝐻𝛼 ) is an integer.

Proof. Let 𝑋 ∈ 𝑉 be a weight vector for 𝜇. Then 𝜌 (𝐻𝛼 )𝑋 = 𝜇 (𝐻𝛼 ) · 𝑋 , so that
𝜇 (𝐻𝛼 ) is an eigenvalue of 𝐻𝛼 for the restriction of 𝜌 to an action of s𝛼 � sl2 on
𝑉 . It must therefore be an integer by Proposition 6.1.3. □

Notation 7.4.14. At this point it starts to become very convenient to use the
inner product to identify h with h∗, so that we can talk about the inner product
⟨𝛼, 𝛽⟩ = ⟨𝐴𝛼 , 𝐴𝛽⟩ of two roots. (Alternatively, we can identify the root 𝛼 with
the element𝐴𝛼 in h.) Note also that since the roots lie in 𝑖t, their inner products
are necessarily real

Observation 7.4.15. Using the formula for the coroot𝐻𝛼 in Observation 7.4.12,
we get

𝛽 (𝐻𝛼 ) = ⟨𝐴𝛽 , 𝐻𝛼 ⟩ = 2
⟨𝛽, 𝛼⟩
⟨𝛼, 𝛼⟩ .

We can interpret ⟨𝛽,𝛼 ⟩⟨𝛼,𝛼 ⟩𝛼 as the orthogonal projection of 𝛽 on 𝛼 , so Corol-
lary 7.4.13 says that for roots 𝛼 and 𝛽, the orthogonal projection of 𝛽 on 𝛼 must
be a half-integer multiple of 𝛼 .

Observation 7.4.16. The fact that 2⟨𝛽,𝛼 ⟩
⟨𝛼,𝛼 ⟩ is an integer severely constrains the

possible values of ⟨𝛽, 𝛼⟩: Recall that if 𝜃 is the angle between 𝛼 and 𝛽 (in the real
inner product space 𝑖t) then ⟨𝛽, 𝛼⟩ = ∥𝛼 ∥∥𝛽 ∥ cos𝜃 , so that

4 cos2 𝜃 =
2⟨𝛽, 𝛼⟩
⟨𝛼, 𝛼⟩ ·

2⟨𝛼, 𝛽⟩
⟨𝛽, 𝛽⟩

is a non-negative integer. As 0 ≤ cos2 𝜃 ≤ 1, the only possible values of the
left-hand side in this equation are 0, 1, 2, 3, 4. If we write

𝑚1 :=
2⟨𝛽, 𝛼⟩
⟨𝛼, 𝛼⟩ , 𝑚2 :=

2⟨𝛼, 𝛽⟩
⟨𝛽, 𝛽⟩

then𝑚1,𝑚2 are integers with the same sign, and if they are non-zero we have

∥𝛽 ∥/∥𝛼 ∥ =
√︁
𝑚2/𝑚1.

If we assume |𝑚2 | ≥ |𝑚1 |, we get the following possible values (with 𝜃 ≤ 𝜋):

4 cos2 𝜃 cos𝜃 𝜃 (𝑚1,𝑚2) ∥𝛽 ∥/∥𝛼 ∥
0 0 𝜋/2 (0, 0) ?
1 ±1/2 𝜋/3, 2𝜋/3 (1, 1), (−1,−1) 1
2 ±1/

√
2 𝜋/4, 3𝜋/4 (1, 2), (−1,−2)

√
2

3 ±
√
3/2 𝜋/6, 5𝜋/6 (1, 3), (−1,−3)

√
3

4 ±1 0, 𝜋 (±1,±4), (±2,±2) 2, 1
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(Note however that we will see in a moment that in the final case, where 𝛽 is a
multiple of 𝛼 , we must have 𝛼 = ±𝛽 — the case where ∥𝛽 ∥ = 2∥𝛼 ∥ is impossible.
All other possibilities in the table do occur, however.) We can summarize this
calculation as:

Proposition 7.4.17. Suppose 𝛼 and 𝛽 are roots such that 𝛼 is not a multiple of 𝛽 ,
and ∥𝛽 ∥ ≥ ∥𝛼 ∥. Then one of the following must hold:

(1) ⟨𝛼, 𝛽⟩ = 0, i.e. 𝛼 and 𝛽 are orthogonal.

(2) ∥𝛽 ∥ = ∥𝛼 ∥ and the angle between 𝛼 and 𝛽 is 𝜋/3 or 2𝜋/3.

(3) ∥𝛽 ∥ =
√
2∥𝛼 ∥ and the angle between 𝛼 and 𝛽 is 𝜋/4 or 3𝜋/4.

(4) ∥𝛽 ∥ =
√
3∥𝛼 ∥ and the angle between 𝛼 and 𝛽 is 𝜋/6 or 5𝜋/6.

Proposition 7.4.18. Let 𝛼 be a root.

(i) The only (real-number) multiples of 𝛼 that are roots are 𝛼 and −𝛼 .

(ii) The root space g𝛼 is 1-dimensional.

Proof. Suppose 𝑐𝛼 is a root. Since there are only finitely many roots, there is
some minimal 𝑐 such that this holds; by replacing 𝛼 by this minimal multiple,
we may assume ∥𝑐 ∥ ≥ 1. From the calculations in Observation 7.4.16 the only
possibilities are then 𝑐 = ±2 and 𝑐 = ±1; the second case gives the known roots
±𝛼 , so we only need to exclude the case 𝑐 = ±2.

Let𝑉 be the subspace C·𝐻𝛼⊕g𝛼⊕g−𝛼⊕g2𝛼⊕g−2𝛼 of g. From Corollary 7.4.9
and the fact that there are no other multiples of 𝛼 that are roots, we see that 𝑉
is invariant under the adjoint action of s𝛼 � sl2. Thus𝑉 is a finite-dimensional
representation of sl2, and s𝛼 is an invariant subspace; as representations of sl2
are completely reducible it therefore has an invariant complement 𝑈 . Recall
that 𝛼 (𝐻𝛼 ) = 2, so if 𝑋 ∈ g±2𝛼 we have [𝐻𝛼 , 𝑋 ] = ±2𝛼 (𝐻𝛼 )𝑋 = ±4𝑋 . The
definition of 𝑉 thus gives it as a direct sum of eigenspaces for the eigenvalues
0,±2,±4. The endomorphism [𝐻𝛼 , –] of 𝑈 must then have an eigenvector for
one of these eigenvalues. Since they are all even, we see from Proposition 6.1.3
that 0 must also be an eigenvalue in 𝑈 . But this is impossible, since multiples of
𝐻𝛼 are the only eigenvectors for 0 in 𝑉 and we have 𝑈 ∩ s𝛼 = 0. Thus we must
have 𝑈 = 0 and so 𝑉 = s𝛼 . This means that g±2𝛼 = 0 and that g𝛼 is spanned by
𝑋𝛼 and so is 1-dimensional. □

Combining Proposition 7.4.18 with Proposition 7.4.6, we get:

Corollary 7.4.19. The dimension of g is the sum of |𝑅 | and the rank of g (the
dimension of h). □

Lemma 7.4.20. For the inner product ⟨𝑋,𝑌 ⟩ = tr(𝑋 †𝑌 ) on gl𝑛 (C) we have:

(i) If 𝑋,𝑌 are skew-Hermitian, then ⟨𝑋,𝑌 ⟩ is real.
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(ii) If 𝑋 is skew-Hermitian, then

⟨[𝑋,𝑌 ], 𝑍 ⟩ = −⟨𝑌, [𝑋,𝑍 ]⟩

for all 𝑌, 𝑍 ∈ gl𝑛 (C).

Proof. For (i), we have (using that 𝑋 † = −𝑋 , 𝑌 † = −𝑌 and the cyclic symmetry
of the trace, i.e. tr(𝐴𝐵) = tr(𝐵𝐴)):

tr(𝑋 †𝑌 ) = tr(𝑋 †𝑌 )† = tr(𝑌 †𝑋 ) = tr(−𝑌𝑋 ) = tr(−𝑋𝑌 ) = tr𝑋 †𝑌 .

For (ii), we get

⟨[𝑋,𝑌 ], 𝑍 ⟩ = tr [𝑋,𝑌 ]†𝑍 = tr (𝑋𝑌 − 𝑌𝑋 )†𝑍 = tr(𝑌 †𝑋 † − 𝑋 †𝑌 †)𝑍 = tr(𝑌𝑋𝑍 ) − tr(𝑋𝑌𝑍 ),
−⟨𝑌, [𝑋,𝑍 ]⟩ = − tr𝑌 † [𝑋,𝑍 ] = − tr(−𝑌 ) (𝑋𝑍 − 𝑍𝑋 ) = tr(𝑌𝑋𝑍 ) − tr(𝑌𝑍𝑋 ) .

These are equal, since the cyclic symmetry of the trace implies tr(𝑋𝑌𝑍 ) =

tr(𝑌𝑍𝑋 ). □

Example 7.4.21 (Roots of sl𝑛). Recall from Example 7.3.8 that the traceless
diagonal matrices give a Cartan subalgebra h of sl𝑛. Keeping the notation
from Proposition 7.1.11, if 𝐷 is a diagonal matrix with entries (𝜆1, . . . , 𝜆𝑛), then
we saw that

[𝐷, 𝐸𝑖 𝑗 ] = (𝜆𝑖 − 𝜆 𝑗 )𝐸𝑖 𝑗
for 𝑖 ≠ 𝑗 . In other words, 𝐸𝑖 𝑗 is a root vector for the root 𝐿𝑖 𝑗 ∈ h∗ defined by
𝐿𝑖 𝑗 (𝐷) = 𝜆𝑖 − 𝜆 𝑗 . Together with h, the matrices 𝐸𝑖 𝑗 for 𝑖 ≠ 𝑗 span all of sl𝑛, so
there is no room for other roots. (Note also that 𝐿𝑖 𝑗 = −𝐿 𝑗𝑖 .)

If we think of sl𝑛 as su𝑛⊗C and h as t⊗C where t is the diagonal matrices in
su𝑛, then t consists of traceless diagonal matrices with pure imaginary entries,
so that 𝑖t consists of traceless diagonal matrices with real entries.

Consider the usual inner product ⟨𝑋,𝑌 ⟩ = tr(𝑋 †𝑌 ) on gl𝑛 (C). This real
inner product extends to the standard complex inner product on sl𝑛. For this
inner product, the matrices 𝐸𝑖 𝑗 satisfy ⟨𝐸𝑖 𝑗 , 𝑋 ⟩ = 𝑋𝑖 𝑗 , so that on h we have

𝐿𝑖 𝑗 = ⟨𝐸𝑖𝑖 − 𝐸 𝑗 𝑗 , –⟩.

Using the notation

𝛿𝑖 𝑗 =

{
0, 𝑖 ≠ 𝑗,

1, 𝑖 = 𝑗,

we get
⟨𝐿𝑖 𝑗 , 𝐿𝑘𝑙 ⟩ = ⟨𝐸𝑖𝑖 − 𝐸 𝑗 𝑗 , 𝐸𝑘𝑘 − 𝐸𝑙𝑙 ⟩ = 𝛿𝑖𝑘 − 𝛿𝑖𝑙 − 𝛿 𝑗𝑘 + 𝛿 𝑗𝑙 .

Since 𝑖 ≠ 𝑗 and 𝑘 ≠ 𝑙 , this inner product takes the values

• 0, if 𝑖, 𝑗, 𝑘, 𝑙 are all distinct, in which case 𝐿𝑖 𝑗 and 𝐿𝑘𝑙 are orthogonal,
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• ±1 if {𝑖, 𝑗} and {𝑘, 𝑙} have a single element in common, in which case the
angle between 𝐿𝑖 𝑗 and 𝐿𝑘𝑙 is 𝜋/3 or 2𝜋/3,

• ±2 if {𝑖, 𝑗} = {𝑘, 𝑙} (in which case 𝐿𝑖 𝑗 = ±𝐿𝑘𝑙 ); in particular the length of
each root 𝐿𝑖 𝑗 is

√
2.

Let’s look at the two smallest cases: For 𝑛 = 2 we just have the two roots 𝐿21
and 𝐿12 = −𝐿21 and there’s not much more to say. When 𝑛 = 3 we have the six
roots 𝐿12 = −𝐿21, 𝐿13 = −𝐿31, 𝐿23 = −𝐿32. Previously we discussed of roots for
sl3 as pairs of integers (𝑚1,𝑚2), corresponding to the linear functional taking
the value𝑚𝑖 on 𝐻𝑖 . Recalling that

𝐻1 = 𝐸11 − 𝐸22, 𝐻2 = 𝐸22 − 𝐸33,

we see that

𝐿𝑖 𝑗 (𝐻1) = 𝛿𝑖1 − 𝛿𝑖2 − 𝛿 𝑗1 + 𝛿 𝑗2, 𝐿𝑖 𝑗 (𝐻2) = 𝛿𝑖2 − 𝛿𝑖3 − 𝛿 𝑗2 + 𝛿 𝑗3.

This gives the following correspondence between our new and old descriptions
of the roots:

𝐿12 (2,−1)
𝐿21 (−2, 1)
𝐿13 (1, 1)
𝐿31 (−1,−1)
𝐿23 (−1, 2)
𝐿32 (1,−2).

In terms of our inner product, all the roots have length
√
2 — note that this is not

the same as what we get by thinking of the pair of integers in the second col-
umn as a subset of R2! Computing the angles, we get the following geometric
depiction of the roots:

In other words, the roots are the vertices of a regular hexagon. If the root along
the positive 𝑥-axis represents 𝐿13 then the other two roots with positive 𝑥-values
are 𝐿12 and 𝐿23.
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7.5 Weyl groups

We now introduce the Weyl group, which acts on the Cartan subalgebra h and
always permutes the weights of a representation. Its action on the roots will
allow us to deduce further important information about their structure.

Definition 7.5.1. For a root 𝛼 , we define 𝑠𝛼 : h→ h by the formula

𝑠𝛼 (𝐻 ) = 𝐻 − 2
⟨𝛼, 𝐻 ⟩
⟨𝛼, 𝛼⟩ 𝛼.

The Weyl group𝑊g of g is the subgroup of GL(h) generated by all the maps 𝑠𝛼
for 𝛼 ∈ 𝑅.

Observation 7.5.2. We know that any root 𝛼 lies in 𝑖t, so 𝑠𝛼 will take the
real subspace 𝑖t to itself. As an automorphism of 𝑖t, 𝑠𝛼 is the reflection in the
hyperplane orthogonal to 𝛼 . In particular, 𝑠𝛼 (𝑇 ) = 𝑇 if ⟨𝛼,𝑇 ⟩ = 0 and 𝑠𝛼 (𝛼) =
−𝛼 . Since any reflection is orthogonal, we may regard 𝑊g as a subgroup of
O(𝑖t).

Proposition 7.5.3. Let (𝑉 , 𝜌) be a finite-dimensional complex representation of g.
If 𝜇 is a weight of 𝜌 , then so is 𝑠𝛼 (𝜇) for any root 𝛼 . Moreover, their multiplicities are
the same.

Proof. We define an endomorphism 𝑆𝛼 of 𝑉 by

𝑆𝛼 := 𝑒𝜌 (𝑋𝛼 )𝑒−𝜌 (𝑌𝛼 )𝑒−𝜌 (𝑋𝛼 ) .

We want to show that 𝑆𝛼𝜌 (𝐻 )𝑆−1𝛼 = 𝜌 (𝑠𝛼𝐻 ) for all 𝐻 ∈ h. Since both sides are
linear in𝐻 , it suffices to check this separately in the cases where𝐻 is orthogonal
to 𝛼 and parallel to 𝛼 .

If 𝐻 ∈ h satisfies ⟨𝛼, 𝐻 ⟩ = 0, then [𝐻,𝑋𝛼 ] = ⟨𝛼, 𝐻 ⟩𝑋𝛼 = 0, which implies that
𝜌 (𝐻 ) and 𝜌 (𝑋𝛼 ) commute. Similarly 𝜌 (𝐻 ) commutes with 𝜌 (𝑌𝛼 ), and hence
𝑆𝛼 commutes with 𝜌 (𝐻 ), i.e. 𝑆𝛼𝜌 (𝐻 )𝑆−1𝛼 = 𝜌 (𝐻 ) = 𝜌 (𝑠𝛼𝐻 ) since we also have
𝑠𝛼𝐻 = 𝐻 .

On the other hand, applying Proposition 6.1.3(iv) to the restriction of 𝜌 to
s𝛼 , it follows that we have

𝑆𝛼𝜌 (𝐻𝛼 )𝑆−1𝛼 = −𝜌 (𝐻𝛼 ) = 𝜌 (𝑠𝛼𝐻𝛼 ),

since 𝑠𝛼 acts by multiplication by −1 on multiples of 𝛼 .
Now suppose 𝑣 is a weight vector for 𝜇. Then we get

𝜌 (𝐻 )𝑆−1𝛼 𝑣 = 𝑆−1𝛼 𝜌 (𝑠𝛼𝐻 )𝑣 = ⟨𝜇, 𝑠𝛼𝐻 ⟩𝑆−1𝛼 𝑣 = ⟨𝑠𝛼𝜇, 𝐻 ⟩𝑆−1𝛼 𝑣,

so that 𝑆−1𝛼 𝑣 is a weight vector for 𝑠𝛼𝜇. (Here we used that 𝑠𝛼 is orthogonal
on 𝑖t with 𝑠2𝛼 = id, and the weight 𝜇 lies in 𝑖t.) This means that 𝑆−1𝛼 gives an
isomorphism between the weight spaces for 𝜇 and 𝑠𝛼𝜇, so their dimensions must
be equal. □
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It follows that the Weyl group acts on the set of weights of any representa-
tion 𝜌. This action always restricts to the non-zero weights, from which we in
particular get an action of𝑊g on the set 𝑅 of roots of g.

Corollary 7.5.4. The Weyl group𝑊g is finite.

Proof. Since the roots span h by Corollary 7.4.7, every𝑤 ∈𝑊g is determined by
its values on 𝑅. But 𝑤 takes 𝑅 to itself, so we may identify𝑊g with a subgroup
of the permutation group of 𝑅, which is finite. □

Proposition 7.5.5. Suppose 𝛼 and 𝛽 are roots, and let 0 ≤ 𝜃 ≤ 𝜋 be the angle
between them.

(i) If the angle is strictly obtuse (𝜋/2 < 𝜃 < 𝜋 or ⟨𝛼, 𝛽⟩ < 0) then 𝛼 + 𝛽 is a root.

(ii) If the angle is strictly acute (0 < 𝜃 < 𝜋/2 or ⟨𝛼, 𝛽⟩ > 0) then 𝛼 − 𝛽 is a root.

Proof. Suppose ∥𝛽 ∥ ≥ ∥𝛼 ∥. We already computed the possible angles and cor-
responding values of the integer 𝑚 := 2 ⟨𝛽,𝛼 ⟩⟨𝛼,𝛼 ⟩ in Observation 7.4.16; omitting
those that are not strictly acute or obtuse, we have:

𝜃 𝑚

𝜋/6, 𝜋/4, 𝜋/3 1
2𝜋/3, 3𝜋/4, 5𝜋/6 −1

We know that 𝑠𝛼𝛽 = 𝛽 −𝑚𝛼 is a root, and this equals 𝛽 −𝛼 for the three possible
strictly acute angles, and 𝛽 + 𝛼 for the three strictly obtuse angles. □

Observation 7.5.6. Let 𝛼, 𝛽 be roots such that 𝛼 ≠ ±𝛽. We call the roots of the
form 𝛽 + 𝑛𝛼 for 𝑛 ∈ Z the 𝛼-string of roots through 𝛽. Since there are finitely
many roots, there exist maximal non-negative integers 𝑠, 𝑡 such that 𝛽 − 𝑠𝛼 and
𝛽 + 𝑡𝛼 are roots. We claim that then 𝛽 + 𝑛𝛼 is a root for any integer 𝑛 with
−𝑠 ≤ 𝑛 ≤ 𝑡 . Indeed, suppose 𝛽 + 𝑛𝛼 is not a root, and −𝑠 ≤ 𝑛 ≤ 𝑡 . If we let
−𝑠 ≤ 𝑗 < 𝑛 be maximal such that 𝛽 + 𝑗𝛼 is a root and 𝑛 < 𝑘 ≤ 𝑡 be minimal such
that 𝛽 + 𝑘𝛼 is a root, then we have 𝑗 < 𝑘 and 𝛽 + ( 𝑗 + 1)𝛼 and 𝛽 + (𝑘 − 1)𝛼 are
not roots. For this not to contradict Proposition 7.5.5 we must have

⟨𝛼, 𝛽 + 𝑗𝛼⟩ = ⟨𝛼, 𝛽⟩ + 𝑗 ∥𝛼 ∥2 ≥ 0, ⟨𝛼, 𝛽 + 𝑘𝛼⟩ = ⟨𝛼, 𝛽⟩ + 𝑘 ∥𝛼 ∥2 ≤ 0.

Since 𝑗 < 𝑘 this is clearly impossible, which means that the 𝛼-string of roots
through 𝛽 consists of 𝛽 +𝑛𝛼 for all −𝑠 ≤ 𝑛 ≤ 𝑡 . Since 𝑠𝛼 acts on roots by adding a
multiple of 𝛼 , the 𝛼-string is invariant under the action of 𝑠𝛼 . It is easy to check
(and intuitively clear) that the reflection 𝑠𝛼 must reverse the string, so that

𝛽 − 𝑠𝛼 = 𝑠𝛼 (𝛽 + 𝑡𝛼) = 𝛽 − 2
⟨𝛽, 𝛼⟩
⟨𝛼, 𝛼⟩𝛼 − 𝑡𝛼,
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which means that
2
⟨𝛽, 𝛼⟩
⟨𝛼, 𝛼⟩ = 𝑠 − 𝑡 .

Thus we see in particular that the length of a root string can be at most 4.

Example 7.5.7 (The Weyl group of sl𝑛). Keeping the notation from Exam-
ple 7.4.21, we see that for the root 𝐿𝑖 𝑗 = 𝐸𝑖𝑖 − 𝐸 𝑗 𝑗 and 𝐷 ∈ h, we have

𝑠𝐿𝑖 𝑗𝐷 = 𝐷 − (𝐷𝑖𝑖 − 𝐷 𝑗 𝑗 ) (𝐸𝑖𝑖 − 𝐸 𝑗 𝑗 ) = 𝐷 + (𝐷 𝑗 𝑗 − 𝐷𝑖𝑖)𝐸𝑖𝑖 + (𝐷𝑖𝑖 − 𝐷 𝑗 𝑗 )𝐸 𝑗 𝑗 .

Thus 𝑠𝐿𝑖 𝑗 acts on 𝐷 by swapping the 𝑖th and 𝑗th diagonal entries. This means
that we can identify𝑊sl𝑛 with the symmetric group 𝑆𝑛 on 𝑛 letters.

7.6 Bases

In order to define the notion of a “highest” weight for sl3, we singled out two
special roots. This choice is an instance of the general notion of a base, which
we now consider for a general semisimple Lie algebra g.

We keep the notation from before, so g is a fixed semisimple complex Lie
algebra with Cartan subalgebra h, etc.

Definition 7.6.1. A subset Δ of the set of roots 𝑅 is called a base if

(1) Δ is a basis of 𝑖t as an R-vector space (or of h as a C-vector space),

(2) when we write any root as a linear combination of the elements of Δ, then
the coefficients are integers and are moreover either all non-positive or all
non-negative.

The roots where the coefficients are all non-negative are called the positive roots,
and the others the negative roots. We also call the elements of Δ the (positive)
simple roots.

Exercise 7.3. Check that the weights 𝐿𝑖 (𝑖+1) = 𝐸𝑖𝑖 − 𝐸 (𝑖+1) (𝑖+1) for 𝑖 = 1, . . . , 𝑛 − 1 form
a base for sl𝑛. (In particular, for 𝑛 = 3 the two roots 𝐿12 and 𝐿23 are a base, and as we
saw in Example 7.4.21 these correspond to the two positive simple roots we used in our
previous discussion of sl3-representations.)

Lemma 7.6.2. If 𝛼, 𝛽 are distinct elements of a base Δ, then ⟨𝛼, 𝛽⟩ ≤ 0 (i.e. the angle
between 𝛼 and 𝛽 is obtuse).

Proof. If ⟨𝛼, 𝛽⟩ > 0 then Proposition 7.5.5 implies that 𝛼 − 𝛽 is a root. But this
contradicts the assumption that for a root the coefficients of the simple roots
have the same sign. □

We want to show that there always exists a base — in fact, we will find all
possible choices of one. The key idea is to divide the roots into sets of “positive”
and “negative” ones by taking the positive roots to be those that lie on one side
of a suitable hyperplane.
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Lemma 7.6.3. There exists a hyperplane 𝑉 through the origin in 𝑖t that does not
contain any roots. (In other words, there exists some 𝑋 ∈ 𝑖t such that ⟨𝑋, 𝛼⟩ ≠ 0 for all
𝛼 ∈ 𝑅, so that no roots are contained in the hyperplane orthogonal to 𝑋 .)

Proof. For 𝛼 ∈ 𝑅, let 𝑉𝛼 be the hyperplane orthogonal to 𝛼 . Since there are
finitely many roots, there exists some 𝑋 ∈ 𝑖t that is not contained in any of
these hyperplanes. But then the hyperplane orthogonal to 𝑋 does not contain
any roots, as required. □

Definition 7.6.4. Suppose𝑉 is a hyperplane through the origin in 𝑖t that does
not contain any roots. Choose one “side” of𝑉 , and let 𝑅+ denote the set of roots
on this side of 𝑉 . (Equivalently, if we choose some 𝑋 ≠ 0 that is orthogonal to
𝑉 , we can define 𝑅+ to be those roots 𝛼 such that ⟨𝑋, 𝛼⟩ > 0.) We then say that
an element 𝛼 ∈ 𝑅+ is decomposable if 𝛼 = 𝛽 + 𝛾 for some 𝛽,𝛾 ∈ 𝑅+. If no such 𝛽,𝛾
exist we say that 𝛼 is indecomposable.

Theorem 7.6.5. Given a hyperplane 𝑉 through the origin that does not contain any
roots and a choice of a positive “side” of 𝑉 , the set Δ of indecomposable roots in 𝑅+ is a
base for 𝑅.

Proof. Choose 𝑋 ≠ 0 such that 𝑉 is the hyperplane orthogonal to 𝑋 , and 𝑅+

consists of the roots 𝛼 such that ⟨𝑋, 𝛼⟩ > 0.
We first check that every element of 𝑅+ is a linear combination of Δ with

non-negative integer coefficients. Suppose this is false. Then we can find 𝛼 ∈ 𝑅+
that cannot be expressed in this way and such that ⟨𝑋, 𝛼⟩ is minimal. Since 𝛼
is certainly not contained in Δ, it must be decomposable, so that we can write
𝛼 = 𝛽 + 𝛾 with 𝛽,𝛾 ∈ 𝑅+. Then at least one of 𝛽,𝛾 cannot be expressed as a
linear combination of Δ with non-negative integer coefficents, since otherwise
the same would be true of the sum 𝛼 . We also have

⟨𝑋, 𝛼⟩ = ⟨𝑋, 𝛽⟩ + ⟨𝑋,𝛾⟩,

where the terms on the right-hand side are both strictly positive. This contra-
dicts the assumption that ⟨𝑋, 𝛼⟩ was minimal.

Next, we show that for 𝛼, 𝛽 ∈ Δ we must have ⟨𝛼, 𝛽⟩ ≤ 0. Indeed, if ⟨𝛼, 𝛽⟩ >
0 then 𝛼 − 𝛽 and 𝛽 − 𝛼 are roots by Proposition 7.5.5. One of these roots must
be positive, but if 𝛼 − 𝛽 is positive then 𝛼 = (𝛼 − 𝛽) + 𝛽, which contradicts the
assumption that 𝛼 is indecomposable. Similarly if 𝛽 − 𝛼 is a root then 𝛽 would
be decomposable.

Using this, we can show that the elements of Δ are linearly independent:
Suppose we have

∑
𝛼∈Δ 𝑐𝛼𝛼 = 0. Let 𝐼 be the set of roots in Δ such that 𝑐𝛼 is

non-negative, and 𝐽 the set of 𝛼 where 𝑐𝛼 < 0. Then we have

𝑣 :=
∑︁
𝛼∈𝐼

𝑐𝛼𝛼 =
∑︁
𝛽∈ 𝐽
(−𝑐𝛽 )𝛽.
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The vector 𝑣 satisfies

⟨𝑣, 𝑣⟩ = ⟨
∑︁
𝛼∈𝐼

𝑐𝛼𝛼,
∑︁
𝛽∈ 𝐽
(−𝑐𝛽 )𝛽⟩ =

∑︁
𝛼∈𝐼 ,𝛽∈ 𝐽

𝑐𝛼 (−𝑐𝛽 )⟨𝛼, 𝛽⟩.

In this sum the coeffiecients 𝑐𝛼 (−𝑐𝛽 ) are non-negative, but ⟨𝛼, 𝛽⟩ ≤ 0. Since
⟨𝑣, 𝑣⟩ ≥ 0 this is only possible if 𝑣 = 0. But then we have

0 = ⟨𝑋, 𝑣⟩ =
∑︁
𝛼∈𝐼

𝑐𝛼 ⟨𝑋, 𝛼⟩

where ⟨𝑋, 𝛼⟩ > 0, which means that each coefficient 𝑐𝛼 has to be 0. Similarly,
we cannot have any negative coefficients, so 𝐽 = ∅.

It only remains to show that Δ spans 𝑖t. But we already showed that the
positive roots are linear combinations of the elements of Δ, hence so are their
negatives. Since the roots span by Corollary 7.4.7 this completes the proof. □

Combining this with Lemma 7.6.3, we get:

Corollary 7.6.6. There exists a base for the roots of the complex semisimple Lie
algebra g. □

In fact, any choice of base arises from the construction in Theorem 7.6.5:

Proposition 7.6.7. If Δ is a base of 𝑅, then there exists a hyperplane 𝑉 through the
origin of 𝑖t and a side of 𝑉 with respect to which Δ is precisely the indecomposable
positive roots.

Proof. Suppose Δ = {𝛼1, . . . , 𝛼𝑟 }. Since the roots are a basis for 𝑖t, for any real
numbers 𝑐1, . . . , 𝑐𝑟 there exists a unique 𝛾 such that ⟨𝛾, 𝛼𝑖⟩ = 𝑐𝑖 for all 𝑖. In
particular, we can find 𝛾 such that ⟨𝛾, 𝛼𝑖⟩ > 0 for all 𝑖. Then we must have
⟨𝛾, 𝛼⟩ > 0 for all 𝛼 ∈ 𝑅+, since the positive roots are linear combinations of the
𝛼𝑖 with non-negative integer coefficients. This also means that ⟨𝛾, 𝛼⟩ < 0 if 𝛼 is
a negative root, so the positive roots are precisely those such that ⟨𝛾, 𝛼⟩ > 0.

It remains to show that the elements of Δ are precisely the indecomposable
positive roots. First suppose 𝛼 ∈ Δ and we can write 𝛼 = 𝛽 + 𝛾 for positive
roots 𝛽,𝛾 . But 𝛽 and 𝛾 are expressible uniquely as non-negative integer linear
combinations of the elements of Δ, and since they cannot both be multiples of
𝛼 this gives an expression of 𝛼 as a linear combination of elements of Δ with a
non-zero coefficient for an element other than 𝛼 . This contradicts the linear
independence of Δ, and so cannot happen. Thus Δ is contained in the inde-
composable roots. On the other hand, both Δ and the indecomposable roots
are bases for the vector space 𝑖t, and so they must contain the same number of
elements. □

Example 7.6.8. The following diagram illustrates two choices of base for sl3:
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The positive roots are those on one side of the dashed line, and the two red roots
are the positive simple roots for one choice of positive side.

Definition 7.6.9. The (closed) fundamental Weyl chamber of a base Δ is the set
of all 𝑋 ∈ 𝑖t such that ⟨𝛼,𝑋 ⟩ ≥ 0 for all 𝛼 ∈ Δ, while the open fundamental Weyl
chamber is the subset of 𝑋 where ⟨𝛼,𝑋 ⟩ > 0 for all 𝛼 ∈ Δ.

Definition 7.6.10. The open Weyl chambers are the connected components of
𝑖t \⋃𝛼∈𝑅 𝑉𝛼 , where 𝑉𝛼 is the hyperplane orthogonal to the root 𝛼 .

There is a canonical bijection between bases and Weyl chambers:

Proposition 7.6.11.

(i) The open fundamental Weyl chamber of a base is an open Weyl chamber.

(ii) For each open Weyl chamber 𝐶 there exists a unique base Δ𝐶 such that 𝐶 is the
open fundamental Weyl chamber of Δ𝐶 .

(iii) The positive roots for Δ𝐶 are precisely those 𝛼 ∈ 𝑅 such that ⟨𝛼,𝑋 ⟩ > 0 for all
𝑋 ∈ 𝐶 .

Proof. Let Δ be a base, and let 𝐶 be its open fundamental Weyl chamber. We
have 𝐶 ⊆ 𝐴 := 𝑖t \⋃𝛼∈𝑅 𝑉𝛼 : If 𝛾 ∈ 𝐶 then by assumption ⟨𝛾, 𝛼⟩ > 0 for all 𝛼 ∈ Δ,
and hence ⟨𝛾, 𝛼⟩ > 0 for any positive root 𝛼 , since these are linear combinations
of the elements of Δ with non-negative integer coefficients. Then we must have
⟨𝛾, 𝛼⟩ < 0 for all the negative roots, so in particular ⟨𝛾, 𝛼⟩ ≠ 0 for all roots 𝛼 .
We must show that 𝐶 is a (path-)component of 𝐴.

Since the elements of Δ are a basis for 𝑖t, we can (as we’ve seen before) find
some 𝛾 such that ⟨𝛾, 𝛼⟩ > 0 for all 𝛼 ∈ Δ, so that 𝐶 ≠ ∅. It is also clear that if
𝛾,𝛾 ′ ∈ 𝐶 then so is 𝑡𝛾 + (1 − 𝑡)𝛾 ′ for 0 ≤ 𝑡 ≤ 1, so that 𝐶 is path-connected (and
indeed convex). On the other hand, if 𝐶 is not a path-component then there
must exist 𝛾 ∈ 𝐶 and 𝛾 ′ ∈ 𝐴 \ 𝐶 and a path 𝑝 in 𝐴 with 𝑝 (0) = 𝛾, 𝑝 (1) = 𝛾 ′. If
𝛾 ′ ∉ 𝐶 then we must have ⟨𝛾 ′, 𝛼⟩ < 0 for some 𝛼 ∈ Δ. But then ⟨𝑝 (𝑡), 𝛼⟩ changes
sign, so 𝑝 must pass through 𝑉𝛼 , contradicting the assumption that 𝑝 lies in 𝐴.
This proves (i).

To prove (ii), suppose 𝐶 is an open Weyl chamber and pick 𝛾 ∈ 𝐶. Then
the hyperplane orthogonal to 𝛾 does not contain any roots, so there is a base Δ
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where the positive roots are those 𝛼 ∈ 𝑅 such that ⟨𝛼,𝛾⟩ > 0. Since the sign of
⟨𝛼, –⟩ doesn’t change in𝐶, we then have ⟨𝛼,𝑋 ⟩ > 0 for all 𝑋 ∈ 𝐶 and all positive
roots 𝛼 . Then the negative roots 𝛼 must satisfy ⟨𝛼,𝑋 ⟩ < 0 for 𝑋 ∈ 𝐶, so that the
positive roots are precisely those roots 𝛼 such that ⟨𝛼,𝑋 ⟩ > 0 for all 𝑋 ∈ 𝐶.

Moreover, every element 𝑋 ∈ 𝐶 satisfies ⟨𝛼,𝑋 ⟩ > 0 for 𝛼 ∈ Δ, so that 𝐶 is
contained in the open fundamental Weyl chamber of Δ; since both 𝐶 and the
open fundamental Weyl chamber are path-components, they must be equal.
This shows that there exists a base as in (ii), and that this satisfies (iii). It remains
to show that this base is unique. To see this, suppose Δ′ is a base whose open
fundamental Weyl chamber is𝐶. Then ⟨𝛼,𝛾⟩ > 0 for 𝛼 ∈ Δ′, so that the positive
roots for Δ′ are the same as those for Δ. Then the indecomposable positive roots
must also be the same, i.e. Δ = Δ′. □

Example 7.6.12. The following diagram depicts the fundamental Weyl cham-
bers for the two bases of sl3 from Example 7.6.8:

Here the fundamental Weyl chamber is the yellow triangular region (extending
off to infinity).

We state without proof some further results on the relation between the
Weyl group and Weyl chambers or bases; see for instance [2, §8.5] for more
details:

Proposition 7.6.13. If Δ is a base, then the Weyl group 𝑊g is generated by the
reflections 𝑠𝛼 for 𝛼 ∈ Δ. □

Theorem 7.6.14. The action of the Weyl group𝑊g on 𝑖t induces a free and transitive
action on the set of open Weyl chambers, i.e. for any pair of open Weyl chambers 𝐶,𝐶′
there exists a unique element 𝑤 ∈𝑊g such that 𝐶 = 𝑤 ·𝐶′. □

The bijection between bases and Weyl chambers is compatible with the
Weyl group action, so this implies:

Corollary 7.6.15. The action of the Weyl group𝑊g on 𝑖t induces a free and transitive
action on the set of bases, i.e. for any pair of bases Δ,Δ′ there exists a unique element
𝑤 ∈𝑊g such that Δ = 𝑤 · Δ′. □

Exercise 7.4. Verify that the Weyl group acts freely and transitively on the Weyl cham-
bers and bases of sl3.
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7.7 Highest weights

Given a choice Δ of a base for the roots of our complex semisimple Lie algebra g,
we can define notions of dominant and integral weights for this basis, as well as a
partial order of weights that lets us define the highest weight of a representation.

Definition 7.7.1. An element 𝜇 ∈ 𝑖t is integral if

⟨𝜇, 𝐻𝛼 ⟩ = 2
⟨𝜇, 𝛼⟩
⟨𝛼, 𝛼⟩

is an integer for all roots 𝛼 ∈ 𝑅. If Δ is a base for 𝑅, then we say that 𝜇 is dominant
(relative to Δ) if ⟨𝛼, 𝜇⟩ ≥ 0 for all 𝛼 ∈ Δ, and strictly dominant if ⟨𝛼, 𝜇⟩ > 0 for all
𝛼 ∈ Δ.

Observation 7.7.2. Let (𝑉 , 𝜌) be a finite-dimensional complex representa-
tion of g. Then it follows from Proposition 7.4.4 and Corollary 7.4.13 that the
weights of 𝜌 are integral elements of 𝑖t.

Remark 7.7.3. An element 𝜇 is thus strictly dominant if it lies in the open fun-
damental Weyl chamber of Δ, and dominant if it lies in the closed fundamental
Weyl chamber. Note also that every root is integral, so any Z-linear combi-
nation of roots is integral. However, it is typically not the case that all integral
elements are Z-linear combinations of roots.

Lemma 7.7.4. An element 𝜇 ∈ 𝑖t is integral if and only if ⟨𝜇, 𝐻𝛼 ⟩ is an integer for
all 𝛼 ∈ Δ.

Proof. It can be shown that for any root 𝛽, we can write 𝐻𝛽 as a Z-linear com-
bination of 𝐻𝛼 with 𝛼 ∈ Δ. (This is because the coroots 𝐻𝛽 for 𝛽 ∈ 𝑅 form the
roots of a dual root system, and the coroots for Δ form a dual base for this; see
[2, §8.3 and Proposition 8.18].) □

Definition 7.7.5. Let Δ = {𝛼1, . . . , 𝛼𝑟 } be a base. Then the fundamental weights
𝜔𝑖 (𝑖 = 1, . . . , 𝑟 ) are the elements of 𝑖t characterized by

⟨𝜔 𝑗 , 𝐻𝛼𝑖 ⟩ = 2
⟨𝜔 𝑗 , 𝛼𝑖⟩
⟨𝛼𝑖 , 𝛼𝑖⟩

=

{
1, 𝑖 = 𝑗,

0, 𝑖 ≠ 𝑗

for all 𝑖 = 1, . . . , 𝑟 . (Since the elements of Δ form a basis, basic linear alge-
bra implies that there exists a unique 𝜔 𝑗 for which these equations hold for all
𝑖.) Then the integral elements of 𝑖t are precisely the Z-linear combinations of
the fundamental weights, while the dominant integral elements are their linear
combinations with non-negative integer coefficients.

Definition 7.7.6. The integral elements of 𝑖t are precisely the Z-linear com-
binations of the fundamental weights, and so form a lattice in 𝑖t. This is called
the weight lattice (since it consists of the possible weights of representations), and
is independent of the choice of a base.
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Definition 7.7.7. Let Δ = {𝛼1, . . . , 𝛼𝑟 } be a base. Then for 𝜇, 𝜆 ∈ 𝑖t we say that
𝜇 is higher than 𝜆 (or that 𝜆 is lower than 𝜇), relative to Δ, if when we write

𝜇 − 𝜆 = 𝑐1𝛼1 + · · · + 𝑐𝑟𝛼𝑟 ,

we have 𝑐𝑖 ≥ 0 for all 𝑖. We write 𝜇 ⪰ 𝜆 to denote that 𝜇 is higher than 𝜆 (with
the choice of Δ implicit); this gives a partial order on 𝑖t.

We can now state the theorem of the highest weight for a general semisim-
ple Lie algebra, in two parts:

Theorem 7.7.8 (Highest weight 1). Let (𝑉 , 𝜌) be an irreducible finite-dimensional
complexn representation of g. Then 𝜌 has a unique highest weight 𝜇, which is dominant
integral, and its weight space is 1-dimensional. Moreover, any other irreducible finite-
dimensional complex with highest weight 𝜇 is isomorphic to (𝑉 , 𝜌).

Having spent a lot of effort to get to the point where we can state this part
of the theorem, we will not actually say anything about the proof, since it is
essentially the same as what we already did for sl3:

Exercise 7.5. Check that, with appropriate minor changes, the definitions and proofs
in Section 6.3 work for a general complex semisimple Lie algebra.

Theorem 7.7.9 (Highest weight 2). Suppose 𝜇 is a dominant integral weight for g.
Then there exists an irreducible finite-dimensional complex representation of g whose
highest weight is 𝜇 .

Remark 7.7.10. Note that this classification means there is a unique irreducible
representation corresponding to each point in the weight lattice that lies in the
(closed) fundamental Weyl chamber of our chosen base. Since the weights are
symmetric under the action of the Weyl group, if we pick a different base this
representation corresponds to the “same” point in the new Weyl chamber.

It is possible to give a general abstract construction of such a representation
in terms of Verma modules, see [2, Chapter 9]. We can also give explicit descrip-
tions of such irreducible representations for specific examples of (semi)simple
Lie algebras. To show that they exist, the following is a useful starting point:

Observation 7.7.11. Suppose𝑉 and𝑊 are irreducible finite-dimensional com-
plex representations of g with highest weights 𝜆 and 𝜇, respectively. Then, just
as we saw for sl3 in §6.4, the tensor product𝑉 ⊗𝑊 contains an irreducible rep-
resentation with highest weight 𝜆 + 𝜇. To show that there exists an irreducible
representation for each possible highest weight, it therefore suffices to find an
irreducible representation corresponding to each of the fundamental weights
𝜔1, . . . , 𝜔𝑟 .

Example 7.7.12. We compute the fundamental weights for our usual base for
sl𝑛, which consists of the roots 𝐿𝑖 (𝑖+1) = 𝐸𝑖𝑖 − 𝐸 (𝑖+1) (𝑖+1) where 𝑖 = 1, . . . , 𝑛 − 1.
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The fundamental weight 𝜔 𝑗 is a traceless diagonal matrix; if its diagonal entries
are 𝜆1, . . . , 𝜆𝑛, then we want to solve the equations

2
⟨𝜔 𝑗 , 𝐿𝑖 (𝑖+1)⟩
⟨𝐿𝑖 (𝑖+1) , 𝐿𝑖 (𝑖+1)⟩

= 𝛿𝑖 𝑗 ⇐⇒ ⟨𝜔 𝑗 , 𝐸𝑖𝑖 − 𝐸 (𝑖+1) (𝑖+1)⟩ = 𝜆𝑖 − 𝜆𝑖+1 = 𝛿𝑖 𝑗 ,

𝜆1 + · · · + 𝜆𝑛 = 0.

Thus 𝜆𝑖 = 𝜆𝑖+1 if 𝑖 ≠ 𝑗 , so that we have

𝜆1 = 𝜆2 = · · · = 𝜆 𝑗 ,

𝜆 𝑗+1 = 𝜆 𝑗 − 1 = 𝜆1 − 1,

𝜆 𝑗+1 = 𝜆 𝑗+2 = · · · = 𝜆𝑛 = 𝜆1 − 1.

If we set 𝜆 = 𝜆1 then we get

𝑛∑︁
𝑖=1

𝜆𝑖 = 𝑛𝜆 − (𝑛 − 𝑗) = 0,

so 𝜆 =
𝑛− 𝑗
𝑛

and we have

𝜆𝑖 =

{
𝑛− 𝑗
𝑛
, 𝑖 ≤ 𝑗,

− 𝑗
𝑛
, 𝑖 > 𝑗 .

In terms of the basis 𝐿𝑖 (𝑖+1) , a traceless diagonal matrix with entries (𝜆1, . . . , 𝜆𝑛)
is the linear combination

𝜆1𝐿12+(𝜆2+𝜆1)𝐿23+(𝜆3+𝜆2+𝜆1)𝐿34+· · ·+(𝜆𝑛−1+· · ·+𝜆1)𝐿(𝑛−1)𝑛 =

𝑛−1∑︁
𝑖=1

(
𝑖∑︁
𝑗=1

𝜆 𝑗

)
𝐿𝑖 (𝑖+1) .

For 𝜔𝑘 if we again set 𝜆 = 𝑛−𝑘
𝑛

, the coefficient of 𝐿𝑖 (𝑖+1) is given by

𝑖∑︁
𝑗=1

𝜆 𝑗 =

{
𝑖𝜆, 𝑖 ≤ 𝑘
𝑖𝜆 − (𝑖 − 𝑘), 𝑖 > 𝑘

=

{
𝑖 (𝑛−𝑘 )
𝑛

, 𝑖 ≤ 𝑘
𝑘 (𝑛−𝑖 )
𝑛

, 𝑖 > 𝑘

The following diagram illustrates the weight lattice for sl2, the roots (in grey)
together with one choice of positive simple roots (in red), the corresponding
fundamental Weyl chamber, and the fundamental weights (in blue):
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Note that the fundamental weights lie on the boundary of the fundamental
Weyl chamber (as is always the case). The highest weight of the adjoint repre-
sentation is the unique root that is contained in the (closed) Weyl chamber.

Example 7.7.13 (Standard representation of sl𝑛). Let’s find the weights of the
standard representation of sl𝑛 on C𝑛. If 𝑒1, . . . , 𝑒𝑛 is the standard basis of C𝑛,
then 𝐻𝑒𝑖 = 𝜆𝑖𝑒𝑖 if 𝐻 is a diagonal matrix with entries (𝜆1, . . . , 𝜆𝑛). Thus 𝑒𝑖 is
a weight vector for the weight 𝜇𝑖 ∈ h∗ given by 𝜇𝑖 (𝐻 ) = 𝐻𝑖𝑖 . Since these
weight vectors span C𝑛, these are all the weights. Next, we must describe these
weights in terms of the fundamental weights. For this, we use our usual base
and compute

𝜇 𝑗 (𝐿𝑖 (𝑖+1) ) =


1, 𝑖 = 𝑗

−1, 𝑖 = 𝑗 − 1,
0, 𝑖 ≠ 𝑗, 𝑗 − 1

𝜇 𝑗 =


𝜔1, 𝑗 = 1,
𝜔 𝑗 − 𝜔 𝑗−1, 1 < 𝑗 < 𝑛,

−𝜔𝑛−1, 𝑗 = 𝑛

We claim that 𝜔1 is the highest weight. To see this, we use the computation of
𝜔𝑘 in the basis 𝐿𝑖 (𝑖+1) from Example 7.7.12. This gives in particular that

𝜔1 =

𝑛−1∑︁
𝑖=1

𝑛 − 𝑖
𝑛

𝐿𝑖 (𝑖+1) , 𝜔𝑛−1 =
𝑛−1∑︁
𝑖=1

𝑖

𝑛
𝐿𝑖 (𝑖+1) ,

𝜔 𝑗 − 𝜔 𝑗−1 =
𝑛∑︁
𝑖=1

𝑐𝑖𝐿𝑖 (𝑖+1) ,

where

𝑛 · 𝑐𝑖 =


𝑖 (𝑛 − 𝑗) − 𝑖 (𝑛 − 𝑗 + 1), 𝑖 < 𝑗,

𝑗 (𝑛 − 𝑗) − ( 𝑗 − 1) (𝑛 − 𝑗), 𝑖 = 𝑗,

𝑗 (𝑛 − 𝑖) − ( 𝑗 − 1) (𝑛 − 𝑖), 𝑖 > 𝑗

=

{
−𝑖, 𝑖 < 𝑗,

(𝑛 − 𝑖) 𝑖 ≥ 𝑗,
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We then have for all 𝑗 that

𝜇 𝑗 =
∑︁
𝑖< 𝑗

(−𝑖)
𝑛
𝐿𝑖 (𝑖+1)+

𝑛−1∑︁
𝑖=𝑗

𝑛 − 𝑖
𝑛

𝐿𝑖 (𝑖+1) =
𝑛−1∑︁
𝑖=𝑗

𝐿𝑖 (𝑖+1)−
𝑛−1∑︁
𝑖=1

𝑖

𝑛
𝐿𝑖 (𝑖+1) = 𝐿 𝑗𝑛−

𝑛−1∑︁
𝑖=1

𝑖

𝑛
𝐿𝑖 (𝑖+1) .

Thus if 𝑗 < 𝑘 we have

𝜇 𝑗 − 𝜇𝑘 = 𝐿 𝑗𝑛 − 𝐿𝑘𝑛 = 𝐿 𝑗𝑘 =
∑︁
𝑗≤𝑖<𝑘

𝐿𝑖 (𝑖+1) ,

so that 𝜇 𝑗 ≻ 𝜇𝑘 if 𝑗 < 𝑘. In particular, this means that 𝜔1 = 𝜇1 ≻ 𝜇 𝑗 for all
𝑗 , so that 𝜔1 is the highest weight. In fact, the standard representation is the
irreducible representation with highest weight 𝜔1. This can be seen from the
calculation of 𝜇 𝑗 above, which shows that 𝜔1 is the only dominant weight of the
standard representation. Since each piece in the decomposition into irreducible
representations contributes at least one dominant integral weight (its highest
weight), and the weight space of 𝜔1 is 1-dimensional, there is no room for more
than one irreducible subrepresentation.

In the case 𝑛 = 3, the standard representation has the 3 weights

𝜔1, 𝜔2 − 𝜔1,−𝜔2.

In the following picture we have drawn these weights in blue as well as the
Weyl chamber and the positive simple roots (in red):

7.8 The root system of sp𝑛
Recall that the Lie algebra sp𝑛 consists of 2𝑛 × 2𝑛-matrices 𝑋 over C such that

Ω𝑋 + 𝑋𝑇Ω = 0,

where Ω =

(
0 𝐼𝑛
−𝐼𝑛 0

)
. According to Exercise 3.6, these are precisely the matrices

with the block form
𝑋 =

(
𝐴 𝐵

𝐶 −𝐴𝑇
)

where 𝐵 and 𝐶 are symmetric 𝑛 × 𝑛 matrices and 𝐴 is arbitrary. A basis for sp𝑛
is therefore given by the matrices(

0 𝐸 𝑗𝑘 + 𝐸𝑘 𝑗
0 0

)
,

(
0 0

𝐸 𝑗𝑘 + 𝐸𝑘 𝑗 0

)
( 𝑗 ≠ 𝑘),

(
0 𝐸 𝑗 𝑗
0 0

)
,

(
0 0
𝐸 𝑗 𝑗 0

)
,
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(
𝐸 𝑗𝑘 0
0 −𝐸𝑘 𝑗

)
(all 𝑗, 𝑘).

The diagonal matrices form a commutative subalgebra h of sp𝑛; we claim that
this is a Cartan subalgebra. To see this, let Λ be the diagonal matrix with diag-
onal entries (𝜆1, . . . , 𝜆𝑛,−𝜆1, . . . ,−𝜆𝑛).

Exercise 7.6. Verify the following commutator calculations for the diagonal matrix Λ
and the basis elements:

[Λ,
(
0 𝐸 𝑗𝑘 + 𝐸𝑘 𝑗
0 0

)
] = (𝜆 𝑗 + 𝜆𝑘 )

(
0 𝐸 𝑗𝑘 + 𝐸𝑘 𝑗
0 0

)
,

[Λ,
(

0 0
𝐸 𝑗𝑘 + 𝐸𝑘 𝑗 0

)
] = −(𝜆 𝑗 + 𝜆𝑘 )

(
0 0

𝐸 𝑗𝑘 + 𝐸𝑘 𝑗 0

)
[Λ,

(
0 𝐸 𝑗 𝑗
0 0

)
] = 2𝜆 𝑗

(
0 𝐸 𝑗 𝑗
0 0

)
,

[Λ,
(
0 0
𝐸 𝑗 𝑗 0

)
] = −2𝜆 𝑗

(
0 0
𝐸 𝑗 𝑗 0

)
,

[Λ,
(
𝐸 𝑗𝑘 0
0 −𝐸𝑘 𝑗

)
] = (𝜆𝑘 − 𝜆 𝑗 )

(
𝐸 𝑗𝑘 0
0 −𝐸𝑘 𝑗

)
.

We thus see that [Λ, –] acts diagonally in our basis. Moreover, the basis
vectors that do not lie in h are weight vectors for non-zero weights, so since
weight vectors for distinct weights are linearly independent there is no room
to expand h to a larger commutative subalgebra.

We use the compact real form usp𝑛, which consists of the matrices in sp𝑛
that are also skew-Hermitian. Then h = t ⊗ C where t consists of the pure-
imaginary diagonal matrices in sp𝑛. Hence 𝑖t consists of real diagonal matrices
with diagonal (𝜆1, . . . , 𝜆𝑛,−𝜆1, . . . ,−𝜆𝑛). As in Example 7.4.21 we can restrict
the standard inner product on gl2𝑛 (C) to get an inner product on sp𝑛. By
Lemma 7.4.20 this is real on usp𝑛, and [𝑋, –] for 𝑋 ∈ usp𝑛 is skew-Hermitian,
since usp𝑛 consists matrices that are in particular skew-Hermitian. If we write

𝐿 𝑗 := 1
2

(
𝐸 𝑗 𝑗 0
0 −𝐸 𝑗 𝑗

)
,

then for Λ as above we get

⟨𝐿 𝑗 ,Λ⟩ = 1
2 (𝜆 𝑗 + 𝜆 𝑗 ) = 𝜆 𝑗 ,

so that the roots are
±𝐿𝑖 ± 𝐿 𝑗 (𝑖 < 𝑗), ±2𝐿 𝑗 .

Since we also have ⟨𝐿𝑖 , 𝐿𝑗 ⟩ = 1
2𝛿𝑖 𝑗 , the inner products of the roots are given by

⟨(−1)𝑎𝐿𝑖+(−1)𝑏𝐿 𝑗 , (−1)𝑐𝐿𝑘+(−1)𝑑𝐿𝑙 ⟩ =
1
2

(
(−1)𝑎+𝑐𝛿𝑖𝑘 + (−1)𝑎+𝑑𝛿𝑖𝑙 + (−1)𝑏+𝑐𝛿 𝑗𝑘 + (−1)𝑏+𝑑𝛿 𝑗𝑙

)
,
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⟨(−1)𝑎𝐿𝑖 + (−1)𝑏𝐿 𝑗 , (−1)𝑐2𝐿𝑘⟩ = (−1)𝑎+𝑐𝛿𝑖𝑘 + (−1)𝑏+𝑐𝛿 𝑗𝑘 ,

⟨(−1)𝑎2𝐿𝑖 , (−1)𝑏2𝐿 𝑗 ⟩ = (−1)𝑎+𝑏2𝛿𝑖 𝑗 .

In particular, the roots ±2𝐿𝑖 𝑗 have length
√
2 and those of the form ±𝐿𝑖 ±𝐿 𝑗 have

length 1.

Exercise 7.7. Check that the roots 𝐿𝑖 − 𝐿𝑖+1 (𝑖 = 1, . . . , 𝑛 − 1) and 2𝐿𝑛 form a base.

Let’s look more closely at the smallest cases. For 𝑛 = 1 there are only the
two roots ±2𝐿1; these are the same as the roots of sl2. Indeed, sp1 consists of

2×2 matrices of the form
(
𝑎 𝑏

𝑐 −𝑎

)
, so sp1 is actually identical to the Lie algebra

sl2 of traceless 2 × 2 matrices.
In the case 𝑛 = 2, there are 8 roots: ±𝐿1 ± 𝐿2 (of length 1) and ±2𝐿1, ±2𝐿2

(of length
√
2). If we think of 𝐿1 as lying on the 𝑥-axis and 𝐿2 on the 𝑦-axis, we

get the following picture of the roots:

Here the dark grey region indicates the positive side of one possible hyperplane
dividing the roots, and the positive simple roots are labelled in red (they are 2𝐿1
and 𝐿2 − 𝐿1). The next picture illustrates a Weyl chamber and the fundamental
weights (though unfortunately for a different choice of positive simple roots, as
indicated in red):

Here we have also drawn part of the weight lattice, but note that this is slightly
misleading: the points where two diagonal lines cross in the centre of a square
are not contained in the lattice.

7.9 The root system of so𝑛
The roots of so𝑛 turn out to behave somewhat differently according to whether
𝑛 is odd or even. In order to consider the two cases in parallel, it is convenient
to define𝑚 so that either 𝑛 = 2𝑚 or 𝑛 = 2𝑚 + 1.
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We know that so𝑛 consists of skew-symmetric 𝑛 ×𝑛 matrices over C; as the
compact real form we take so𝑛 (R), consisting of skew-symmetric real 𝑛 × 𝑛
matrices. As a basis we can take the matrices

𝐸𝑖 𝑗 := 𝐸𝑖 𝑗 − 𝐸 𝑗𝑖

for 𝑖 < 𝑗 .

Lemma 7.9.1. Let h be the C-subspace of so𝑛 spanned by the matrices

𝐿𝑖 := 𝐸 (2𝑖−1) (2𝑖 )

for 𝑖 = 1, . . . ,𝑚. This is a commutative subalgebra of so𝑛 .

Proof. We always have 𝐸𝑖 𝑗𝐸𝑘𝑙 = 𝛿 𝑗𝑘𝐸𝑖𝑙 , so that [𝐸𝑖 𝑗 , 𝐸𝑘𝑙 ] = 𝛿 𝑗𝑘𝐸𝑖𝑙 − 𝛿𝑙𝑖𝐸𝑘 𝑗 . From
this we compute

[𝐸𝑖 𝑗 , 𝐸𝑘𝑙 ] = 𝛿 𝑗𝑘𝐸𝑖𝑙 + 𝛿𝑖𝑙𝐸 𝑗𝑘 + 𝛿𝑘𝑖𝐸𝑙𝑖 + 𝛿𝑙 𝑗𝐸𝑘𝑖 .

In particular we get

[𝐿𝑖 , 𝐸𝑘𝑙 ] = [𝐸 (2𝑖−1) (2𝑖 ) , 𝐸𝑘𝑙 ]
= 𝛿 (2𝑖 )𝑘𝐸 (2𝑖−1)𝑙 + 𝛿 (2𝑖−1)𝑙𝐸 (2𝑖 )𝑘 + 𝛿𝑘 (2𝑖−1)𝐸𝑙 (2𝑖 ) + 𝛿𝑙 (2𝑖 )𝐸𝑘 (2𝑖−1)

=



−𝐸 (𝑘+1)𝑙 , 𝑘 = 2𝑖 − 1
−𝐸𝑘 (𝑙+1) , 𝑙 = 2𝑖 − 1
𝐸 (𝑘−1)𝑙 , 𝑘 = 2𝑖
𝐸𝑘 (𝑙−1) , 𝑙 = 2𝑖,
0, otherwise.

None of the four non-zero cases can occur for [𝐿𝑖 , 𝐿𝑗 ] = [𝐸 (2𝑖−1) (2𝑖 ) , 𝐸 (2𝑗−1) (2𝑗 ) ],
so this is indeed 0. □

If we take t ⊆ so𝑛 (R) to be the real vector space spanned by the 𝐿𝑖 , then
the same calculation shows this is a commutative subalgebra in so𝑛 (R), and
h � t ⊗ C. In fact, t is a maximal commutative subalgebra, so that h is a Cartan
subalgebra.

Exercise 7.8. Use the calculation above of [𝐿𝑖 , –] on the basis 𝐸𝑘𝑙 of so𝑛 (R) to show
that if [𝐿𝑖 , 𝑋 ] = 0 for all 𝑖 then 𝑋 ∈ t.

Next, we want to find the roots of so𝑛. For this we unfortunately need to
find a new basis, since our current one clearly doesn’t consist of root vectors.

Exercise 7.9. Show that the four matrices

𝐴 =

(
1 𝑖

𝑖 −1

)
, 𝐵 =

(
1 𝑖

−𝑖 1

)
, 𝐶 =

(
1 𝑖

−𝑖 −1

)
, 𝐷 =

(
1 −𝑖
−𝑖 1

)
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are linearly independent, and so form a basis for M2 (C). [Hint: To show that a matrix(
𝑎 𝑏

𝑐 𝑑

)
can be written uniquely as 𝛼𝐴 + 𝛽𝐵 +𝛾𝐶 + 𝛿𝐷, think of this as a linear equation

©­­­«
𝑎

𝑏

𝑐

𝑑

ª®®®¬ = 𝑀

©­­­«
𝛼

𝛽

𝛾

𝛿

ª®®®¬
for a 4 × 4 matrix 𝑀 , and check that this 𝑀 is invertible.]

If 𝑛 = 2𝑚, we can extend 𝐿1, . . . , 𝐿𝑚 to a basis for so2𝑚 by thinking of the
elements as𝑚 ×𝑚 matrices of 2× 2 blocks, and putting each of these 4 matrices
as the single non-zero block above the diagonal. More precisely, let us define
(also in the case 𝑛 = 2𝑚 + 1) for 1 ≤ 𝑖 < 𝑗 ≤ 𝑚

𝐴𝑖 𝑗 := 𝐸 (2𝑖−1) (2𝑗−1) + 𝑖𝐸 (2𝑖−1) (2𝑗 ) + 𝑖𝐸 (2𝑖 ) (2𝑗−1) − 𝐸 (2𝑖 ) (2𝑗 )
𝐵𝑖 𝑗 := 𝐸 (2𝑖−1) (2𝑗−1) + 𝑖𝐸 (2𝑖−1) (2𝑗 ) − 𝑖𝐸 (2𝑖 ) (2𝑗−1) + 𝐸 (2𝑖 ) (2𝑗 )
𝐶𝑖 𝑗 := 𝐸 (2𝑖−1) (2𝑗−1) + 𝑖𝐸 (2𝑖−1) (2𝑗 ) − 𝑖𝐸 (2𝑖 ) (2𝑗−1) − 𝐸 (2𝑖 ) (2𝑗 )
𝐷𝑖 𝑗 := 𝐸 (2𝑖−1) (2𝑗−1) − 𝑖𝐸 (2𝑖−1) (2𝑗 ) − 𝑖𝐸 (2𝑖 ) (2𝑗−1) + 𝐸 (2𝑖 ) (2𝑗 ) .

Proposition 7.9.2. Write 𝐻 =
∑𝑚
𝑖=1 𝑎𝑖𝐿𝑖 for an element of h. For all 1 ≤ 𝑘 < 𝑙 ≤ 𝑚

we then have:

(1) The matrix 𝐴𝑘𝑙 is a root vector for the root 𝛼𝐴
𝑘𝑙
(𝐻 ) = 𝑖 (𝑎𝑘 + 𝑎𝑙 ).

(2) The matrix 𝐵𝑘𝑙 is a root vector for the root 𝛼𝐵
𝑘𝑙
(𝐻 ) = −𝑖 (𝑎𝑘 + 𝑎𝑙 ).

(3) The matrix 𝐶𝑘𝑙 is a root vector for the root 𝛼𝐶
𝑘𝑙
(𝐻 ) = 𝑖 (𝑎𝑘 − 𝑎𝑙 ).

(4) The matrix 𝐷𝑘𝑙 is a root vector for the root 𝛼𝐷
𝑘𝑙
(𝐻 ) = −𝑖 (𝑎𝑘 − 𝑎𝑙 ).

Proof. We’ll prove (1), and leave the sign changes needed for the 3 other cases to

121



any exceptionally diligent readers. We compute (omitting the cases that are 0):

[𝐿𝑖 , 𝐸 (2𝑘−1) (2𝑙−1) ] =
{
−𝐸 (2𝑘 ) (2𝑙−1) , 𝑖 = 𝑘

−𝐸 (2𝑘−1) (2𝑙 ) , 𝑖 = 𝑙

[𝐿𝑖 , 𝐸 (2𝑘−1) (2𝑙 ) ] =
{
−𝐸 (2𝑘 ) (2𝑙 ) , 𝑖 = 𝑘

𝐸 (2𝑘−1) (2𝑙−1) , 𝑖 = 𝑙

[𝐿𝑖 , 𝐸 (2𝑘 ) (2𝑙−1) ] =
{
𝐸 (2𝑘−1) (2𝑙−1) , 𝑖 = 𝑘

−𝐸 (2𝑘 ) (2𝑙 ) , 𝑖 = 𝑙

[𝐿𝑖 , 𝐸 (2𝑘 ) (2𝑙 ) ] =
{
𝐸 (2𝑘−1) (2𝑙 ) , 𝑖 = 𝑘

𝐸 (2𝑘 ) (2𝑙−1) , 𝑖 = 𝑙

[𝐿𝑖 , 𝐴𝑘𝑙 ] = [𝐿𝑖 , 𝐸 (2𝑘−1) (2𝑙−1) + 𝑖𝐸 (2𝑘−1) (2𝑙 ) + 𝑖𝐸 (2𝑘 ) (2𝑙−1) − 𝐸 (2𝑘 ) (2𝑙 ) ]

=

{
−𝐸 (2𝑘 ) (2𝑙−1) − 𝑖𝐸 (2𝑘 ) (2𝑙 ) + 𝑖𝐸 (2𝑘−1) (2𝑙−1) − 𝐸 (2𝑘−1) (2𝑙 ) , 𝑖 = 𝑘

−𝐸 (2𝑘−1) (2𝑙 ) + 𝑖𝐸 (2𝑘−1) (2𝑙−1) − 𝑖𝐸 (2𝑘 ) (2𝑙 ) − 𝐸 (2𝑘 ) (2𝑙−1) , 𝑖 = 𝑙

=

{
𝑖𝐴𝑘𝑙 , 𝑖 = 𝑘, 𝑙

0, otherwise.

Thus [𝐿𝑖 , 𝐴𝑘𝑙 ] = 𝛼𝐴𝑘𝑙 (𝐿𝑖)𝐴𝑘𝑙 for all 𝑖, and since the 𝐿𝑖 are a basis for h this means
𝐴𝑘𝑙 is a root vector for 𝛼𝐴

𝑘𝑙
, as required. □

For 𝑛 = 2𝑚 we have now found a basis of root vectors, while we still need a
few more vectors to span so2𝑚+1: We define

𝐹 𝑗 := 𝐸 (2𝑗−1) (2𝑚+1) + 𝑖𝐸 (2𝑗 ) (2𝑚+1) , 𝐺 𝑗 := 𝐸 (2𝑗−1) (2𝑚+1) − 𝑖𝐸 (2𝑗 ) (2𝑚+1)

Together these span the non-diagonal entries in the last ((2𝑚+1)th) column, so
together with our previous roots vectors and the 𝐿𝑖 they give a basis for so2𝑚+1.

Proposition 7.9.3. Assume 𝑛 = 2𝑚 + 1, and write 𝐻 =
∑𝑚
𝑖=1 𝑎𝑖𝐿𝑖 for an element of

h. For all 1 ≤ 𝑗 ≤ 𝑚 we then have:

(1) The matrix 𝐹 𝑗 is a root vector for the root 𝛼𝐹𝑗 (𝐻 ) = 𝑖𝑎 𝑗 .

(2) The matrix 𝐺 𝑗 is a root vector for the root 𝛼𝐺𝑗 (𝐻 ) = −𝑖𝑎 𝑗 .
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Proof. We prove case (1) by computing:

[𝐿𝑘 , 𝐸 (2𝑗−1) (2𝑚+1) ] =
{
−𝐸 (2𝑗 ) (2𝑚+1) , 𝑘 = 𝑗

0, 𝑘 ≠ 𝑗

[𝐿𝑘 , 𝐸 (2𝑗 ) (2𝑚+1) ] =
{
𝐸 (2𝑗−1) (2𝑚+1) , 𝑘 = 𝑗

0, 𝑘 ≠ 𝑗

[𝐿𝑘 , 𝐹 𝑗 ] =
{
−𝐸 (2𝑗 ) (2𝑚+1) + 𝑖𝐸 (2𝑗−1) (2𝑚+1) , 𝑘 = 𝑗

0, 𝑘 ≠ 𝑗

=

{
𝑖𝐹 𝑗 , 𝑘 = 𝑗

0, 𝑘 ≠ 𝑗

Thus [𝐿𝑘 , 𝐹 𝑗 ] = 𝛼𝐹𝑗 (𝐿𝑘 )𝐹 𝑗 for all 𝑘. Since the 𝐿𝑘 form a basis for h, this means
that 𝐹 𝑗 is a root vector for 𝛼𝐹𝑗 , as required. □

To get a good inner product on so𝑛 we can again use Lemma 7.4.20 to
conclude that the restriction of the standard inner product on gl𝑛 (C) works,
since our compact real form so𝑛 (R) consists of matrices that are in particular
skew-Hermitian.

Since 𝐸𝑖 𝑗 for all 𝑖, 𝑗 is an orthonormal basis for gl𝑛 (C), we then get

⟨𝐿𝑖 , 𝐿 𝑗 ⟩ = 2𝛿𝑖 𝑗 ,

so that in 𝑖t we can identify the roots as

𝛼𝐴
𝑘𝑙

= − 𝑖
2
(𝐿𝑘 + 𝐿𝑙 ), 𝛼𝐵

𝑘𝑙
=
𝑖

2
(𝐿𝑘 + 𝐿𝑙 ), 𝛼𝐶

𝑘𝑙
= − 𝑖

2
(𝐿𝑘 − 𝐿𝑙 ), 𝛼𝐷

𝑘𝑙
=
𝑖

2
(𝐿𝑘 − 𝐿𝑙 )

for 1 ≤ 𝑘 < 𝑙 ≤ 𝑚, as well as

𝛼𝐹𝑗 = − 𝑖
2
𝐿 𝑗 , 𝛼𝐺𝑗 =

𝑖

2
𝐿 𝑗

when 𝑛 is odd. Thus the roots of so2𝑚 in 𝑖t are

𝑖

2
(±𝐿𝑘 ± 𝐿𝑙 ), 𝑘 < 𝑙 .

In particular, these roots all have the same length. For so2𝑚+1 we also have the
additional roots ± 𝑖2𝐿𝑘 for 1 ≤ 𝑘 ≤ 𝑚; note that these are shorter than the first
type of root by a factor of

√
2.

Let’s see what the roots look like for small values of 𝑛:

Example 7.9.4. For so2,𝑚 = 1 and there are no roots. (Indeed, so2 is abelian.)
For so3,𝑚 = 1 and we have the two roots ±𝐿1. (Of course, so3 � sl2 and their
roots are the same.)
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Example 7.9.5. For so4, 𝑚 = 2 and we have 4 roots: 𝑖
2 (±𝐿1 ± 𝐿2). The roots

𝑖
2 (𝐿1 + 𝐿2) and 𝑖

2 (𝐿1 − 𝐿2) are orthogonal, so we can draw the roots as follows:

Any of the four possible choices of two orthogonal roots is a base, and the Weyl
chambers are the four quadrants. Let’s draw one option:

Recall that we had an isomorphism so4 � sl2 ⊕ sl2 — it is not a coincidence
that the roots of so4 look like two orthogonal copies of those of sl2!

Example 7.9.6. For so5,𝑚 = 2 and we have 8 roots: 𝑖
2 (±𝐿1 ±𝐿2) as before, but

now also ± 𝑖2𝐿1,±
𝑖
2𝐿2. We get the following picture, where the dark grey region

indicates a choice of hyperplane dividing the roots, with the corresponding
positive simple roots marked in red:

The next picture shows a Weyl chamber (again for a different choice of positive
simple roots, in red) and the corresponding fundamental weights (in blue), and
part of the weight lattice:

Note that in this picture the points where two diagonal lines cross are weights!

Remark 7.9.7. The roots of so5 look suspiciously like those of sp2, except for
being rotated by 45 degrees. Indeed, there is an isomorphism of Lie algebras
so5 � sp2. While we’re at it, there’s one more notable isomorphism worth
mentioning: so6 � sl4.

7.10 (Anti)symmetric powers and sl𝑛-representations

Our goal in this section is to define the fundamental representations of sl𝑛 (i.e.
those whose highest weights are the fundamental weights𝜔1, . . . , 𝜔𝑛−1). It turns
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out that we can obtain these by applying a general construction, the exterior
or antisymmetric powers, to the standard representation of sl𝑛. We start by
introducing this construction in vector spaces, together with its slightly simpler
cousin, the symmetric powers.

Notation 7.10.1. We write𝑉 ⊗𝑛 for the 𝑛-fold iterated tensor product𝑉 ⊗· · ·⊗𝑉
of 𝑉 with itself.

Definition 7.10.2. The symmetric group 𝑆𝑛 acts on 𝑉 ⊗𝑛 for any vector space
𝑉 by permuting the 𝑛 copies of 𝑉 . More precisely, we define the action of a
permutation 𝜎 by setting

𝜎 · 𝑣1 ⊗ · · · ⊗ 𝑣𝑛 := 𝑣𝜎 (1) ⊗ · · · ⊗ 𝑣𝜎 (𝑛)

and extending this linearly to general elements of𝑉 ⊗𝑛. The 𝑛th symmetric power
Sym𝑛𝑉 is the subspace of𝑉 ⊗ consisting of elements that are fixed by this action,
i.e. 𝑋 ∈ 𝑉 ⊗𝑛 lies in Sym𝑛𝑉 if and only if 𝜎 · 𝑋 = 𝑋 for all 𝜎 ∈ 𝑆𝑛.

Exercise 7.10. Show that we can define a linear map 𝑠 : 𝑉 ⊗𝑛 → Sym𝑛𝑉 by 𝑠 (𝑋 ) =∑
𝜎∈𝑆𝑛 𝜎 · 𝑋 . Check that if 𝑋 ∈ Sym𝑛𝑉 then 𝑠 (𝑋 ) = (𝑛!)𝑋 , so that (provided our base

field is of characteristic zero) the composite

Sym𝑛𝑉 ↩→ 𝑉 ⊗𝑛
𝑠−→ Sym𝑛𝑉

is an automorphism of Sym𝑛𝑉 . In particular, 𝑠 is surjective; show that its kernel is the
subspace spanned by vectors of the form

𝑣1 ⊗ · · · ⊗ 𝑣𝑛 − 𝑣𝜎 (1) ⊗ · · · ⊗ 𝑣𝜎 (𝑛)

for 𝜎 ∈ 𝑆𝑛, 𝑣𝑖 ∈ 𝑉 , and conclude that Sym𝑛𝑉 is also the quotient of 𝑉 ⊗𝑛 where we
impose these relations.

Notation 7.10.3. We often denote the element 𝑠 (𝑣1 ⊗ · · · ⊗ 𝑣𝑛) of Sym𝑛𝑉 as
𝑣1 · · · 𝑣𝑛. Then we have 𝑣1 · · · 𝑣𝑛 = 𝑣𝜎 (1) · · · 𝑣𝜎 (𝑛) for all 𝜎 ∈ 𝑆𝑛.

Exercise 7.11. Suppose 𝑒1, . . . , 𝑒𝑚 is a basis of 𝑉 . Prove that the vectors 𝑠 (𝑒𝑖1 ⊗ · · · ⊗ 𝑒𝑖𝑛 )
with 𝑖1 ≤ 𝑖2 ≤ · · · ≤ 𝑖𝑛 form a basis for Sym𝑛𝑉 .

Now we turn to the exterior (or antisymmetric) powers:

Definition 7.10.4. Recall that the sign sgn𝜎 ∈ {±1} of a permutation 𝜎 ∈ 𝑆𝑛
is defined by taking the sign of a transposition to be −1 and requiring that
sgn(𝜎𝜏) = (sgn𝜎) (sgn𝜏); alternatively, sgn𝜎 is the determinant of 𝜎 when
regarded as an automorphism of R𝑛 that permutates the coordinates. We can
twist the action of 𝑆𝑛 on 𝑉 ⊗ by the sign to get a new action by defining

𝜎 · 𝑣1 ⊗ · · · ⊗ 𝑣𝑛 := (sgn𝜎) · 𝑣𝜎 (1) ⊗ · · · ⊗ 𝑣𝜎 (𝑛) ,

and extending this linearly. The 𝑛th exterior (or antisymmetric) power Λ𝑛𝑉 is the
subspace of 𝑉 ⊗ consisting of elements that are fixed by this action, i.e. 𝑋 ∈ 𝑉 ⊗𝑛
lies in Sym𝑛𝑉 if and only if 𝜎 · 𝑋 = 𝑋 for all 𝜎 ∈ 𝑆𝑛.
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Exercise 7.12. Show that we can define a linear map 𝑎 : 𝑉 ⊗𝑛 → Λ𝑛𝑉 by 𝑎(𝑋 ) =∑
𝜎∈𝑆𝑛 𝜎 · 𝑋 . Check that if 𝑋 ∈ Λ𝑛𝑉 then 𝑎(𝑋 ) = (𝑛!)𝑋 , so that (provided our base

field is of characteristic zero) the composite

Λ𝑛𝑉 ↩→ 𝑉 ⊗𝑛
𝑎−→ Λ𝑛𝑉

is an automorphism of Λ𝑛𝑉 . In particular, 𝑎 is surjective; show that its kernel is the
subspace spanned by vectors of the form

𝑣1 ⊗ · · · ⊗ 𝑣𝑛 − sgn(𝜎)𝑣𝜎 (1) ⊗ · · · ⊗ 𝑣𝜎 (𝑛)

for 𝜎 ∈ 𝑆𝑛, 𝑣𝑖 ∈ 𝑉 , and conclude that Λ𝑛𝑉 is also the quotient of 𝑉 ⊗𝑛 where we impose
these relations.

Notation 7.10.5. We often denote the element 𝑎(𝑣1 ⊗ · · · ⊗ 𝑣𝑛) of Λ𝑛𝑉 as 𝑣1 ∧
· · · ∧ 𝑣𝑛. Note that 𝑣1 ∧ · · · ∧ 𝑣𝑛 = (sgn𝜎)𝑣𝜎 (1) ∧ · · · ∧ 𝑣𝜎 (𝑛) for all 𝜎 ∈ 𝑆𝑛. In
particular, if two of the 𝑣𝑖 ’s are equal this must be 0.

Exercise 7.13. Suppose 𝑒1, . . . , 𝑒𝑚 is a basis of𝑉 . Prove that the vectors 𝑎(𝑒𝑖1 ⊗ · · · ⊗ 𝑒𝑖𝑛 )
with 𝑖1 < 𝑖2 < · · · < 𝑖𝑛 form a basis for Λ𝑛𝑉 .

Now we come apply these constructions to representations:

Proposition 7.10.6. Let (𝑉 , 𝜌) be a representation of a matrix group𝐺 or a Lie alge-
bra g. Then Sym𝑉 and Λ𝑛𝑉 are invariant subspaces of the tensor product representation
(𝑉 ⊗𝑛, 𝜌⊗𝑛).

Proof. We consider the symmetric case; the antisymmetric case is almost identi-
cal. We first assume 𝜌 is a group representation. For 𝑋 ∈ 𝑉 ⊗, 𝑔 ∈ 𝐺 , 𝜎 ∈ 𝑆𝑛, we
claim that 𝜌⊗𝑛 (𝑔) (𝜎 ·𝑋 ) = 𝜎 · 𝜌⊗ (𝑔) (𝑋 ). Since both sides are linear, it suffices to
check this when 𝑋 = 𝑣1 ⊗ · · · ⊗ 𝑣𝑛, in which case we have

𝜌⊗𝑛 (𝑔) (𝜎 ·𝑋 ) = 𝜌⊗𝑛 (𝑔) (𝑣𝜎 (1)⊗· · ·⊗𝑣𝜎 (𝑛) ) = 𝜌 (𝑔)𝑣𝜎 (1)⊗· · · 𝜌 (𝑔)𝑣𝜎 (𝑛) = 𝜎 ·𝜌 (𝑔) (𝑋 ) .

If𝑋 ∈ Sym𝑛𝑉 we thus have 𝜎 · (𝜌 (𝑔)𝑋 ) = 𝜌 (𝑔) (𝜎 ·𝑋 ) = 𝜌 (𝑔) (𝑋 ), so that 𝜌 (𝑔)𝑋 is
also in Sym𝑛𝑉 , as required. The Lie algebra version is almost the same, except
that we then compute for 𝑄 ∈ g that

𝜌⊗𝑛 (𝑄) (𝜎 · 𝑋 ) = 𝜌⊗𝑛 (𝑄) (𝑣𝜎 (1) ⊗ · · · ⊗ 𝑣𝜎 (𝑛) )

=

𝑛∑︁
𝑖=1

𝑣𝜎 (1) ⊗ · · · ⊗ 𝜌 (𝑄)𝑣𝜎 (𝑖 ) ⊗ · · · ⊗ 𝑣𝜎 (𝑛)

=

𝑛∑︁
𝑗=1

𝜎 · (𝑣1 ⊗ · · · ⊗ 𝜌 (𝑄)𝑣 𝑗 ⊗ · · · ⊗ 𝑣𝑛)

= 𝜎 · 𝜌⊗𝑛 (𝑄) (𝑋 ),

where we use that 𝜎 is a permutation to reorder the sum with 𝑗 = 𝜎 (𝑖). □
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Exercise 7.14. Show that for any vector space 𝑉 we have a direct sum decomposition
𝑉 ⊗ 𝑉 = Sym2𝑉 ⊕ Λ2𝑉 . [Hint: write 𝑢 ⊗ 𝑣 as 1

2 (𝑢 ⊗ 𝑣 + 𝑣 ⊗ 𝑢) +
1
2 (𝑢 ⊗ 𝑣 − 𝑣 ⊗ 𝑢).]

Conclude that 𝑉 ⊗ 𝑉 is never an irreducible representation.

Exercise 7.15. Let (𝑉 , 𝜌) be a finite-dimensional complex representation of a com-
plex semisimple Lie algebra g. Suppose 𝑣1, . . . , 𝑣𝑛 are weight vectors in 𝑉 for weights
𝜇1, . . . , 𝜇𝑛, respectively. Show that:

(i) 𝑣1 ⊗ · · · ⊗ 𝑣𝑛 is a weight vector for 𝜇1 + · · · + 𝜇𝑛 in 𝑉 ⊗𝑛.

(ii) 𝑣1 · · · 𝑣𝑛 is a weight vector for 𝜇1 + · · · + 𝜇𝑛 in Sym𝑛𝑉 .

(iii) If the 𝑣𝑖 are linearly independent (for example if the weights 𝜇𝑖 are all distinct),
then 𝑣1 ∧ · · · ∧ 𝑣𝑛 is a weight vector for 𝜇1 + · · · + 𝜇𝑛 in Λ𝑛𝑉 .

Using this exercise we immediately conclude the following:

Proposition 7.10.7. Suppose (𝑉 , 𝜌) is a finite-dimensional complex representation
of a complex semisimple Lie algebra g such that𝑉 is the direct sum of its weight spaces,
i.e. there exists a basis of weight vectors 𝑣1, . . . , 𝑣𝑘 with weights 𝜇1, . . . , 𝜇𝑘 (possibly
repeated). Then

(i) The vectors 𝑣𝑖1 ⊗ · · · ⊗ 𝑣𝑖𝑛 form a basis of weight vectors for 𝑉 ⊗𝑛 with weights
𝜇𝑖1 + · · · + 𝜇𝑖𝑛 , respectively.

(ii) The vectors 𝑣𝑖1 · · · 𝑣𝑖𝑛 with 𝑖1 ≤ · · · ≤ 𝑖𝑛 form a basis of weight vectors for
Sym𝑛𝑉 with weights 𝜇𝑖1 + · · · + 𝜇𝑖𝑛 , respectively.

(iii) The vectors 𝑣𝑖1 ∧ · · · ∧ 𝑣𝑖𝑛 with 𝑖1 < · · · < 𝑖𝑛 form a basis of weight vectors for
Λ𝑛𝑉 with weights 𝜇𝑖1 + · · · + 𝜇𝑖𝑛 , respectively.

Corollary 7.10.8. Let 𝑉 = C𝑛 be the standard representation of sl𝑛 . Then Λ𝑘𝑉 is
an irreducible representation with highest weight 𝜔𝑘 for 𝑘 = 1, . . . , 𝑛 − 1.

Proof. Recall from Example 7.7.13 that the standard basis 𝑒1, . . . , 𝑒𝑛 for𝑉 consists
of weight vectors for the (distinct) weights

𝜇 𝑗 =


𝜔1, 𝑗 = 1,
𝜔 𝑗 − 𝜔 𝑗−1, 1 < 𝑗 < 𝑛,

−𝜔𝑛−1, 𝑗 = 𝑛

From Proposition 7.10.7 it follows that 𝑒𝑖1 ∧ · · · ∧ 𝑒𝑖𝑘 for 𝑖1 < · · · < 𝑖𝑘 is a basis
for Λ𝑘𝑉 consisting of weight vectors for the weights 𝜇𝑖1 + · · · + 𝜇𝑖𝑘 . Note in
particular that 𝑒1 ∧ 𝑒2 ∧ · · · ∧ 𝑒𝑘 is a weight vector for

𝜇1 + 𝜇2 + · · · + 𝜇𝑘 = 𝜔1 + (𝜔2 − 𝜔1) + · · · + (𝜔𝑘 − 𝜔𝑘−1) = 𝜔𝑘 ,

so 𝜔𝑘 is a weight of Λ𝑘𝑉 . To see that it is the highest weight, recall from Exam-
ple 7.7.13 that if 𝑖 < 𝑗 we have 𝜇𝑖 − 𝜇 𝑗 = 𝐿𝑖 𝑗 . For any sequence 1 ≤ 𝑖1 < · · · < 𝑖𝑘
we must have 𝑖 𝑗 ≥ 𝑗 (with equality possible only if it holds for all 𝑗). Therefore

𝜔𝑘 − (𝜇𝑖1 + · · · + 𝜇𝑖𝑘 ) = (𝜇1 − 𝜇𝑖1) + · · · + (𝜇𝑘 − 𝜇𝑖𝑘 ) = 𝐿1𝑖1 + · · · + 𝐿𝑘𝑖𝑘 ,
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which is clearly a sum of the positive simple roots with non-negative coeffi-
cients, so that 𝜔𝑘 ⪰ (𝜇𝑖1 + · · · + 𝜇𝑖𝑘 ). We leave the proof of irreducibility as an
exercise. □

Exercise 7.16. Recall that in sl𝑛, the matrix 𝐸𝑖 𝑗 is a root vector for 𝐿𝑖 𝑗 . In the standard
representation 𝑉 = C𝑛 we have

𝐸𝑖 𝑗𝑒𝑘 =

{
𝑒𝑖 , 𝑗 = 𝑘,

0, otherwise.

Show from this that we can obtain all basis vectors 𝑒𝑖1 ∧ · · · ∧ 𝑒𝑖𝑘 of Λ𝑘𝑉 from 𝑒1 ∧ 𝑒2 ∧
· · · ∧ 𝑒𝑘 by acting with the matrices 𝐸𝑖 𝑗 𝑗 . Conclude that Λ𝑘𝑉 is highest weight cyclic,
and so irreducible.

Example 7.10.9. For𝑛 = 3, the representation Λ2𝑉 of sl3 has the weights 𝜇𝑖+𝜇𝑘
for 1 ≤ 𝑖 < 𝑘 ≤ 3, i.e.

𝜇1 + 𝜇2 = 𝜔1 + (𝜔2 − 𝜔1) = 𝜔2,

𝜇2 + 𝜇3 = (𝜔2 − 𝜔1) − 𝜔2 = −𝜔1,

𝜇1 + 𝜇3 = 𝜔1 − 𝜔2.

We can draw these weights (in blue) in our usual diagram as follows:

Exercise 7.17. Show that if 𝑉 is the standard representation of sl3, then the represen-
tations Λ2𝑉 and 𝑉 ∗ are isomorphic.

Remark 7.10.10. In fact, this duality isomorphism is true in general: for any
unitary representation (𝑉 , 𝜌) (of a matrix group or Lie algebra) the dual repre-
sentation𝑉 ∗ is isomorphic to the representation Λ𝑛−1𝑉 . More generally, (Λ𝑘𝑉 )∗
is isomorphic to Λ𝑛−𝑘𝑉 .

Remark 7.10.11. For sp𝑛 we can also build the fundamental representations out
of the standard representation, by a similar (but not quite as straightforward)
procedure. In the case of so𝑛, however, only half of the representations can be
built from the standard representation. This is because the standard represen-
tation lifts to the (complexified) standard representation of SO𝑛 (R), but not all
representations lift (since SO𝑛 (R) is not simply connected). We saw the case
𝑛 = 3 of this phenomenon back in Proposition 6.1.5. To find all representations
of so𝑛 we therefore need to work with the universal covers of SO𝑛 (R), which
are the so-called spin groups. These are also matrix groups, and we can use their
standard representations to find all irreducible so𝑛-representations.
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Chapter 8

(★) Classification of complex
simple Lie algebras

8.1 Abstract root systems

The following definition abstracts some of the key properties we’ve seen for the
roots of a complex semisimple Lie algebra:

Definition 8.1.1. A root system consists of a real inner product space (𝐸, ⟨–, –⟩)
together with a finite set 𝑅 of elements of 𝐸 (called roots) satisfying the following
properties:

(1) The roots span 𝐸.

(2) If 𝛼 ∈ 𝑅 then −𝛼 ∈ 𝑅, and no other multiples of 𝛼 lie in 𝑅.

(3) If 𝛼 and 𝛽 lie in 𝑅 then

𝑠𝛼𝛽 := 𝛽 − 2 ⟨𝛼, 𝛽⟩⟨𝛼, 𝛼⟩𝛼

also lies in 𝑅.

(4) For all 𝛼, 𝛽 ∈ 𝑅, the real number

2
⟨𝛼, 𝛽⟩
⟨𝛼, 𝛼⟩

is an integer.

The dimension of 𝐸 is called the rank of the root system.

Note that many of the results about roots we proved earlier, such as the
restrictions on their possible angles and relative lengths and the existence of a
base, only used the properties contained in this definition.
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Definition 8.1.2. An isomorphism between root systems (𝐸, 𝑅) and (𝐸′, 𝑅′) is a
linear isomorphism 𝜙 : 𝐸

∼−→ 𝐸′ such that 𝜙 (𝑅) = 𝑅′ and such that for 𝛼 ∈ 𝑅 and
𝑥 ∈ 𝐸 we have

𝜙 (𝑠𝛼𝑥) = 𝑠𝜙 (𝛼 )𝜙 (𝑥).
(Note that 𝜙 only needs to preserve the reflections in the roots, not the inner
product. In particular, an isomorphism of root systems is allowed to rescale
lengths.1)

Observation 8.1.3. If𝜙 is an isomorphism of root systems from (𝐸, 𝑅) to (𝐸′, 𝑅′),
then

⟨𝛼, 𝛽⟩
⟨𝛼, 𝛼⟩ =

⟨𝜙𝛼, 𝜙𝛽⟩
⟨𝜙𝛼, 𝜙𝛼⟩

for all 𝛼, 𝛽 ∈ 𝑅. In particular, 𝜙 preserves the angles between roots.

Examples 8.1.4. Of course, the roots of a complex semisimple Lie algebra form
a root system. For the simple Lie algebras these have special names:

• The root system of sl𝑛+1 (𝑛 ≥ 1) is called 𝐴𝑛.

• The root system of so2𝑛+1 (𝑛 ≥ 2) is called 𝐵𝑛.

• The root system of sp𝑛 (𝑛 ≥ 2) is called 𝐶𝑛.

• The root system of so2𝑛 (𝑛 ≥ 3) is called 𝐷𝑛.

Note that the subscript here denotes the rank of the root system.

Example 8.1.5. If (𝐸, 𝑅) is a root system, we can define the coroot 𝐻𝛼 of 𝛼 ∈ 𝑅 to
be 2𝛼
⟨𝛼,𝛼 ⟩ . Let 𝑅∨ be the set of coroots. Then it can be shown (see [2, §8.3]) that

(𝐸, 𝑅∨) is also a root system, known as the dual root system of (𝐸, 𝑅). Moreover,
(𝑅∨)∨ = 𝑅. Of the root systems in the previous example, both 𝐴𝑛 and 𝐷𝑛 are
self-dual (𝐴∨𝑛 � 𝐴𝑛, 𝐷∨𝑛 � 𝐷𝑛) while 𝐵𝑛 is dual to 𝐶𝑛.

Definition 8.1.6. Suppose (𝐸, 𝑅) and (𝐸′, 𝑅′) are root systems. Then their direct
sum (𝐸, 𝑅) ⊕ (𝐸′, 𝑅′) is given by the vector space 𝐸 ⊕ 𝐸′, equipped with the inner
product that restricts to those on 𝐸, 𝐸′ and makes 𝐸 orthogonal to 𝐸′, together
with the union of the roots 𝑅 ∪𝑅′. A root system (𝐸′′, 𝑅′′) is called reducible if it
is isomorphic to a direct sum (𝐸, 𝑅) ⊕ (𝐸′, 𝑅′). If no such decomposition exists,
we say that (𝐸′′, 𝑅′′) is irreducible.

Theorem 8.1.7. The root system of a complex semisimple Lie algebra g is irreducible
if and only if g is simple.

More precisely, a decomposition of the root system as a direct sum corre-
sponds precisely to a decomposition of g as a direct sum of Lie algebras; see
[2, §7.6] for a proof.

1Potentially we can even scale by different factors in orthogonal directions, but this can only
happen if the root system is decomposable.
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Example 8.1.8. From our description of the roots of so4 in Example 7.9.5 we
see that these are a direct sum of two copies of the roots of sl2, corresponding
to the Lie algebra isomorphism so4 � sl2 ⊕ sl2.

We’ve already seen that the root system encodes much of the structure of a
semisimple Lie algebra, but in fact we can recover the entire Lie algebra from
it:

Theorem 8.1.9 (Serre). Let (𝐸, 𝑅) be a root system, and suppose Δ = {𝛼1, . . . , 𝛼𝑟 }
is a base for it. Let g be the Lie algebra generated by elements 𝐻𝑖 , 𝑋𝑖 , 𝑌𝑖 for 𝑖 = 1, . . . , 𝑟 ,
subject to the following relations:

(1) [𝐻𝑖 , 𝐻 𝑗 ] = 0.

(2) [𝑋𝑖 , 𝑌𝑗 ] =
{
𝐻𝑖 , 𝑖 = 𝑗,

0, 𝑖 ≠ 𝑗 .

(3) [𝐻𝑖 , 𝑋 𝑗 ] = 2 ⟨𝛼𝑖 ,𝛼 𝑗 ⟩
⟨𝛼𝑖 ,𝛼𝑖 ⟩𝑋 𝑗 .

(4) [𝐻𝑖 , 𝑌𝑗 ] = 2 ⟨𝛼𝑖 ,𝛼 𝑗 ⟩
⟨𝛼𝑖 ,𝛼𝑖 ⟩𝑌𝑗 .

(5) adg (𝑋𝑖)𝑚 (𝑋 𝑗 ) = 0 for𝑚 = 1 − 2 ⟨𝛼𝑖 ,𝛼 𝑗 ⟩
⟨𝛼𝑖 ,𝛼𝑖 ⟩ .

(6) adg (𝑌𝑖)𝑚 (𝑌𝑗 ) = 0 for𝑚 = 1 − 2 ⟨𝛼𝑖 ,𝛼 𝑗 ⟩
⟨𝛼𝑖 ,𝛼𝑖 ⟩ .

Then g is a (finite-dimensional) complex semisimple Lie algebra whose root system is
(𝐸, 𝑅), and up to isomorphism this is the unique such Lie algebra.

8.2 Examples in rank 2

We have already seen 3 distinct (non-isomorphic) root systems in rank 2: 𝐴1⊕𝐴1
(the roots of so4), 𝐴2 (the roots of sl3), and 𝐵2 (the roots of so5 � sp2). We will
now classify the possible roots systems with rank 2 — we will see that there is
one further “exotic” example.

To that end, suppose (𝐸, 𝑅) is a root system of rank 2; we may as well assume
that 𝐸 is R2 with the standard inner product. Let 𝜃 be the smallest angle between
two elements of 𝑅. We claim that 𝜃 ≤ 𝜋/2. Indeed, if 𝛼, 𝛽 are two linearly
independent elements of 𝑅 and the angle between them is > 𝜋/2, then the
angle between 𝛼 and −𝛽 is necessarily < 𝜋/2. From Observation 7.4.16 we see
that the only possible options for 𝜃 are 𝜋/2, 𝜋/3, 𝜋/4, and 𝜋/6.

Now suppose 𝛼 and 𝛽 are two roots such that the angle between them is the
minimal angle 𝜃 . Then 𝛾 := −𝑠𝛽 (𝛼) is also a root. Here −𝑠𝛽 is an orientation-
reversing orthogonal automorphism of R2, so the angle between 𝛾 and 𝛽 is also
𝜃 , but 𝛾 lies on the opposite side of 𝛽 than 𝛼 . Thus the angle between 𝛼 and
𝛾 is 2𝜃 . Similarly −𝑠𝛾 (𝛽) is at an angle 3𝜃 from 𝛼 , and continuing in the same
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way we see that there are roots with angles 𝑛𝜃 from 𝛼 for all 𝑛. Since 2𝜋/𝜃 is
an integer, we must eventually come back to 𝛼 (since no multiple other than
−𝛼 can be a root). Moreover, this process must produce all the roots, as any
additional root would form an angle < 𝜃 with one of these roots.

We conclude that 𝑅 consists of 𝑛 evenly spaced vectors where 𝜃 = 2𝜋/𝑛,
with 𝑛 either 4, 6, 8 or 12.

If 𝑛 = 4, we get two orthogonal roots and their negatives; the orthogonal
roots may have any relative lengths, but we can also rescale them independently
in an isomorphism of root systems, so up to isomorphism there is only one
example. This gives 𝐴1 ⊕ 𝐴1:

If 𝑛 = 6, the angle between adjacent roots is 𝜋/3, and Observation 7.4.16
implies that two roots with this angle between them must have the same length.
Thus all roots have the same length, and and isomorphism must be a constant
rescaling of an orthogonal isomorphism. This gives 𝐴2:

If 𝑛 = 8, the angle between adjacent roots is 𝜋/4, and Observation 7.4.16
implies that for two roots with this angle between them, one root must be
longer than the other by a factor of

√
2. must have the same length. Again this

forces an isomorphism to by a constant rescaling of an orthogonal isomorphism.
This gives 𝐵2:
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The remaining case is where 𝑛 = 12. Here the angle between adjacent
roots is 𝜋/6, and Observation 7.4.16 implies that for two roots with this angle
between them, one root must be longer than the other by a factor of

√
3. Once

more, this forces an isomorphism to by a constant rescaling of an orthogonal
isomorphism. This gives a new example of a root system, called 𝐺2:

Exercise 8.1. Check that 𝐺2 is a root system.

Remark 8.2.1. In rank 3 there are three irreducible root systems: 𝐴3, 𝐵3,𝐶3. See
[2, §8.9] for illustrations of these.

8.3 Dynkin diagrams and classification

According to Theorem 8.1.9, there exists a unique simple Lie algebra, unimagi-
natively called g2, whose root system is𝐺2; since𝐺2 has 12 roots, this has dimen-
sion 14 = 12+ 2. This is the smallest example of an exceptional simple Lie algebra,
meaning one that is not one of the classical simple Lie algebras sl𝑛, sp𝑛, so𝑛. The
reason other examples are called “exceptional” is that it turns out that there exist
precisely 5 such exceptions.2

Since a simple Lie algebra is determined (up to isomorphism) by its root
system, this classification of simple Lie algebras reduces to a combinatorial clas-
sification of the irreducible root systems. Our goal here is simply to give a pre-
cise statement of the result, for which it is convenient to first introduce Dynkin
diagrams, which give a simple way to encode the combinatorial data of a root
system; see for instance [3, §11] for details of the proof.

2𝐺2 is also exceptional in the additional sense that it is the only root system to feature roots at
an angle of 𝜋/6.
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Definition 8.3.1. Let (𝐸, 𝑅) be a root system with a base Δ = {𝛼1, . . . , 𝛼𝑟 }. The
corresponding Dynkin diagram is an (unoriented) graph with 𝑟 vertices 𝑣1, . . . , 𝑣𝑟 .
The vertices 𝑣𝑖 and 𝑣 𝑗 are connected by 𝑛 edges where 𝑛 is determined by the
angle 𝜃 between 𝛼𝑖 and 𝛼 𝑗 as follows (recall that 𝜃 ≥ 𝜋/2 by Lemma 7.6.2):

𝜃 𝑛

𝜋/2 0
2𝜋/3 1
3𝜋/4 2
5𝜋/6 3

In addition, if 𝛼𝑖 and 𝛼 𝑗 are not orthogonal and have different lengths, the edges
between them are decorated with an arrow pointing from the longer root to
the shorter root.3 An isomorphism between two Dynkin diagrams is a bijection
between the vertices that preserves the numbers of edges and the directions of
any arrows.

Observation 8.3.2. Any pair of bases for the same root system are related by
an element of the Weyl group, which preserves angles and lengths. This must
therefore give an isomorphism of the corresponding Dynkin diagrams, so that
(up to isomorphism) the Dynkin diagram only depends on the root system.

Examples 8.3.3. The Dynkin diagrams of the three irreducible rank 2 root
systems are as follows:

• 𝐴2:

• 𝐵2:

• 𝐺2:

The Dynkin diagram for 𝐴1 ⊕𝐴1 is simply two vertices with no edge between
them.

Proposition 8.3.4.

(i) A root system is irreducible if and only if its Dynkin diagram is connected.

(ii) If the Dynkin diagrams of two roots systems are isomorphic, then the root systems
are themselves isomorphic.

More precisely, the connected components of the Dynkin diagram corre-
spond to a direct sum decomposition of the root system; see [2, Proposition
8.32] for the proof.

Examples 8.3.5. The Dynkin diagrams of the classical simple Lie algebras are
the following:

3Think of the arrowhead as a “>” symbol.
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• 𝐴𝑛 (sl𝑛+1):

• 𝐵𝑛 (so2𝑛+1):

• 𝐶𝑛 (sp𝑛):

• 𝐷𝑛 (so2𝑛):

Here we can see several evident isomorphisms of Dynkin diagrams of small
ranks, reflecting isomorphims of the corresponding Lie algebras:

• 𝐴1 � 𝐵1 � 𝐶1, corresponding to sl2 � so3 � sp2. (“𝐷1” is undefined,
reflecting the fact that so2 is abelian.)

• 𝐵2 � 𝐶2, corresponding to so5 � sp2.

• 𝐷2 � 𝐴1 ⨿ 𝐴1, corresponding to so4 � sl2 ⊕ sl2.

• 𝐷3 � 𝐴3, corresponding to so6 � sl4.

(Note also that according to Proposition 8.3.4, the fact that these Dynkin dia-
grams are connected immediately implies that the Lie algebras sl𝑛, sp𝑛 and so𝑛
(𝑛 > 4) are not just semisimple, but actually simple.)

We are now ready to state the full classification of simple complex Lie alge-
bras, or equivalently of irreducible root systems:

Theorem 8.3.6. An irreducible root system is isomorphic to exactly one of the fol-
lowing: 𝐴𝑛 (𝑛 ≥ 1), 𝐵𝑛 (𝑛 ≥ 2), 𝐶𝑛 (𝑛 ≥ 3), 𝐷𝑛 (𝑛 ≥ 4), 𝐸6, 𝐸7, 𝐸8, 𝐹4,𝐺2.

Here the five exceptional cases have the following Dynkin diagrams:

• 𝐸6:

• 𝐸7:

• 𝐸8:

• 𝐹4:

• 𝐺2:
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Appendix A

Quick review of some
background

A.1 Topological spaces

Definition A.1.1. A topological space is a set 𝑋 equipped with a collection T𝑋 of
subsets of 𝑋 , such that

• ∅, 𝑋 ∈ T𝑋 ,

• if 𝑈𝑖 ∈ T𝑋 for all 𝑖 ∈ 𝐼 (where 𝐼 can be any set) then
⋃
𝑖∈𝐼 𝑈𝑖 ∈ T𝑋 ,

• if 𝑈 ,𝑈 ′ ∈ T𝑋 then 𝑈 ∩𝑈 ′ ∈ T𝑋 .

The collection T𝑋 is called a topology on 𝑋 and the elements of T𝑋 are the open
subsets of 𝑋 . We usually just say that 𝑋 is a topological space without mention-
ing T𝑋 explicitly.

Terminology A.1.2.

• A subset 𝑈 ⊆ 𝑋 is called closed if 𝑋 \𝑈 is open.

• If 𝑥 is a point of 𝑋 , an open neighbourhood of 𝑥 is an open subset𝑈 of 𝑋 such
that 𝑥 ∈ 𝑈 . (A neighbourhood of 𝑥 is a subset 𝑆 ⊆ 𝑋 that contains an open
neighbourhood of 𝑥 .)

Examples A.1.3.

(i) The standard topology on R𝑛 is defined by saying that a subset 𝑈 of R𝑛
is open if for every 𝑥 ∈ 𝑈 there exists 𝜖 > 0 such that when |𝑥 −𝑦 | < 𝜖 we
have 𝑦 ∈ 𝑈 (i.e. 𝑈 contains the open ball of radius 𝜖 around 𝑥).

(ii) Similarly, if (𝑋,𝑑) is a metric space, a subset 𝑈 ⊆ 𝑋 is open if for every
𝑥 ∈ 𝑈 there exists 𝜖 > 0 such that 𝑈 contains the open ball of radius 𝜖
around 𝑥 . This defines a topology on any metric space.
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(iii) We can equip any set 𝑋 with the discrete topology where all sets are open
(T𝑋 is the power set of 𝑋 ).

(iv) We can equip any set 𝑋 with the coarse (or indiscrete) topology, where
T𝑋 := {∅, 𝑋 }.

Definition A.1.4. Let 𝑋 be a topological space and 𝑌 ⊆ 𝑋 any subset. Then
the subspace topology on 𝑌 is given by

T𝑌 := {𝑉 ⊆ 𝑌 : 𝑉 = 𝑈 ∩ 𝑌 for some 𝑈 ∈ T𝑋 }.

Example A.1.5. The 𝑛-sphere 𝑆𝑛 can be defined as the subset

𝑆𝑛 :=

{
𝑥 ∈ R𝑛+1 :

∑︁
𝑖

𝑥2𝑖 = 1

}
equipped with the subspace topology from R𝑛+1.
Exercise A.1. Let 𝑋 be a topological space and𝑈 ⊆ 𝑋 a subset. Show that the subspace
topology on 𝑈 is characterized by the following property: if 𝑇 is a topological space,
then a continuous map from 𝑇 to 𝑈 is a map of sets 𝑇 → 𝑈 such that the composite
𝑇 → 𝑈 ↩→ 𝑋 is continuous.

Definition A.1.6. Let 𝑋 and 𝑌 be topological spaces. A continuous map from 𝑋

to 𝑌 is a function 𝑓 : 𝑋 → 𝑌 such that if 𝑈 ⊆ 𝑌 is open, then 𝑓 −1𝑈 ⊆ 𝑋 is also
open.
Exercise A.2. Let (𝑋,𝑑𝑋 ) and (𝑌,𝑑𝑌 ) be metric spaces. Show that a function 𝑓 : 𝑋 → 𝑌

is continuous if and only if for every 𝑥 ∈ 𝑋 and every 𝜖 > 0 there exists 𝛿 > 0 such that
if 𝑑𝑋 (𝑥, 𝑥 ′) < 𝛿 then 𝑑𝑌 (𝑓 (𝑥), 𝑓 (𝑥 ′)) < 𝜖. (Note that 𝛿 may depend on 𝑥 .)

A.2 Groups

Definition A.2.1. A group is a set 𝐺 equipped with a binary multiplication
operation, that is a function1 – · –: 𝐺 ×𝐺 → 𝐺 , and a unit element 1 ∈ 𝐺 such
that

• · is associative: for 𝑎, 𝑏, 𝑐 ∈ 𝐺 we have 𝑎(𝑏𝑐) = (𝑎𝑏)𝑐.

• 1 is a unit for ·: for 𝑎 ∈ 𝐺 we have 𝑎 · 1 = 𝑎 = 1 · 𝑎.

• · has inverses: for 𝑎 ∈ 𝐺 there exists 𝑎−1 ∈ 𝐺 such that 𝑎𝑎−1 = 1 = 𝑎−1𝑎.

Definition A.2.2. If 𝐺 is a group, then a subgroup of 𝐺 is a subset 𝐻 ⊆ 𝐺 that
is closed under the group operations, i.e. 1 ∈ 𝐻 , if 𝑎, 𝑏 ∈ 𝐻 then 𝑎𝑏 ∈ 𝐻 , and if
𝑎 ∈ 𝐻 then 𝑎−1 ∈ 𝐻 . A subgroup 𝐻 ⊆ 𝐺 is called normal if for ℎ ∈ 𝐻 we have
𝑔ℎ𝑔−1 ∈ 𝐻 for all 𝑔 ∈ 𝐺 .

Definition A.2.3. If 𝐺 and 𝐻 are groups, then a homomorphism 𝜙 : 𝐺 → 𝐻 is a
function such that 𝜙 (𝑎𝑏) = 𝜙 (𝑎)𝜙 (𝑏) for all 𝑎, 𝑏 ∈ 𝐺 and 𝜙 (1) = 1.

1We usually write the product 𝑎 · 𝑏 as just 𝑎𝑏.
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A.3 Tensor products

Definition A.3.1. Let K be a field (such as R or C). If 𝑈 ,𝑉 ,𝑊 are K-vector
spaces, a (K)-bilinear map

𝜙 : 𝑈 ×𝑉 →𝑊

is a map of sets that satisfies

𝜙 (𝜆𝑢 + 𝜇𝑢′, 𝑣) = 𝜆𝜙 (𝑢, 𝑣) + 𝜇𝜙 (𝑢′, 𝑣), 𝜙 (𝑢, 𝜆𝑣 + 𝜇𝑣 ′) = 𝜙 (𝑢, 𝜆𝑣) + 𝜙 (𝑢, 𝜇𝑣 ′)

for all 𝑢,𝑢′ ∈ 𝑈 , 𝑣, 𝑣 ∈ 𝑉 , 𝜆, 𝜇 ∈ K. A tensor product of 𝑈 and 𝑉 is a K-vector
space 𝑈 ⊗K 𝑉 (or just 𝑈 ⊗ 𝑉 if K is obvious from the context) together with
a universal bilinear map 𝑢 : 𝑈 × 𝑉 → 𝑈 ⊗ 𝑉 in the following sense: for every
bilinear map 𝜙 : 𝑈 × 𝑉 → 𝑊 there exists a unique linear map 𝑓 : 𝑈 ⊗ 𝑉 → 𝑊

such that 𝜙 = 𝑓 ◦ 𝑢, i.e.
𝑈 ×𝑉 𝑈 ⊗ 𝑉

𝑊 .

𝑢

𝜙
∃!

Exercise A.3. Show that if𝑢 : 𝑈 ×𝑉 →𝑊 and𝑢′ : 𝑈 ×𝑉 →𝑊 ′ are both tensor products
of 𝑈 and 𝑉 , then there exists a unique isomorphism 𝑤 :𝑊

∼−→𝑊 ′ such that 𝑤 ◦ 𝑢 = 𝑢′.

Proposition A.3.2. For any K-vector spaces 𝑈 ,𝑉 , their tensor product exists.

Proof. Let 𝐹 = K(𝑈 ×𝑉 ) be the free vector space on the set 𝑈 ×𝑉 , i.e. the set of
formal K-linear combinations of elements of𝑈 ×𝑉 as a set. Then any map of sets
𝜙 : 𝑈 ×𝑉 →𝑊 where𝑊 is a K-vector spaces extends uniquely to a K-linear map
𝜙 ′ : 𝐹 →𝑊 . Let 𝑅 be the subspace of 𝐹 spanned by (𝜆𝑢+𝜇𝑢′, 𝑣)− (𝜆𝑢, 𝑣)− (𝜇𝑢′, 𝑣)
and (𝑢, 𝜆𝑣+𝜇𝑣 ′)−(𝑢, 𝜆𝑣)−(𝑢, 𝜇𝑣 ′) for all𝑢,𝑢′ ∈ 𝑈 , 𝑣, 𝑣 ′ ∈ 𝑉 , 𝜆, 𝜇 ∈ K; then the map
𝜙 is bilinear if and only if 𝑅 is contained in the kernel of 𝜙 ′. Setting 𝑇 := 𝐹/𝑅,
then by the universal property of the quotient we get a correspondence between
bilinear maps 𝑈 ×𝑉 →𝑊 and linear maps 𝑇 →𝑊 , given by composing with
the composite map 𝑢 : 𝑈 ×𝑉 → 𝐹 → 𝑇 where the first map is the inclusion of
the generators and the second is the quotient map. This shows that (𝑇,𝑢) is a
tensor product of 𝑈 and 𝑉 . □

Remark A.3.3. For 𝑥 ∈ 𝑈 ,𝑦 ∈ 𝑉 , we write 𝑥 ⊗𝑦 ∈ 𝑈 ⊗𝑉 for 𝑢 (𝑥,𝑦). From the
explicit construction we see that an element of 𝑈 ⊗ 𝑉 can be written as a finite
sum

∑
𝑢𝑖 ⊗ 𝑣𝑖 of elements of this form. Since 𝑢 is bilinear, we have

(𝑢 + 𝑢′) ⊗ 𝑣 = 𝑢 ⊗ 𝑣 + 𝑢′ ⊗ 𝑣,

𝑢 ⊗ (𝑣 + 𝑣 ′) = 𝑢 ⊗ 𝑣 + 𝑢 ⊗ 𝑣 ′,
(𝜆𝑢) ⊗ 𝑣 = 𝜆(𝑢 ⊗ 𝑣) = 𝑢 ⊗ 𝜆𝑣, 𝜆 ∈ K.

Warning A.3.4. A general element of 𝑈 ⊗ 𝑉 can not be written as 𝑢 ⊗ 𝑣 for
𝑢 ∈ 𝑈 , 𝑣 ∈ 𝑉 !

138



Lemma A.3.5. Suppose 𝑒1, . . . , 𝑒𝑛 is a basis for 𝑈 and 𝑓1, . . . , 𝑓𝑚 is a basis for 𝑉 .
Then 𝑒𝑖 ⊗ 𝑓𝑗 for 𝑖 = 1, . . . , 𝑛, 𝑗 = 1, . . . ,𝑚 is a basis for 𝑈 ⊗ 𝑉 .
Proof. From Remark A.3.3 we see that these vectors span𝑈 ⊗𝑉 . To see that they
are linearly independent, suppose we have

∑
𝑎𝑖 𝑗𝑒𝑖 ⊗ 𝑓𝑗 = 0. For 𝑘 = 1, . . . ,𝑚,

define a bilinear map 𝜙𝑘 : 𝑈 ×𝑉 → 𝑈 by 𝜙𝑘 (𝑢,
∑
𝑏 𝑗 𝑓𝑗 ) = 𝑏𝑘𝑢. If 𝜙 ′

𝑘
is the induced

linear map 𝑈 ⊗ 𝑉 → 𝑈 , then

𝜙 ′
𝑘

(∑︁
𝑎𝑖 𝑗𝑒𝑖 ⊗ 𝑓𝑗

)
=

∑︁
𝑎𝑖𝑘𝑒𝑖 .

Since the 𝑒𝑖 ’s are linearly independent, we must have 𝑎𝑖𝑘 = 0 for all 𝑖, and this
goes for any 𝑘. □

Exercise A.4. Prove the following formal properties of tensor products using only the
universal property:

(i) For K-vector spaces 𝑈 ,𝑉 , there is a canonical isomorphism

𝑈 ⊗ 𝑉 ∼−→ 𝑉 ⊗ 𝑈
taking 𝑢 ⊗ 𝑣 to 𝑣 ⊗ 𝑢.

(ii) For K-vector spaces 𝑈 ,𝑉 ,𝑊 there is a canonical isomorphism

𝑈 ⊗ (𝑉 ⊗𝑊 ) ∼−→ (𝑈 ⊗ 𝑉 ) ⊗𝑊 .

(iii) For K-vector spaces 𝑈𝑖 , 𝑖 ∈ 𝐼 and 𝑉 , there is a canonical isomorphism⊕
𝑖∈𝐼
(𝑈𝑖 ⊗ 𝑉 )

∼−→
(⊕
𝑖∈𝐼

𝑈𝑖

)
⊗ 𝑉 .

(iv) For a K-vector space 𝑉 , there are canonical isomorphisms

K ⊗ 𝑉 ∼−→ 𝑉 ,

0 ⊗ 𝑉 ∼−→ 0.

Definition A.3.6. Suppose 𝑓 : 𝑈 → 𝑈 ′ and 𝑔 : 𝑉 → 𝑉 ′ are K-linear maps
between K-vector spaces. Then 𝑓 ⊗ 𝑔 : 𝑈 ⊗ 𝑉 → 𝑈 ′ ⊗ 𝑉 ′ is the unique linear
map arising from the bilinear map

𝑈 ×𝑉
𝑓 ×𝑔
−−−→ 𝑈 ′ ×𝑉 ′ → 𝑈 ′ ⊗ 𝑉 ′,

so that (𝑓 ⊗ 𝑔) (𝑢 ⊗ 𝑣) = 𝑓 (𝑢) ⊗ 𝑔(𝑣).
Exercise A.5. Prove the following formal properties of tensor products of linear maps,
using only the universal property of tensor products:

(i) For K-linear maps 𝑓 : 𝑈 → 𝑈 ′, 𝑓 ′ : 𝑈 ′ → 𝑈 ′′, 𝑔 : 𝑉 → 𝑉 ′, 𝑔′ : 𝑉 ′ → 𝑉 ′”, we have

(𝑓 ′ ⊗ 𝑔′) ◦ (𝑓 ⊗ 𝑔) = (𝑓 ′ ◦ 𝑓 ) ⊗ (𝑔 ◦ 𝑔).

(ii) For K-vector spaces 𝑈 ,𝑈 ′,𝑉 ,𝑉 ′ and a linear map 𝑓 : 𝑈 → 𝑈 ′ the tensor product
𝑓 ⊗ 0 with the zero map 0: 𝑉 → 𝑉 ′ is the zero map 0: 𝑈 ⊗ 𝑉 → 𝑈 ′ ⊗ 𝑉 ′.

(iii) For homomorphisms 𝑓 , 𝑔 : 𝑈 → 𝑈 ′, ℎ : 𝑉 → 𝑉 ′, and 𝜆, 𝜇 ∈ K, we have (𝜆𝑓 +𝜇𝑔) ⊗
ℎ = 𝜆(𝑓 ⊗ ℎ) + 𝜇 (𝑔 ⊗ ℎ) as homomorphisms 𝑈 ⊗ 𝑉 → 𝑈 ′ ⊗ 𝑉 ′.
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